VANISHING VISCOSITY IN THE PLANE FOR
NONDECAYING VELOCITY AND VORTICITY II

ELAINE COZZI

ABSTRACT. We consider solutions to the two-dimensional incom-
pressible Navier-Stokes and Euler equations for which velocity and
vorticity are bounded in the plane. We show that for every T' > 0,
the Navier-Stokes velocity converges in L> ([0, T]; L>°(R?)) to the
Euler velocity generated from the same initial data as viscosity
approaches 0. This result improves upon the work of [7], where
we prove that the vanishing viscosity limit holds on a sufficiently
short time interval, and upon [8], where we assume decay of the
velocity vector field at infinity.

1. INTRODUCTION

In this paper, we study the vanishing viscosity limit of solutions
to the two-dimensional incompressible Navier-Stokes equations. Recall
that the Navier-Stokes equations modeling incompressible viscous fluid
flow on R™ are given by

8tu1/ +u, - Vu, — VAUV = _VPV
(NS) div u, = 0

uu‘t=0 = uO

o
When v = 0, the Navier-Stokes equations reduce to the Euler equations
modeling incompressible inviscid fluid flow on R™:

ou+u-Vu=—-Vp
(E) divu =0

ul—g = u’.

We consider solutions to (N.S) and (£) with bounded velocity and
vorticity which do not necessarily decay at infinity. We show that such
solutions to (NS) converge to solutions of (E) with the same initial
data in the L*°-norm, where convergence is uniform over any finite
time interval. This result builds upon and is a continuation of work
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in [7] and [8]. For this reason, we will often refer to [7] and [8] for
background information and useful estimates.

The existence and uniqueness of solutions to (N .S) without any decay
assumptions on the initial velocity is considered by Giga, Inui, and Mat-
sui in [9]. The authors establish the short-time existence and unique-
ness of mild solutions v, to (N.S) in the space C([0,Ty]; BUC(R™))
when initial velocity is in BUC(R"), n > 2. Here BUC(R™) denotes
the space of bounded uniformly continuous functions on R™. In [10],
Giga, Matsui, and Sawada prove that when n = 2, the unique solution
can be extended globally in time. Existence and uniqueness of solu-
tions to (£) with bounded velocity and vorticity with n = 2 is due to
Serfati [14]. We briefly discuss these results in Section 2.

In this paper we prove that solutions u, to (N.S) of [10] converge
uniformly on R? to Serfati solutions to (FE) as viscosity approaches 0,
where convergence is uniform over any finite time interval (see Theo-
rem 3). To establish the result, we apply Littlewood-Paley theory and
Bony’s paradifferential calculus [2] and follow the general strategy of
[7] and [8]. Specifically, we consider low and high frequencies of the
difference between the the solutions to (N.S) and (FE) separately. We
first show that for fixed ¢ and for any positive integer n,

(L) (8) = (@) zoe < nllun(t) = ul®)llsy, ., +27" low () —w(B)l]ze-

(See [7] for a definition of the Besov space BY, ,,.) Letting n be a
function of v so that as v approaches 0, n approaches infinity, we show
that the right hand side of (1.1) approaches 0 and n approaches in-
finity. Since the second term on the right hand side of (1.1) can be
bounded above by 27" (||lw, (t)||L= + ||w(t)|/z>), Wwe have essentially re-
duced the problem to proving that the vanishing viscosity limit holds in
the BY, -norm. Since L™ embeds continuously into BY, , we expect
this problem to be easier than proving that the vanishing viscosity limit
holds in the L*-norm; however we must establish a rate of convergence
sufficiently fast to combat the growth of the factor of n in front of the
Besov norm.

Working in the Besov space Bgo’oo has several advantages over work-
ing in L*°. Recall that for two-dimensional fluids we can express
the Euler velocity gradient in terms of its vorticity by the relation
Vu = VV+A~lw. We can also express the Euler pressure in terms of
velocity by the equality p(t) = Zf i1 RiRjuu; (t), where R; denotes
the Riesz operator (similar relations hold for the Navier-Stokes veloc-
ity, vorticity, and pressure). The main mathematical obstacle when

studying solutions to fluid equations in L*° is the lack of boundedness
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of the Calderon-Zygmund operators VV+A~! and R;R; on L. How-
ever, if we let A; denote the Littlewood-Paley operator which projects
in frequency space onto an annulus with inner and outer radius of order
27, then for any j > 0, f € &', and Calderon-Zygmund operator A, we
have

(1.2) 1A Af [ < NA;fllzee-

Therefore, when proving estimates in the Bgom—norm, we can local-
ize the frequencies of (NS) and (E) by applying the Littlewood-Paley
operator A; to the equations. We can then estimate the difference
Aj(u,—u) in the L>-norm using (1.2). The presence of the Littlewood-
Paley operator thus facilitates estimates for velocity gradients and pres-
sure terms.

In [7], we prove that when u, u,,,w, and w, belong to L2 (RT; L>(R?)),
there exists 7' > 0 such that

(1.3) |y, — || oo (0,710 (r2)) — 0 as v — 0.

To show (1.3), we reduce the problem to showing that the vanishing
viscosity limit holds in the homogeneous Bgom—norm, but we are only
able to show convergence in this norm for short time. In this paper, we
show that (1.3) holds for every T' > 0 by showing that the vanishing
viscosity limit holds in the inhomogeneous Bgo’oo-norm on any finite
time interval [0, 7.

We remark that this improvement of our previous result is not a con-
sequence of using the inhomgeneous norm in place of the homogeneous
norm. In fact, we are able to prove the same convergence result regard-
less of which Besov norm we use (the proof using the inhomogeneous
norm is cleaner). Rather, in this paper we are able to improve upon
the results in [7] because we change our approach when estimating the
commutator resulting from an application of the Littlewood-Paley op-
erator to the nonlinear terms in (NV.S) and (F). Our approach here is
similar to those in [16], [1], and [15]. As a result of our methods, we
are able to prove the estimate

1w = w)(@)llsg, .. < C(T)27"

" /Ot C <2*p + pll(w, — u)(S)HB&,m)

for any p € [2,00). By choosing p as a logarithmic function of ||u, —
u||Bg07W, we are able to apply Osgood’s Lemma, yielding a rate of con-
vergence. In [7], our methods only allow us to prove an estimate similar
to (1.4) with n in place of p. Since n is a function of viscosity, we must
apply Gronwall’s Lemma and introduce a factor of €™ on the right

(1.4)
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hand side, which prevents us from proving that the inviscid limit holds
on any finite time interval.

The paper is organized as follows. In Section 2, we review properties
of nondecaying solutions to the fluid equations. In Section 3 and Sec-
tion 4, we state and prove the main result; we devote Section 4 entirely
to showing that the vanishing viscosity limit holds in the Bgom—norm.

For background information on Littlewood-Paley theory, Bony’s para-
product decomposition, Besov spaces, and technical lemmas used through-
out the paper, we refer the reader to Section 2 of [7].

2. EXISTENCE AND UNIQUENESS OF NONDECAYING SOLUTIONS TO
THE FLUID EQUATIONS

In this section, we briefly summarize what is known about nonde-
caying solutions to (NS) and (F). We begin with the mild solutions
to (NS) established in [9]. By a mild solution to (/N.S), we mean a
solution u, of the integral equation

¢
(2.1) u, (t,2) = el — / e AP (u,, - V) (s)ds.
0

In (2.1), e™? denotes convolution with the Gauss kernel; that is, for

fes, e f =G * f, where G, (7)) = -2 exp{%ﬂﬁf}. Also, P

ATy
denotes the Helmholtz projection operator with ¢j-component given by
dij + RiR;, where R; = (=A)~29, is the Riesz operator. In [9], Giga,
Inui, and Matsui prove the following result regarding mild solutions in
R™ n > 2.

Theorem 1. Let BUC denote the space of bounded, uniformly contin-
uous functions, and assume u,’ belongs to BUC(R™) for fivred n > 2.
There exists a Ty > 0 and a unique solution to (2.1) in the space
C([0, To]; BUC(R™)) with initial data u,’. Moreover, if we assume
div u,’ = 0, and if we define p,(t) = Zijil R, Rju,u,(t) for each
t € [0,Tp], then u, belongs to C*(]0,Ty] x R™) and solves (NS ).

Remark 2.2. For the main theorem of this paper, we assume that w°
is bounded on R?, which implies that u® belongs to C*(R?) for every
a < 1 and is therefore in BUC(R?) (see, for example, Lemma 4 of [7]).

In [10], Giga, Matsui, and Sawada show that when n = 2, the solu-
tion to (IV.S) established in Theorem 1 can be extended to a global-in-
time smooth solution. Moreover, in [13], Sawada and Taniuchi show
that if u% and w9 belong to L>°(R?), then the following exponential
estimate holds:

(2.3) ety (£)]| 200 < O[] oo eCtlIw2llzo0
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For ideal incompressible fluids, Serfati proves the following existence
and uniqueness result in [14].

Theorem 2. Let u® and w° belong to L=(R?), and let ¢ € R. For
every T > 0 there exists a unique solution (u,p) to (E) in the space
L([0,T]; L*(R?)) x L=([0,T); C(R?)) with w € L¥([0, T]; L=(R?)),
p(0) = ¢, and with 7% — 0 as |z| — oo.

Serfati also proved an estimate analogous to (2.3) for his solutions:
(2.4) u(t)|| e < Cu®]|poeCrlle?lzeot,

Finally, we recall that we have a uniform bound in time on the L°*°-
norms of the vorticities corresponding to the solutions of (/V.S) and
(E). For fixed v > 0, we have that

(2.5) [lwo (B)llz < [lwpllz

for all £ > 0. One can prove this bound by applying the maximum
principle to the vorticity formulations of (N.S) and (E). We refer the
reader to Lemma 3.1 of [13] for a detailed proof.

3. STATEMENT AND PROOF OF THE MAIN RESULT
We are now prepared to state the main theorem.

Theorem 3. Let u, be the unique solution to (NS) and u the unique
solution to (E), both with initial data u° and w® belonging to L>(R?),
and with p, and p satisfying the conditions of Theorems 1 and 2, re-
spectively. Then there exists a constant M, depending only on ||u,||r,
lullpoe, [|wol|Lee,and ||w| L=, such that the following estimate holds for
any fired T > 0 and for any o € (0,1):

(3.1)  uy — ull o (orpizee @2y < Ch(2 = log(v)®e ) (V)2 .

Proof. Throughout the proof of Theorem 3, we let M denote a constant,
dependent on 7', which satisfies

(32) M >1 +ts[1(1]pT](Huu(t)HLoo F{[u(@)[ e + [l (O] 2 + ()| o).
€|0,

We note that the value of M will change throughout the proof but will
always satisfy (3.2). The existence results in Section 2 imply that M
will be finite for any 7" > 0.

Let u be the unique Serfati solution to (E), and let u, be the unique
solution to (N.S) given by [10]. We fix n to be a positive integer, and
we fix T > 0. We will eventually choose n = —% log, v so that, as v
approaches 0, n approaches infinity.
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We begin with the following inequality:

= ull e o sy < Y 114 (= u) | poopo,ry20)

j=—1

+ Z 1A (wy — )] Lo (0,77 L)

j=n+1

(3.3)

We can estimate the second term on the right hand side of (3.3) using
Bernstein’s Lemma and the estimate

(3-4) 18Vl e < [|Ajw]| L~ for j > 0.

(Both (3.4) and Bernstein’s Lemma can be found in Section 2 of [7].)
We obtain the inequality

Z ||A v — U ||L°° ([0,T];L>)
Jj=n+1

(3.5)

< Y274 (Vuy = V)| e oz < M2

Jj=n+1
To estimate the first term on the right hand side of (3.3), we use the
definition of BY, ., to observe that

(36) > 1A(u — w)r=qoryze) < Cnllu, — ullpqoryze, )

j=—1
After substituting (3.6) and (3.5) into (3.3), we conclude that
(37) ||ul/_uHL°°(OT]'L°°) < C’n“ul, —UHLoo [OT]'BO _'_szn

We must estimate the difference of u, and v in the BO ~-norm. We
temporarily assume that the following estimate holds for all a € (0,1):

(3.8) = ull g qoryme, ) < M(T + 1)) "
Assuming that (3.8) holds, we see from (3.7) and (3.8) that
s = ull g qozyzey < M(T + 1))

The estimate (3.1) follows after setting v = 272". Therefore, to com-
plete the proof of Theorem 3, it remains to prove (3.8).
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4. PROOF OF (3.8)

We begin with some notation. We let u, = Syu, w, = S,w(u),
Up = Uy — Uy, and @, = w, — w,. Throughout most of the proof of
(3.8), the time ¢ is fixed and suppressed in the calculations.

Fix p € (1,00) (to be chosen later). We apply Bernstein’s Lemma
and (3.4) to establish the estimate

(4.1)
lu —ullps,. < sup A (= w)lze + sup 27|A(w, — w) oo
—1<i<2 3<i<p
- sup 27| Ay (w, — @)oo

I>p
The separation of frequencies at [ = 2 will simplify estimates in what
follows.
We will first consider the difference sups<;<, 27"[| A (w, — w)|| . We
will eventually need to estimate the viscosity term v||Aw| p~. To fa-
cilitate this estimate, we smooth out the Euler vorticity and write

sup 27| Ay(wy — w) ||z < sup 27| Ay, || pe
3<1<p 3<I<p

+ sup 2ilHAl(wn — w)HLoo
3<i<p

(4.2)

< sup 27 A e +5up 27| A, — )
>n

< sup 27| Ay || e + M277,

where we used properties of the Fourier support of w,, to get the second
inequality. We now estimate sups<;<, 27| Aj@,|| . We note that w,
and w, satisfy the following two equations:

(4.3) Oww, + u, - Vw, — vAw, =0,
and

(4.4) Oywn + Uy - Vw, =V - 7, (u, w),
where

To(t,w) = (U — up) (W — wy) — rp(u,w),
and

(00) = [ D)l = 27) ~ ula)) (e - 2779) - w(x)dy

The equation (4.4) was utilized by Constantin and Wu in [6] and by
Constantin, E, and Titi in a proof of Onsager’s conjecture in [5]. We
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subtract (4.4) from (4.3) and, for fixed I, we apply the Littlewood-
Paley operator A; to the difference of the two equations. After adding
(Si—au,) - VA, to both sides of the resulting equation, we obtain

(4.5)
atAl(IJn -+ (Sl_gul,) . VAl(Dn — VAA[(Dn = (Sl_guy) . VAI(Dn — Al(ul, . V@n)

— Ay(Uy, - Vwy) + VAN W, — AV - T, (u,w).
Borrowing notation from [15], we define
I"F = (S)_pub)oA@, — 8kAl(u Wn),
Jhk = —8kAl(unwn).
From (4.5), we see that
O DN, + (Si—2uy) - VAW, — VAN G,

(4.7) 2
Z (I 4 T + vANw, — AV - Ty (0, w).

(4.6)

Since S;_su, belongs to L .(RT; Lip(R?)) and is divergence-free, we
can apply the following lemma for the transport diffusion equation
from [11].

Lemma 1. Let p € [1,00], and let u be a divergence-free vector field
belonging to L} (RT; Lip(RY)). Moreover, assume the function f be-
longs to L} (RT; LP(R?)) and the function a® belongs to LP(RY). Then
any solution a to the problem

{@a—O—u-Va—uAa:f,

ali—o = a®

satisfies the following estimate:

!MWWSWﬂm+AHﬂﬂmw

An application of Lemma 1 to (4.7) yields
(4.8)

2

[Acn ()] Lo < [|A1c0n (0)]] o +/0 <Z(Hf”“(8)HLoo + HJl"“(S)HLw> ds

k=1
¢
+/ (V|| AAw, () ||z + ||AV - Tn(u, w)(8)]| =) ds.
0

Our goal is to establish an upper bound for sups;<, [, (t)[|L~. In
what follows, we will estimate each term on the right hand side of
(4.8), multiply by 27!, and take the supremum over [ satisfying 3 <
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[ < p. Estimates for the last two terms on the right hand side of
(4.8) follow from work in [7]. Indeed, in [7] we use boundedness of the
Euler vorticity and membership of the Euler velocity to C*(R?) for any
a € (0,1) to show that for such a,

(4.9) sup 2_l||AlV To(u, w)|| e <V - To(u,w)||pe < M27™
1>0

We also showed in [7], using Bernstein’s Lemma and properties of the
Fourier support of w,, that

(4.10) sup 27 || A Awy || oo < 2" ||wp e < M27T,
1>0

where we set v = 272", To estimate the initial data, we utilize the
Fourier support of w? = S,w° to write

(4.11) sup 27| A, (0) || pee < sup 27| Aj@, (0) || 1o < M27™.
3<i<p >n

Multiplying (4.8) by 27!, taking the supremum of (4.8) over [ satisfying
3 <1 < p, and applying the estimates (4.9), (4.10), and (4.11) gives

sup 27| Ay () || < M(t+1)27

3<i<p
t 2
+ sup 2_1/ (Z(llll’k@)llm + ||Jl’k(8)||L°°> ds.
0

3<I<p P

(4.12)

It remains to estimate I"* and J'*. We begin with J“*. We again
borrow notation from [15] and use Bony’s paraproduct decomposition
to write

TR =0 > Sk Aw,

l7—11<3,5>1
— O Y AjuES; pw,
(4.13) i —1<3,5>1
N > Al Ay,

li—4"|<1,max{j,j’ }>1-3
Lk Lk Lk
: Lk o . .
We estimate J;". Several applications of Bernstein’s Lemma give

1k _
177 e <28 ) (1Sjatinllzoe | A jwnl|

l7—t<3,5=1

<20 ) (AWl > Akt

j-11<3.5>1 k<j—2

(4.14)
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Multiplying by 27! and taking the supremum over [ satisfying 3 < [ < p,
we conclude that

(4.15) sup 27| e < Mpllaals .

3<i<p

. Ik .
We now estimate J;". We write

155 <28 > [IAN(A i Sj—awn) || L
<20 ) Al [|S)-2wnl e
i-1<3,5>1
so that
(4.17) sup 27 |J5" || oo < Mt po, -
3<i<p

To estimate Jé’k, we use properties of Littlewood-Paley operators to
observe that

15" |z < 2° > 1At | oo | Agron | oo
li—J"[<1max{j,j" } =13

< 02 3 1Al 1Al < O ]l e 1l -

j>1-3

(4.18)

We estimate the BY, ;-norm of @, as follows. We bound the low frequen-
cies using the definition of Bgopo and we estimate the high frequencies
using Bernstein’s lemma, (3.4), and boundedness of vorticity. We have
the series of estimates

p
lanllse,, < 3 1A Gl + D 277 Al
Jj=-1 J>p
< Cplltnllpg, . +M277.

(4.19)

Substituting this estimate into (4.18), multiplying by 27! and taking
the supremum over [ between 3 and p yields the estimate

(4.20) sup 2715 | < M (277 + pllanllmy )
3<i<p

Combining the estimates for (4.15), (4.17), and (4.20), we conclude
that

3<I<p

2
(21) s 2SI < M@+ pllag ).
k=1



VANISHING VISCOSITY IN THE PLANE 11

We now estimate I"* for [ satisfying 3 < [ < p. We apply Theorem 6.1
of [16] to write

2
Dol <C Y 18- Vdallze Ay 1

k=1 i—11<3

+ 3 1182Vl e[| A
l7—-11<3
+ 2 Z 2*JHAJ»VU,,HLOO||Aj@n||LOQ
§=1-3,]j—j"|<1
= X1+ X} + X1
To estimate X!, keeping in mind that [ > 3, we use Bernstein’s Lemma
and (3.4) to write

D 1182 Vanlle | At e < C28 Y (1S ot oo 1Ay | oo

l7—1I<3 li—1<3

The remainder of the estimate for X! is identical to that for J{’k. Mul-
tiplying by 27! and taking the supremum over [ between 3 and p, we
conclude that

(4.22) sup 27/ X| < Mpl|un| sy, .

3<I<p

To estimate X! for 3 < [ < p, we again apply Bernstein’s Lemma
and (3.4) to write

Xy= ) 1SV || eol|Ajn | 1

li—l<3

4.33) <02 S (lullox + G = Dl )| Aganlle
l7i—1<3
<M"Y A .
l7—1<3
To get the first inequality above, we bounded the term ||S;_oVu, || e
above by the sum resulting from the S;_, operator. We then applied

(3.4). After multiplying (4.23) by 27! and taking the supremum over [
satisfying 3 <[ < p, we find that

(4.24) sup 271X} < Mpl|tin o, -
3<I<p
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The estimate for X! is similar to that for Jé’k. For [ satisfying 3 <1 < p,
we write

Xp=02" Y 274 Vuy | e 1A @
J>1-3,i—4'1<1

D SN IND PR INTH .

j=-3

(4.25)

where we used Bernstein’s Lemma and (3.4) to get the last inequality.
We now use the same argument as that in (4.18) and (4.19) to conclude
that

(4.26) sup 27 X5 < M (277 4+ pllallm )
3<i<p ’
Combining the above estimates for X!, X} an X! we have
2
(4.27) sup 27311 e < M (2-p +p|yanHng) .
3<i<p k=1 7

Applying the estimates (4.21) and (4.27) to (4.12), we conclude that

(4.28)
t
sup 28w (= < O+ 1274 2 [ (274 pIW () oy, ) ds
3§l§p 0 00,00
for any a € (0,1). We substitute (4.28) into (4.2). This gives
sup 27| Ay(w, — w)() ||z~ < C(t+1)27™

3<i<p

(4.29) ;
oM [ (27l ) ds
0 |

Inspection of (4.1) reveals that we must still estimate sup_; «;« || A (1, —
w)(t)]| e and sup;s, 27| Ay (w, — w)(t)|| 2. These two terms are more
straightforward. We estimate the term sup;., 27| Ay(w, —w)(t)|| L by
observing that

(4.30) sup 27| A(w, — w) () || < M27P.
I>p

To estimate sup_ ;<o || As(w, — u)(t)|| 2>, we use the velocity formula-
tion. Setting p = p, — p and @ = u, — u, we subtract (E) from (N.S).
This gives

(4.31) o+ u, -Vu+u-Vu—vAu = —-Vp+ vAu,.
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We apply A; to (4.31) for —1 <[ < 2. This gives
AU+ (Ayuy,) - VAL — vAAu = (Au,) - VAT
— ANy(u, - Va) — Ay(a - Vu) — A Vp + vAAu,.
Again by Lemma 1, we have
(4.33)

[Au(t)| o < /0 (A, - VAG)($)] L + ([ A - VE)(s)| Lo
+ 1 A(@ - Vu)(s)lle + [AVD(s)] e + V][ AiAuy(s)]| ) ds.

We have the following straightforward estimates, all which follow from
Bernstein’s Lemma and the divergence-free property of the velocity:

1(Aww,) - VA oo < Clluy || 2 || Avil| e < M2 pee,
1A (w, - V)| < C2 [l [| oo ||l oo < M2 pov,
1A1(@ - V)| oo < 2|l poe [lull oo < M2 || o,

V|| A A, || pe < Cv22 ||uy || < M2,

(4.32)

To estimate the pressure, we follow an argument in [15]. For 0 <1 < 2,

2
IANVDl = || Y RiR, VA (WU + ulu)
(4.35) ol
<N RiRy V@l lla'e’ +u,@ (| < M2z,
where we applied the series of estimates ||R; Ry V|| < ||RiR; V@]l <
V@]l < C2! to get the last inequality. For the case l = —1, we apply
the same series of estimates as in (4.35) with ¢ in place of ;.

Substituting the estimates (4.34) and (4.35) into (4.33) and taking
the supremum over —1 <[ < 2 yields

Lo

t
(4.36) sup [[Aa(t)]| - < M/ (lall o +272"),
0

—1<I<2

where we used the equality v = 272", We now apply the embedding
BY,; < L>, along with (4.19) to conclude that

t
437) sup (o)l < Moz [ pllals) . . +277)ds.
0

—1<IL2



14 ELAINE COZZI

We substitute the estimates (4.37), (4.29), and (4.30) into (4.1). We
conclude that

sup [|Avi(1)|| . < M(T +1)27
>-1
(4.38) '
L Mo +/ M (z—P +p||ﬂ(8)||320,00> ds.
0

To complete the proof of (3.8), we will apply Osgood’s Lemma to (4.38).
We first note that by the embedding L> — B

00,007

la@®)llsg, .. < lu@)lze < lun()llzee + [[u(t)]e < M
for all t € [0,T]. For each t € [0,T], set

fo |u(s HBO
4. it) = ——F7—=<1
and set p = 2 —log d(t). Then (4.38) reduces to
u(t T+1)27"
PP LIPS RS

+ M(T +1)8(t) + M>T(2 — log, 6(t))d(t).
Integrating both sides over [0, ] and dividing both sides by M T yields
the inequality

T+1

(4.41) o(t) < (T'+1)27" + (T + M) /Ot(2 —log, 0(s))d(s) ds.

We are now in a position to use Osgood’s Lemma. A proof of the
lemma can be found in [3].

Lemma 2. (Osgood’s Lemma) Let p be a positive borelian function,
and let v be a locally integrable positive function. Assume that for
some strictly positive number (3, the function p satisfies

o)<+ [ A6)nlp(s) s

to

Then .
~0lp(0) + () < [ 2(s)s.
where ¢(x) = fm “(17, dr.
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We set
u(r) = r(2 — logr),
p(t) = o(1),
f=(T+1)27"* and
(1) = T M = Co(M,T),

and we apply Osgood’s Lemma to obtain following inequality for any
t<T:

—log(2 —logd(t)) + log(2 —log((T'+ 1)27"%)) < Co(M, T')t.

Taking the exponential twice gives

(4.42) 5(t) < 62—26—00(M,T)t((T+ 1)2_na)e—CO(M,T)t‘
The inequality (3.8) follows after substituting (4.42) into (4.40) and
letting v = 2727, -
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