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Abstract. Borderline spaces of Besov type consist of tempered distributions
satisfying the property that the partial sums of their B0

∞,1-norm diverge in a
controlled way. Misha Vishik established uniqueness of solutions to the two and
three-dimensional incompressible Euler equations with vorticity whose B0

∞,1 par-
tial sums diverge roughly at a rate of N logN . In two dimensions, he also es-
tablished conditions on the initial data for which solutions in his uniqueness class
exist. In this paper, we extend existence results of Vishik to the three-dimensional
Euler equations with axisymmetric velocity. We also study the inviscid limit of
solutions of the Navier-Stokes equations with initial vorticity in these Besov type
spaces.

1. Introduction

We consider the Navier-Stokes equations modeling incompressible viscous fluid flow
in R3, given by

(NS)

∂tuν + uν · ∇uν − ν∆uν = −∇pν
div uν = 0
uν |t=0 = u0

ν ,

and the Euler equations modeling incompressible non-viscous fluid flow in R3, given
by

(E)

∂tu+ u · ∇u = −∇p
div u = 0
u|t=0 = u0.

In three dimensions, breakdown of smooth solutions to the Navier-Stokes and Euler
equations remains open and has proved to be one of the most difficult problems
in fluid mechanics (see [10] for details). For the case of axisymmetric solutions
without swirl, however, global existence and uniqueness for (NS) and (E) has been
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established under various assumptions on the initial data. In what follows, we say
a vector field v is axisymmetric if it can be written as

v(t, x) = vr(t, r, z)er + vz(t, r, z)ez,

where z = x3, r = (x2
1 + x2

2)
1
2 , (er, eθ, ez) is the cylindrical basis of R3, and vr and

vz do not depend on θ. For fluids with axisymmetric divergence-free velocity uν
solving (NS), the vorticity ων can be written as

(1.1) ων = (∂zu
r
ν − ∂ruzν)eθ := ωθνeθ.

Moreover, ων satisfies the equality

∂tων + uν · ∇ων − ν∆ων = r−1ωνu
r
ν .(1.2)

Similarly, for axisymmetric velocity u solving (E), the vorticity ω satisfies

(1.3) ω = (∂zu
r − ∂ruz)eθ := ωθeθ,

and

∂tω + u · ∇ω = r−1ωur.(1.4)

Letting α = ωθν
r

, one can use (1.2) to conclude that ||α(t)||Lp ≤ ||α0||Lp for all
p ∈ [1,∞]. When ν = 0, (1.4) implies that the Lp-norms of α are conserved.

In [14], Ukhovskii and Yudovich proved that when initial velocity is axisymmetric
and satisfies u0 ∈ L2(R3), ω(u0) = ω0 ∈ L2 ∩ L∞(R3), and r−1ω0 ∈ L2 ∩ L∞(R3),
there exists a unique global in time solution to (NS) and (E) with u ∈ L∞([0, T ];L2∩
Lp(R2)) for some p ∈ (3, 6] and with ω ∈ L1([0, T ];L2(R3)) (in fact, for (NS) the
assumption that ω0 is bounded is unnecessary to prove existence). These conditions
on the initial data follow when, for example, u0 belongs to Hs(R3) for s > 7

2
. Shirota

and Yanagisawa proceeded to show in [11] that there exists a unique solution u to
(NS) in Hs for s > 5

2
with u0 axisymmetric and belonging to Hs(R3). Finally, in a

recent paper of Abidi (see [1]), the author demonstrated existence and uniqueness

of a solution to (NS) in H
1
2 (R3) with axisymmetric initial velocity in H

1
2 (R3). For

our purposes, the most relevant result appears in a recent paper of Abidi, Hmidi,
and Keraani regarding the Euler equations. In [2], the authors prove that if u0 is

an axisymmetric vector field in the critical Besov space B
1+ 3

p

p,1 (R3) (see Definition 2)
with p ∈ [1,∞], and if r−1ω0 belongs to the Lorentz space L3,1(R3) (see Definition

4), then there exists a unique solution u to (E) in C(R+;B
1+ 3

p

p,1 (R3)).
In this paper, we study the three-dimensional Euler equations with axisymmetric

initial velocity under the assumption that ω0 does not necessarily belong to B
3
p

p,1(R3)
for any p ∈ [1,∞]. We do require, however, that the partial sums of the B0

∞,1-norm

of ω0 diverge in a controlled way. Specifically, we assume ω0 belongs to the space
BΓ(R3). This space was introduced by Vishik in [15]. Roughly speaking, the space
BΓ(R3) consists of tempered distributions which satisfy the property that the partial
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sums of the B0
∞,1-norm diverge no faster than Γ(N) (see Definition 3 in Section 2

for more information about BΓ spaces). In [15], Vishik proved that the solution to
(E) is unique as long as vorticity remains in the space L∞([0, T ];BΓ1(Rd)) for d ≥ 2
with Γ1(N) behaving roughly like N logN . He also proved that for d = 2, a solution
in his uniqueness class exists locally in time for ω0 in BΓ(R2) with Γ(N) = logN ,

and the solution exists globally in time for ω0 ∈ BΓ with Γ(N) = log
1
2 (N).

The first objective of this paper is to extend the short time existence results es-
tablished in [15] to three dimensions when initial velocity is axisymmetric. We show
that a solution in Vishik’s uniqueness class exists for short time under essentially the
same assumptions on the initial vorticity as those required in the two-dimensional
setting, although we must assume that r−1ω0 belongs to the Lorentz space L3,1(R3)
in order to control the growth of Lp-norms of vorticity as time evolves.

To explain our approach for extending Vishik’s existence results, we take a mo-
ment to clarify his general strategy in the two-dimensional case. Broadly speaking,
Vishik’s strategy in [15] for showing existence of solutions in his uniqueness class
consists of three steps (not necessarily achieved in the following order): (i) Construct
a sequence {un} of smooth solutions to (E) (Cauchy in a certain Besov norm) which
lie in his uniqueness class. (ii) Establish an upper bound on the BΓ1-norms of the
corresponding smooth vorticities {ωn} which is independent of n. (iii) Pass to the
limit and show, using the uniform bound established in step (ii), that the limit u is
indeed a solution to (E) with vorticity in BΓ1 .

We follow this general strategy for the three-dimensional case. The main difficulty
is step (ii), the establishment of a uniform upper bound on the BΓ1-norms of the
smooth vorticities. In [15], Vishik utilizes the property that the vorticity is trans-
ported along particle trajectories for two-dimensional flows. Specifically, he proves
an estimate of the form

(1.5) ‖f ◦ g(t)−1‖BΓ1
≤ C‖f‖BΓ

2C
∫ t
0 λ(τ) dτ ,

where g is the particle trajectory map corresponding to the velocity solution to (E),
λ(t) is (essentially) the BΓ1-norm of the vorticity at time t, and f ∈ BΓ is arbitrary.
In the two-dimensional case, if we set f = ω0, then the left hand side represents
the vorticity at positive times. One can then use (1.5) and a standard argument
in ordinary differential equations to establish an upper bound on the BΓ1-norm of
ω(t) for t > 0. In three dimensions, when f = ω0, the left hand side of (1.5)
no longer represents the time evolution of vorticity. Therefore, we must prove an
estimate similar to (1.5) in three dimensions, with the left hand side replaced by
‖ω(t)‖BΓ1

(see Proposition 6). As one would expect, the challenge is to bound the
vorticity stretching term in the BΓ1-norm. To achieve this, we use a decomposition
of the vorticity from [2], as well as properties of axisymmetric flows, specifically the
equality ω · ∇u = ωr−1ur and the conservation of the quantity α = r−1ωθ along
particle trajectories. We also rely on (1.5), keeping in mind that f is arbitrary.
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The second objective of this paper is to extend the results of [7] to the axisym-
metric setting. In [7], with Kelliher we studied the vanishing viscosity limit in the
plane for Vishik’s existence and uniqueness class. Our goal is to extend the results
of [7] to the three-dimensional case with axisymmetric initial velocity. Specifically,
we apply the techniques of [7] to prove two results regarding the three-dimensional
fluid equations with axisymmetric initial velocity. In the first result we prove that
when Γ(N) = logκ(N) for κ ∈ [0, 1), there exists a unique solution u to (E) in
L∞(R+;H1(R3)) with u0 ∈ H1(R3), ω0 ∈ BΓ(R3) and r−1ω0 ∈ L3,1(R3). With
Γ(N) = logN , we prove an analogous existence and uniqueness statement for short
time. In the second result, we show that the vanishing viscosity limit holds in
L∞([0, T ];L2(R3)) for these types of solutions to (E). The proof of the vanishing
viscosity result closely follows the argument used in [7] and relies on new estimates
from [2] for solutions with axisymmetric initial data.

The paper is organized as follows. In Section 2, we define the Littlewood-Paley
operators and various function spaces. We also state a few useful lemmas and discuss
properties of axisymmetric solutions to (E) with vorticity in BΓ spaces. In Sections 3
and 4, we establish conditions on initial vorticity under which there exists a solution
to the axisymmetric Euler equations in Vishik’s uniqueness class. In Section 5 we
show that if initial vorticity belongs to a certain BΓ space, then there exists a unique
velocity in H1(R3) solving the axisymmetric Euler equations, extending the results
from [7] to the axisymmetric setting. In Section 6, we prove an inviscid limit result.

2. Background and Preliminary Lemmas

We first define the Littlewood-Paley operators (for a more thorough discussion
of these operators, we refer the reader to [13]). We let φ ∈ S(Rd) satisfy supp
φ ⊂ {ξ ∈ Rd : 3

4
≤ |ξ| ≤ 8

3
}, and for every j ∈ Z we let φj(ξ) = φ(2−jξ) (so

φ̌j(x) = 2jnφ̌(2jx)). We define ψn ∈ S(Rd) by the equality

ψn(ξ) = 1−
∑
j≥n

φj(ξ)

for all ξ ∈ Rd, and for f ∈ S ′(Rd) we define the operator Sn by

Snf = ψ̌n ∗ f.
In the following sections we will make frequent use of the Littlewood-Paley operators.
For f ∈ S ′(Rd) and j ∈ Z, we define the Littlewood-Paley operators ∆j by

∆jf =


0, j < −1,
ψ̌0 ∗ f, j = −1,
φ̌j ∗ f, j > −1.

We will also need the paraproduct decomposition introduced by J.-M. Bony in
[4]. We recall the definition of the paraproduct and remainder used in this decom-
position.
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Definition 1. Define the paraproduct of two functions f and g by

Tfg =
∑
i,j

i≤j−2

∆if∆jg =
∞∑
j=1

Sj−1f∆jg.

We use R(f, g) to denote the remainder. R(f, g) is given by the following bilinear
operator:

R(f, g) =
∑
i,j

|i−j|≤1

∆if∆jg.

Bony’s decomposition then gives

fg = Tfg + Tgf +R(f, g).

We now define the Besov spaces.

Definition 2. Let s ∈ R, (p, q) ∈ [1,∞] × [1,∞). We define the inhomogeneous
Besov space Bs

p,q(Rd) to be the space of tempered distributions f on Rd such that

||f ||Bsp,q := ||S0f ||Lp +

(
∞∑
j=0

2jqs||∆jf ||qLp

) 1
q

<∞.

When q =∞, we write

||f ||Bsp,∞ := ||S0f ||Lp + sup
j≥0

2js||∆jf ||Lp .

We define the BΓ spaces as in [15].

Definition 3. We define BΓ to be the set of all f in S ′(Rd) satisfying

N∑
j=−1

||∆jf ||L∞ = O(Γ(N))

with the norm

||f ||BΓ
= sup

N≥−1

1

Γ(N)

N∑
j=−1

||∆jf ||L∞ .

Finally, we must define the Lorentz spaces.

Definition 4. The nonincreasing rearrangement of a measurable function f is given
by

f ∗(t) := inf {s,m({x : |f(x)| > s}) ≤ t} .



6 ELAINE COZZI

For p, q ∈ [1,∞], we define the Lorentz space Lp,q(Rd) to be the set of tempered
distributions f satisfying ||f ||Lp,q <∞, where

||f ||Lp,q =


(∫∞

0
(t

1
pf ∗(t))q dt

t

) 1
q
, q ∈ [1,∞)

supt>0 t
1
pf ∗(t), q =∞.

We remark that Lorentz spaces relate to Lp spaces by the equality Lp,p = Lp. We
refer the reader to [12] and [5] for other properties of Lorentz spaces.

Before we state the main theorem, we give a few lemmas which we use throughout
the paper. We begin with Bernstein’s Lemma. We refer the reader to [6] for a proof
of the lemma.

Lemma 1. (Bernstein’s Lemma) Let r1 and r2 satisfy 0 < r1 < r2 < ∞, and let p
and q satisfy 1 ≤ p ≤ q ≤ ∞. There exists a positive constant C such that for every
integer k , if u belongs to Lp(Rd), and supp û ⊂ B(0, r1λ), then

(2.1) sup
|α|=k
||∂αu||Lq ≤ Ckλk+d( 1

p
− 1
q

)||u||Lp .

Furthermore, if supp û ⊂ C(0, r1λ, r2λ), then

(2.2) C−kλk||u||Lp ≤ sup
|α|=k
||∂αu||Lp ≤ Ckλk||u||Lp .

We also make frequent use of the following lemma, which is proved in [7].

Lemma 2. Let u be a divergence-free vector field in L2
loc(Rd) with vorticity ω. Then

there exists an absolute constant C such that for all q ≥ 0,

||∆q∇v||L∞ ≤ C||∆qω||L∞ .
We now state a key lemma regarding the vorticity equation in three dimensions.

This lemma allows us to control the growth of the Lp-norm of ω(t) as time evolves
using the L3,1-norm of r−1ω0. We refer the reader to Proposition 2 and Corollary 1
of [8] for a proof of the lemma. (In fact, the author proves a more general lemma for
Lorentz spaces Lp,q, but the lemma for Lp spaces follows by the equality Lp,p = Lp.)

Lemma 3. Let u be a divergence-free vector field with coefficients in the space
L1([0, T ];B1

∞,∞(R3)), and let ω satisfy the vorticity equation

∂tω + u · ∇ω = r−1ωur.

There exists a constant C such that for all p ∈ [1,∞] and t ∈ [0, T ],

(2.3) ||ω(t)||Lp ≤ ||ω0||Lp exp(C1t||r−1ω0||L3,1).

Remark 2.4. An inequality similar to that in (2.3) holds for the Navier-Stokes vor-
ticity. Indeed, by (1.2) we have that for all p ∈ [1,∞],

(2.5) ||ων(t)||Lp ≤ ||ω0
ν ||Lp +

∫ t

0

||r−1uν(s)||L∞||ων(s)||Lp ds.
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Using the Biot-Savart law, we can bound ||r−1uν(s)||L∞ above by ||r−1ωθν(s)||L3,1 (see
for example [8] and [2]). Moreover, we have that ||r−1ωθν(s)||L3,1 ≤ ||r−1ωθν(0)||L3,1 .
This follows from the inequality ||r−1ωθν(s)||Lp ≤ ||r−1ωθν(0)||Lp for all p ∈ [1,∞] and
a standard interpolation argument. Finally, an application of Gronwall’s Lemma
yields an estimate analogous to (2.3).

3. A Priori Estimates

Throughout this section, we assume that Γ : R → [1,∞) is a locally Lipschitz
continuous monotonically nondecreasing function satisfying the following conditions:

(i) Γ(α) = 1 for α ∈ (−∞,−1], limα→∞ Γ(α) =∞.
(ii) There exists a constant C > 0 such that C−1Γ(β) ≤ Γ(α) ≤ CΓ(β) for α,
β ∈ [−1,∞), |α− β| ≤ 1.
(iii) There is a constant C > 0 such that

CΓ(α) ≥
∫ ∞
α

2−(ξ−α)Γ(ξ) dξ, α ∈ [−1,∞).

Let Γ1(α) = (α+ 2)Γ(α) for α ∈ [−1,∞), Γ1(α) = 1 for α ∈ (−∞,−1), and assume
that

(iv) Γ1 satisfies (iii) above;
(v) Γ1 is convex;
(vi)

∫∞
1

Γ1(α)−1 dα =∞.

Example 3.1. The function Γ(α) = logκ(α + 3) for α > −1 and κ ∈ (0, 1] satisfies
(i)-(vi).

We consider the vorticity formulation to the axisymmetric Euler equations, given
by

∂tω + u · ∇ω = ur
ω

r
,

u = K ∗ ω,
ω|t=0 = ω0 ∈ BΓ ∩ Lp0 ∩ Lp1 , and r−1ω0 ∈ L3,1(R3),

(3.2)

where p0 < 3 < p1, and where K represents the Biot-Savart kernel in R3. Here we
are using (1.4).

Remark 3.3. The assumption that ω0 belongs to Lp0 ∩ Lp1(R3) is utilized in [15] to
prove estimates using the Biot-Savart law. These estimates give information about
the modulus of continuity of the velocity and, in turn, stretching properties of the
particle trajectory map (these properties are described below). The assumption that
r−1ω0 belongs to L3,1(R3) will be used to control to Lp-norms of vorticity as time
evolves via Lemma 3.
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For fixed T1 > 0, we assume that we are given a solution to (3.2) satisfying

(3.4) u ∈ K ∗ C([0, T1];BΓ1 ∩ Lp0 ∩ Lp1(R3)).

We first summarize properties of u satisfying (3.4) and of the particle trajectory map
g corresponding to u. These properties can be found in [15] and will be important
later in this section. As in [15], let

(3.5) λ(t) = max

(
sup

0≤τ≤t
‖ω(τ)‖BΓ1

, 1

)
, t ∈ [0, T1],

and let

Γ̃1(t,m) =

 λ(t)−1, −∞ < m ≤ m1,
1 + (m+ 1)Γ

′
1(−1+), m1 ≤ m ≤ −1,

Γ1(m), −1 < m <∞,

with m1 = −1− (1− λ(t)−1)Γ
′
1(−1+)−1. Note that for α > −1,

Γ
′

1(α) = Γ(α) + (α + 2)Γ
′
(α) ≥ Γ(α) ≥ 1,

and therefore Γ
′
1(−1+) ≥ 1. By definition of m1 and λ(t), we infer that m1 ≥ −2.

As follows from arguments in [15], there exists an absolute constant C0 such that
the velocity vector field u satisfies

(3.6) |u(t, x)− u(t, y)| ≤ C0λ(t)Γ̃1(t,− log2 |x− y|)|x− y|
whenever x 6= y. Denote by µ(t,m) the solution to

µ̇(t,m) = −C0(log2 e)λ(t)Γ̃1(t, µ(t,m)),

µ(0,m) = m ∈ R.
(3.7)

In [15], it is established using (3.6) that for each x, y in R3, the particle trajectory
map corresponding to u satisfies

(3.8) |g(t, x)− g(t, y)| ≤ 2−µ(t,m), t ∈ [0, T1],

where m = − log2 |x− y|.
In the next section, we will prove existence of a solution to (3.2) which satisfies

(3.4) by considering a sequence of global in time smooth velocity solutions (i.e.
u ∈ L∞loc(R+;Cr(R3)) for all r > 1) and passing to the limit in B0

∞,1(R3). The
following theorem gives a uniform bound on the BΓ1-norms of the corresponding
smooth sequence of vorticities on a sufficiently short time interval under certain
assumptions on Γ. This bound will allow us to conclude that the limit of the
smooth sequence lies in Vishik’s uniqueness class for short time.

Theorem 1. Assume Γ : R→ [1,∞) satisfies

(3.9) (α + 2)Γ
′
(α) ≤ C for a.e. α ∈ [−1,∞).
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Also assume u0 is an axisymmetric vector field in L2(R3), and ω0 satisfies

(3.10) ‖ω0‖BΓ∩Lp0∩Lp1 ≤ C.

Let u be a regular solution to (3.2) satisfying (3.4), with initial data u0. Then there

exists T > 0 and a continuous function λ̃ defined on [0, T ] such that

‖ω(t)‖BΓ1
≤ λ̃(t), t ∈ [0, T ].

Both T and the function λ̃ depend only on C in (3.10), ‖r−1ω0‖L3,1, and Γ.

Theorem 1 above is identical to a theorem proved in [15] for the two-dimensional
Euler equations. In order to establish the above theorem in the two-dimensional
case, Vishik estimates the time evolution of the BΓ1 norm of initial vorticity under
composition with the particle trajectory map. His estimate in fact holds in dimen-
sion three with ω0 replaced with arbitrary f in BΓ(R3). This estimate will be useful
to us, so we state it here.

Proposition 4. (Vishik) Assume Γ : R → [1,∞) satisfies (3.9), and let f in
BΓ(R3) be arbitrary. Let u be a regular solution to (3.2) which satisfies (3.4) for
given T1 > 0, and let g be the particle trajectory map corresponding to u. Define λ
as in (3.5). Then

(3.11) ‖f ◦ g(t)−1‖BΓ1
≤ C‖f‖BΓ

2C
∫ t
0 λ(τ) dτ

for all t ∈ [0, T1].

The following proposition follows from the proof of Proposition 4 in [15] and will
be useful to us in what follows. We outline the proof of the proposition here and
refer the reader to [15] for further details.

Proposition 5. (Vishik) Assume Γ satisfies (3.9). Let f belong to BΓ(R3) and let
µ and λ be as above. Also assume m and t are such that µ(t,m− 1) > 0. Then the
following inequality holds for any β ∈ (0, 1]:

(3.12)
∑
l≥m

2−βµ(t,l−1)‖∆lf‖L∞ ≤ C‖f‖BΓ
2C

∫ t
0 λ(τ) dτΓ(µ(t,m− 1))2−βµ(t,m−1).

Proof. Set ρ(t, l) = 2−βµ(t,l−1). Then, following an argument identical to that in
(5.15) of [15], we see that∑

l≥m

ρ(t, l)‖∆lf‖L∞ ≤ ‖f‖BΓ

∫ ∞
m

−∂ξρ(t, ξ)Γ(ξ) dξ.(3.13)

We estimate the integral in (3.13) by applying (ii) and the inequality

(3.14) Γ(ξ) ≤ Γ(µ(t, ξ))2C
∫ t
0 λ(τ) dτ ,
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which is proved in [15] using (3.9) and (3.7). Specifically, we write

∫ ∞
m

−∂ξρ(t, ξ)Γ(ξ) dξ =

∫ ∞
m

∂ξ(βµ(t, ξ − 1))2−βµ(t,ξ−1)Γ(ξ) dξ

=

∫ ∞
m−1

∂ξ(βµ(t, ξ))2−βµ(t,ξ)Γ(ξ + 1) dξ ≤ C

∫ ∞
m−1

∂ξ(βµ(t, ξ))2−βµ(t,ξ)Γ(ξ) dξ

≤ C2C
∫ t
0 λ(τ) dτ

∫ ∞
m−1

∂ξ(βµ(t, ξ))2−βµ(t,ξ)Γ(µ(t, ξ)) dξ

≤ Cβ2C
∫ t
0 λ(τ) dτ

∫ ∞
µ(m−1,t)

2−βµΓ(µ) dµ.

(3.15)

We conclude that∫ ∞
m

−∂ξρ(t, ξ)Γ(ξ) dξ ≤ C2C
∫ t
0 λ(τ) dτ

∫ ∞
µ(t,m−1)

2−βµΓ(µ) dµ

≤ C2C
∫ t
0 λ(τ) dτ

∫ ∞
βµ(t,m−1)

2−βµΓ(βµ) dµ ≤ C2C
∫ t
0 λ(τ) dτ2−βµ(t,m−1)Γ(µ(t,m− 1)).

Here we used (3.9) and the property 0 < βµ(t,m − 1) ≤ µ(t,m − 1) to get the
second inequality. To get the last inequality, we applied a change of variables and
(iii). Substituting this estimate into (3.13) yields (3.12). �

For the axisymmetric Euler equations, vorticity is not transported along particle
trajectories; hence the left hand side of (3.11) above does not represent vorticity
at positive times. While Proposition 4 will be useful, we must prove the following
analogous proposition, which estimates the BΓ1-norm of vorticity at positive times
for solutions to (3.2) satisfying (3.4). The following proposition is the key ingredient
in the proof of Theorem 1.

Proposition 6. Assume u0 ∈ L2(R3) is an axisymmetric vector field, and let u be
a regular solution to (3.2) which satisfies (3.4). Let λ and T1 be as above. Then

(3.16) ‖ω(t)‖BΓ1
≤ C‖ω0‖BΓ

2C
∫ t
0 λ(τ) dτ

for all t ∈ [0, T1].

Proof. We first apply the BΓ1 norm to the equality

ω(t, x) = ω0(g(t)−1(x)) +

∫ t

0

(
ur
ω

r

)
(s, g(s) ◦ g(t)−1(x)) ds

and utilize Proposition 4 to write

‖ω(t)‖BΓ1
≤ C‖ω0‖BΓ

2C
∫ t
0 λ(τ) dτ +

∫ t

0

∥∥∥(urω
r

)
(s, g(s) ◦ g(t)−1(·))

∥∥∥
BΓ1

.(3.17)
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To estimate the time integral above, we will decompose the vorticity as in [2]. Let
ωl be the unique solution to the problem

∂tωl + (u · ∇)ωl = ωl · ∇u,
ωl|t=0 = ∆lω

0.

By linearity and uniqueness (which follows from [15]),

(3.18) ω =
∑
l≥−1

ωl.

Moreover, in [2] it is shown (see Proposition 4.2) that for each l ≥ −1,

(3.19) ‖ωl(t)‖∞ ≤ ‖∆lω
0‖L∞eCt‖r

−1ω0‖L3,1 .

For fixed but arbitrary β ∈ (0, 1
2
), we choose m satisfying

(3.20) βµ(t,m− 1) > 2N > βµ(t,m− 2),

and consider∫ t

0

∥∥∥(urω
r

)
(s, g(s) ◦ g(t)−1(·))

∥∥∥
BΓ1

ds ≤
∫ t

0

∑
l≤m

∥∥∥∥(urωlr
)

(s, g(s) ◦ g(t)−1(·))
∥∥∥∥
BΓ1

ds

+

∫ t

0

∑
l≥m+1

∥∥∥∥(urωlr
)

(s, g(s) ◦ g(t)−1(·))
∥∥∥∥
BΓ1

ds.

(3.21)

(The reasons for our choice of m will become clear in what follows. Note that
(3.20) ensures that m > 2N , as µ(t, x) is decreasing in t and increasing in x.) We
begin by estimating the first term on the right hand side of (3.21). Using (3.19),
the inequality ‖r−1ur‖L∞ ≤ ‖r−1ω0‖L3,1 , and the definition of the BΓ-norm, we can
write the series of estimates∑
j≤N

∑
l≤m

∥∥∥∥∆j

{(
ur
ωl

r

)
(s, g(s) ◦ g(t)−1(·))

}∥∥∥∥
L∞
≤ CN

∑
l≤m

‖ωl(s)‖L∞
∥∥r−1ur(s)

∥∥
L∞

≤ CN
∑
l≤m

‖∆lω
0‖L∞eCs‖r

−1ω0‖L3,1
∥∥r−1ω0

∥∥
L3,1

≤ CNΓ(m)‖ω0‖BΓ
eCs‖r

−1ω0‖L3,1
∥∥r−1ω0

∥∥
L3,1 .

Integrating in time gives∫ t

0

∑
j≤N

∑
l≤m

∥∥∥∥∆j

{(
ur
ωl

r

)
(s, g(s) ◦ g(t)−1(·))

}∥∥∥∥
L∞

ds

≤ CNΓ(m)‖ω0‖BΓ
eCt‖r

−1ω0‖L3,1 .

(3.22)
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We now estimate the quantity

(3.23)

∫ t

0

∑
l≥m+1

∥∥∥∥(urωlr
)

(s, g(s) ◦ g(t)−1(·))
∥∥∥∥
BΓ1

ds.

We first note that ωl

r
is advected by the flow. Specifically,

(3.24)
ωl

r
(s, g(s) ◦ g(t)−1(x)) =

∆lω
0

r
(g(t)−1(x)),

so we can rewrite the integrand in (3.23) as

(3.25)
∑
l≥m+1

∥∥∥∥∆lω
0

r
(g(t)−1(·))ur(s, g(s) ◦ g(t)−1(·))

∥∥∥∥
BΓ1

.

We again utilize Proposition 4 and write∑
l≥m+1

∥∥∥∥∆lω
0

r
(g(t)−1(·))ur(s, g(s) ◦ g(t)−1(·))

∥∥∥∥
BΓ1

≤ C2C
∫ t
0 λ(τ) dτ

∑
l≥m+1

∥∥∥∥∆lω
0

r
(·)ur(s, g(s, ·))

∥∥∥∥
BΓ

.

(3.26)

Thus it remains to estimate

(3.27)
∑
l≥m+1

∥∥∥∥∆lω
0

r
(·)ur(s, g(s, ·))

∥∥∥∥
BΓ

.

Observe that in cylindrical coordinates, the operator (∆lω
0) · ∇ takes the form

(∆lω
0) · ∇ = (∆lω

0)r∂r +
1

r
(∆lω

0)θ∂θ + (∆lω
0)z∂z =

1

r
(∆lω

0)θ∂θ,(3.28)

since ∆lω
0 is the curl of the axisymmetric vector field ∆lu

0 and therefore only has
a θ component. It follows that

∆lω
0

r
ur(s, g(s, ·)) =

1

r
(∆lω

0)θeθ(u
r(s, g(s, ·))) =

1

r
(∆lω

0)θ∂θ(u
r(s, g(s, ·))er),

=
1

r
(∆lω

0)θ∂θ(u
r(s, g(s, ·))er + uz(s, g(s, ·))ez) = (∆lω

0) · ∇(u(s, g(s, ·))).

Above we used the property that ur(s, g(s, x)) does not depend on θ to get the
second equality and the property that uz(s, g(s, x)) does not depend on θ to get the
third equality. The last equality follows from (3.28). The above analysis implies
that ∑

l≥m+1

∥∥∥∥∆lω
0

r
(·)ur(s, g(s, ·))

∥∥∥∥
BΓ

=
∑
l≥m+1

∥∥(∆lω
0) · ∇(u(s, g(s, ·)))

∥∥
BΓ
.
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The divergence-free property of ∆lω
0 and Bernstein’s Lemma allow us to write∑

l≥m+1

∑
j≤N

∥∥∆j

{
(∆lω

0) · ∇(u(s, g(s, ·)))
}∥∥

L∞

≤ C

3∑
i=1

∑
l≥m+1

∑
j≤N

2j
∥∥∆j

{
(∆lω

0
i )(u(s, g(s, ·)))

}∥∥
L∞

≤ C
3∑
i=1

∑
l≥m+1

∑
j≤N

22j
∥∥∆j

{
(∆lω

0
i )(u(s, g(s, ·)))

}∥∥
L3 .

The product inside the L3-norm can be written as the sum of the three terms
determined by Bony’s paraproduct decomposition:

(∆lω
0
i )u(s, g(s, ·)) = T∆lω

0
i
u(s, g(s, ·)) + Tu(s,g(s,·))∆lω

0
i +R(∆lω

0
i , u(s, g(s, ·))).

Since m > 2N , it is clear that for j ≤ N and l ≥ m + 1, with N sufficiently large
(N > 2),

∆j(T∆lω
0
i
u(s, g(s, ·))) = ∆j(Tu(s,g(s,·))∆lω

0
i ) = 0,

leaving only ∆jR(∆lω
0
i , u(s, g(s, ·))). To estimate this term, we use properties of

Littlewood-Paley operators and write
3∑
i=1

∑
j≤N

∑
l≥m+1

22j‖∆jR(∆lω
0
i , u(s, g(s, ·)))‖L3

≤ C
∑
j≤N

∑
l≥m+1

22j
∑
k≥j−3

‖∆k(∆lω
0)‖L∞‖∆k(u(s, g(s, ·)))‖L3

≤ C22N
∑
k≥m

2−βµ(s,k−1)‖∆kω
0‖L∞2βµ(s,k−1)‖∆k(u(s, g(s, ·)))‖L3 ,

(3.29)

where β corresponds to the β used in our initial choice of m. It follows from (3.29),
Proposition 5, and Lemma 7 below that

3∑
i=1

∑
j≤N

∑
l≥m+1

22j‖∆jR(∆lω
0
i , u(s, g(s, ·)))‖L3

≤ C22N‖ω0‖BΓ
2C

∫ s
0 λ(τ) dτΓ(µ(s,m− 1))2−βµ(s,m−1).

Combining the above estimates, we can finally conclude that∫ t

0

∑
j≤N

∑
l≥m+1

∥∥∥∥∆j

{
∆lω

0

r
(·)ur(s, g(s, ·))

}∥∥∥∥
L∞

ds

≤ C22N‖ω0‖BΓ
2C

∫ t
0 λ(τ) dτ

∫ t

0

Γ(µ(s,m− 1))2−βµ(s,m−1) ds

≤ Ct22N‖ω0‖BΓ
2C

∫ t
0 λ(τ) dτΓ(m)2−βµ(t,m−1),

(3.30)
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where we used the property that Γ is monotonically nondecreasing and that µ(t,m)
is decreasing in t to get the last inequality. It follows from our choice of m, (3.14),
(3.9), and the inequality ∂mµ(t,m) ≤ 1 that

Γ(m) ≤ CΓ(µ(t,m))2C
∫ t
0 λ(τ) dτ

≤ CΓ(2N)2C
∫ t
0 λ(τ) dτ ≤ CΓ(N)2C

∫ t
0 λ(τ) dτ .

(3.31)

Combining (3.30) and (3.31), we infer that∫ t

0

∑
l≥m+1

∥∥∥∥∆lω
0

r
(·)ur(s, g(s, ·))

∥∥∥∥
BΓ

ds ≤ C‖ω0‖BΓ
2C

∫ t
0 λ(τ) dτ .

We insert this estimate into (3.26) and combine (3.23), (3.24), (3.25), and (3.26).
We conclude that

(3.32)

∫ t

0

∑
l≥m+1

∥∥∥∥(urωlr
)

(s, g(s) ◦ g(t)−1(·))
∥∥∥∥
BΓ1

ds ≤ C2C
∫ t
0 λ(τ) dτ‖ω0‖BΓ

.

We return to the first term on the right hand side of (3.21). We combine (3.22) with
(3.31) and write
(3.33)∫ t

0

∑
l≤m

∥∥∥∥(urωlr
)

(s, g(s) ◦ g(t)−1(·))
∥∥∥∥
BΓ1

ds ≤ C2C
∫ t
0 λ(τ) dτ‖ω0‖BΓ

eCt‖r
−1ω0‖L3,1 .

We insert the estimates from (3.32) and (3.33) into (3.21), and we apply the resulting
estimate to (3.17). This yields (3.16).

To complete the proof of Proposition 6, we must prove the following lemma.

Lemma 7. If µ, u, and g are as above, then for all β ∈ (0, 1
2
) there exists C

depending only on the initial data and s such that

sup
k≥m

2βµ(s,k−1)‖∆k(u(s, g(s, ·)))‖L3 ≤ C.

Moreover, C = C(s) belongs to L∞loc(R+).

Proof. The proof of Lemma 7 relies on membership of u to L∞(R+;W 1
3 (R3)) and on

stretching properties of the particle trajectory map g, as given in (3.8). To simplify
notation in what follows, we temporarily suppress the time dependance.

We first apply a change of variables and utilize the property that
∫
φ̌ = 0 to write

∆k(u(g(x))) = 2kd
∫
R3

φ̌(2ky)u(g(x− y)) dy

=

∫
R3

φ̌(z)[u(g(x− 2−kz))− u(g(x))] dz

=

∫
R3

φ̌(z)
u(g(x− 2−kz))− u(g(x))

|g(x− 2−kz)− g(x)|α
|g(x− 2−kz)− g(x)|α dz
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for any fixed α ∈ (0, 1). It follows from Minkowski’s inequality and (3.8) that

‖∆k(u(g(·)))‖L3 ≤
∫
R3

|φ̌(z)|
∥∥∥∥u(g(· − 2−kz))− u(g(·))
|g(· − 2−kz)− g(·)|α

|g(· − 2−kz)− g(·)|α
∥∥∥∥
L3

dz

≤
∫
R3

|φ̌(z)|2−αµ(s,M)

∥∥∥∥u(g(· − 2−kz))− u(g(·))
|g(· − 2−kz)− g(·)|α

∥∥∥∥
L3

dz,

(3.34)

where M = − log2 |2−kz|. The quantity∥∥∥∥u(g(· − 2−kz))− u(g(·))
|g(· − 2−kz)− g(·)|α

∥∥∥∥
L3

can be estimated using the membership of u to the space L∞loc(R+;Fα
3 (R3)) for α < 1.

We define Fα
p (R3) as in [3]. For α ∈ (0, 1) and for p ∈ [1,∞], let Fα

p (R3) to be the

set of functions v in Lp(R3) such that there exists a function U in Lp(R3) satisfying

(3.35)
|v(x)− v(y)|
|x− y|α

≤ U(x) + U(y)

for all x, y in R3. Define

(3.36) ‖v‖Fαp = ‖v‖Lp + inf{‖U‖Lp : U satisfies (3.35)}.
In [3], the authors show equivalence of Fα

p (R3) and the Triebel-Lizorkin space

Fα
p,∞(R3). Moreover, Wα

p (R3) ↪→ Fα
p,∞(R3), so for all t > 0,

‖u(t)‖Fα3 ≤ C‖u(t)‖Wα
3
≤ C(‖u(t)‖L3 + ‖ω(t)‖L3) ≤ C(‖u(t)‖L2∩L∞ + ‖ω(t)‖L3)

≤ C(‖u0‖L2 + ‖ω0‖γ1

Lp0‖ω
0‖γ2

Lp1 + ‖ω0‖L3)eCγ3t‖r−1ω0‖L3,1 ,

(3.37)

where we used Proposition 3.2 of [15], which states that

(3.38) ‖u‖L∞ ≤ C‖ω‖
p0(p1−3)
3(p1−p0)

Lp0 ‖ω‖
p1(3−p0)
3(p1−p0)

Lp1 ,

combined with Lemma 3, to get the last inequality above. Here γ1, γ2, and γ3

depend on the dimension, p0, and p1.
We now reintroduce the time variable s. It follows from measure-preserving prop-

erties of the particle trajectory map and translation invariance of the L3-norm that
for any U ∈ L3(R3) satisfying (3.35) with v = u(s, ·),∥∥∥∥u(s, g(s, · − 2−kz))− u(s, g(s, ·))

|g(s, · − 2−kz)− g(s, ·)|α

∥∥∥∥
L3

≤ 2‖U(g(s, ·))‖L3

≤ 2‖u(s)‖L3 + 2‖U‖L3 .

(3.39)
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Taking the infimum of (3.39) over all such U , we conclude from (3.36) and (3.37)
that ∥∥∥∥u(s, g(s, · − 2−kz))− u(s, g(s, ·))

|g(s, · − 2−kz)− g(s, ·)|α

∥∥∥∥
L3

≤ 2‖u(s)‖Fα3 ≤ C(s),

where C(s) is given by the last line of (3.37). Substituting this estimate into (3.34)
gives

(3.40) ‖∆k(u(s, g(s, ·)))‖L3 ≤ C(s)

∫
R3

|φ̌(z)|2−αµ(s,M) dz.

It remains to estimate ∫
R3

|φ̌(z)|2−αµ(s,M) dz.

First note that

M = − log2 |2−kz| = − log2 2−k − log2 |z| = k − log2 |z|.
We consider two cases: |z| < 2 and |z| ≥ 2. When |z| < 2, M > k − 1, so
µ(s,M) > µ(s, k − 1), which means 2−αµ(s,M) ≤ 2−αµ(s,k−1). We can then write∫

R3

|φ̌(z)|2−αµ(s,M) dz =

∫
|z|<2

|φ̌(z)|2−αµ(s,M) dz +

∫
|z|≥2

|φ̌(z)|2−αµ(s,M) dz

≤ C2−αµ(s,k−1) +

∫
|z|≥2

|φ̌(z)|2−αµ(s,M) dz.

(3.41)

We now turn to the case |z| ≥ 2. Since µ(s,m) is concave (see Proposition 5.3 of
[15]), it follows that

2−µ(s,M) = 2−µ(s,k−log2 |z|) = 2
−µ
(
s,

2k−2 log2 |z|
2

)
≤ 2−

1
2
µ(s,2k)2−

1
2
µ(s,−2 log2 |z|) ≤ 2−

1
2
µ(s,k)2−

1
2
µ(s,−2 log2 |z|),

(3.42)

where we used the fact that µ is increasing in m. Since |z| ≥ 2, it follows that
−2 log2 |z| ≤ −2. Moreover, for m ≤ −2, Γ̃1(t,m) = λ(t)−1. Substituting this
information into (3.7) and solving for µ, we conclude that for m ≤ −2,

µ(s,m) = m− C0(log2 e)s.

Therefore, when |z| ≥ 2,

µ(s,−2 log2 |z|) = −2 log2 |z| − C0(log2 e)s,

and
2−

α
2
µ(s,−2 log2 |z|) = 2α log2 |z|2

α
2
C0(log2 e)s = |z|α2

α
2
C0(log2 e)s.
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Substituting this information into (3.41) and observing that |z|α|φ̌(z)| is integrable,
we can write∫

R3

|φ̌(z)|2−αµ(s,M) dz ≤ 2
α
2
C0(log2 e)s(2−αµ(s,k−1) + 2−

α
2
µ(s,k)) ≤ C(s)2−

α
2
µ(s,k−1).

(3.43)

Combining (3.43) and (3.40) gives

‖∆k(u(s, g(s, ·)))‖L∞ ≤ C(s)2−
α
2
µ(s,k−1).

We set β = α
2
. Lemma 7 follows. �

This competes the proof of Proposition 6. �

We can now complete the proof of Theorem 1. We follow [15]. First, note that
Proposition 6 implies that

(3.44) λ(t) ≤ Ĉ2C
∫ t
0 λ(τ) dτ ,

where Ĉ = max{1, C‖ω0‖BΓ
}. Set γ(t) = Ĉ2C

∫ t
0 λ(τ) dτ . Then λ(t) ≤ γ(t) and

γ̇ ≤ Cγ2. Now let λ̃ satisfy the differential equation

˙̃λ = Cλ̃2, λ̃(0) = γ(0),(3.45)

where C is as in (3.44). Choose T > 0 to be less than the blow-up time for (3.45).

Using Gronwall’s lemma, one can show that γ(t) − λ̃(t) ≤ 0 for all t ∈ [0, T ].

Therefore λ(t) ≤ γ(t) ≤ λ̃(t) for all t ∈ [0, T ], and Theorem 1 follows.

4. Construction of the Flow

Throughout this section, we assume that Γ satisfies (i)-(vi). We prove the follow-
ing theorem.

Theorem 2. Assume ω0 belongs to Lp0 ∩Lp1 ∩BΓ(R3) with p0 < 3 < p1 and with Γ
satisfying (3.9). Also assume r−1ω0 belongs to L3,1(R3) and u0 is an axisymmetric
vector field in L2(R3). Then there exists T > 0 and a solution ω to (3.2) with initial
data ω0 which satisfies

ω ∈ L∞([0, T ];Lp0 ∩ Lp1 ∩BΓ1(R3)).

Proof. Our strategy for proving Theorem 2 is virtually identical to that employed
in Section 8 of [15] to prove existence for the two-dimensional Euler equations. The
idea is to construct a sequence of smooth solutions to (3.2) and to show that the
sequence of smooth velocities are Cauchy in the space B0

∞,1(R3). One can then show
that the limit of the sequence satisfies the conditions of the theorem.

As the proof of Theorem 2 is similar to that in Section 8 of [15], we will omit many
of the details and instead refer the reader to [15]. We must, however, take some
care in constructing a sequence of smooth solutions to the axisymmetric equations.
Given ω0 and u0 as in Theorem 2, we construct the sequence un,0 = Snu

0. Note that



18 ELAINE COZZI

membership of ω0 to BΓ(R3) ensures that, for each fixed n, un,0 belongs to Cr(R3)
for all r > 1. This follows by the series of estimates

‖un,0‖Cr = sup
−1≤j≤n

2jr‖∆jSnu
0‖L∞ ≤ C‖u0‖L2 + sup

0≤j≤n
2j(r−1)‖∆jω

0‖L∞

≤ ‖u0‖L2 + 2n(r−1)Γ(n)‖ω0‖BΓ
.

By Theorem 4.2.1 in [6], there exists T ∗ ∈ [0,∞] and a unique solution un to (E)
in ∩r>1L

∞
loc([0, T

∗);Cr(R3)) with initial data un,0. In addition, if T ∗ <∞, then∫ T ∗

0

‖un(t)‖C1
∗ dt =∞.

By (3.38), Lemma 3, and the inequality ‖r−1ωn,0‖L3,1 ≤ ‖r−1ω0‖L3,1 (see, for exam-
ple, Lemma 1 of [8]),

‖un(t)‖C1
∗ ≤ C‖un‖L∞ + sup

j≥0
‖∆jω

n(t)‖L∞ ≤ C‖un‖L∞ + ‖ωn,0‖L∞eCt‖r
−1ωn,0‖

L3,1

≤ C‖ω0‖γ1

Lp0‖ω
0‖γ2

Lp1e
γ3t‖r−1ω0‖

L3,1 + Γ(n)‖ω0‖BΓ
eCt‖r

−1ω0‖
L3,1 .

Therefore, T ∗ =∞. Note that by Young’s convolution inequality,

(4.1) ‖ωn,0‖Lp0∩Lp1 ≤ ‖ω0‖Lp0∩Lp1 and ‖un,0‖L2 ≤ ‖u0‖L2 .

Moreover,

‖ωn,0‖BΓ
= sup

N≥−1

1

Γ(N)

∑
j≤N

‖∆jSnω
0‖L∞ ≤ ‖ω0‖BΓ

, and∥∥r−1ωn,0
∥∥
L3,1 ≤

∥∥r−1ω0
∥∥
L3,1 .

(4.2)

We have thus constructed a sequence {un} of global in time smooth solutions to
(3.2) with initial data satisfying the conditions of Theorem 2.

We now proceed as in [15]. Since ωn belongs to L∞loc([0,∞);Cr(R3)) for all r > 0,
it follows that ωn also belongs to L∞loc([0,∞);BΓ1(R3)) (see Proposition 8.7 of [15]).
Therefore, by (4.1), (4.2), Lemma 3, and Theorem 1, there exists T > 0 and a
constant C > 0 independent of n such that

(4.3) ‖ωn‖L∞([0,T ];Lp0∩Lp1∩BΓ1
) ≤ C.

From this uniform bound we will be able to conclude that the limit of the sequence
of smooth solutions satisfies Theorem 2.

Indeed, it can be shown using an argument identical to that in Section 8 of [15]
that the sequence {un} is a Cauchy sequence in L∞([0, T ];B0

∞,1(R3)). Let u satisfy

(4.4) un → u ∈ L∞([0, T ];B0
∞,1(R3)).

Then, following arguments identical to those in [15], one can show using (4.3) that

ω ∈ L∞([0, T ];BΓ1(R3)).
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Moreover, it can be shown using (4.4), (4.3), and a standard weak-* compactness
argument that

‖ω‖L∞([0,T ];Lp0∩Lp1 ) ≤ C.

We refer the reader to arguments in Section 8 of [15] which show that the limit u
is indeed a solution to (E). This completes the proof of Theorem 2. �

5. Uniqueness of Velocity in H1(R3)

In the next two sections we extend the results of [7] to the three-dimensional Euler
equations with axisymmetric initial velocity. In this section we prove the following
theorem.

Theorem 3. Let u0 be an axisymmetric vector field belonging to L2(R3) and let ω0

belong to BΓ ∩ L2(R3) with Γ(N) = logκ(N) for 0 ≤ κ ≤ 1. Also assume r−1ω0

is in the Lorentz space L3,1(R3). For κ = 1, there exists T0 > 0 and a unique
solution (u,∇p) to (E) with u in the space L∞([0, T0];H1(R3)) and with u|t=0 = u0.
If κ ∈ [0, 1), then for every T > 0 there exists a unique solution (u,∇p) to (E) with
u in L∞([0, T ];H1(R3)) and with u|t=0 = u0.

Proof. Let u0 satisfy the conditions of Theorem 3, and let up be the unique so-
lution to (E) in C(R+;B1

∞,1(R3)) with initial data Spu
0 (for a proof that Spu

0 is
axisymmetric, see [2], Proposition 3.1). We will show the sequence {up} is Cauchy
in L∞([0, T ];L2(R3)) for Γ(N) growing sufficiently slowly with N . We fix positive
integers m and n, with m > n, and we let um and un be solutions to (E) with initial
data Smu

0 and Snu
0, respectively. An energy argument identical to that in [9] yields

the estimate

(5.1) ||un − um||L∞([0,T ];L2) ≤ C||u0
m − u0

n||L2e
∫ T
0 ||∇un||L∞ .

Since ω0 belongs to L2(R3), Bernstein’s inequality and boundedness of Calderon-
Zygmund operators on L2 imply that ||u0

m−u0
n||L2 ≤ C2−n||ω0||L2 . We can conclude

from (5.1) that

||un − um||L∞([0,T ];L2) ≤ C2−ne
∫ T
0 ||∇un||L∞ .

It remains to estimate the growth of the quantity ||∇un||L∞ with n. To do this, we
use estimates proved in [2]. Specifically, in the proof of Proposition 4.4 of [2], the
authors show that if the axisymmetric initial velocity belongs to B1

∞,1(R3) and if

r−1ω0 is in L3,1(R3), then for fixed N̂ ∈ N,

||ω(t)||B0
∞,1
≤ C||ω0||B0

∞,1
(2−N̂eCU(t) + N̂eCt||r

−1ω0||L3,1 ),
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where U(t) =
∫ t

0
||u||B1

∞,1
and C is an absolute constant. Applying this estimate to

ωn and using the inequality ||r−1ω0
n||L3,1 ≤ ||r−1ω0||L3,1 , it follows that

||ωn(t)||B0
∞,1
≤ C||ω0

n||B0
∞,1

(2−N̂eCUn(t) + N̂eCt||r
−1ω0

n||L3,1 )

≤ C||ω0
n||B0

∞,1
(2−N̂eCUn(t) + N̂eCt||r

−1ω0||L3,1 ),
(5.2)

with Un(t) now equal to
∫ t

0
||un||B1

∞,1
. As in [2], we choose N̂ = CUn(t) + 1. Using

Bernstein’s Lemma, energy conservation, Lemma 2, and the definition of B0
∞,1, we

can conclude that ||un||B1
∞,1
≤ C||un||L2 +

∑
j≥0 ||∆jωn||L∞ ≤ C||u0||L2 + ||ωn||B0

∞,1
.

This estimate, combined with our choice of N̂ and (5.2), gives

||ωn(t)||B0
∞,1
≤ C||ω0

n||B0
∞,1
eCt||r

−1ω0||L3,1 (Un(t) + 1)

≤ CeC1t||ω0
n||B0

∞,1

(∫ t

0

||ωn(s)||B0
∞,1
ds+ t||u0||L2 + 1

)
,

(5.3)

where the constant C1 depends on ||r−1ω0||L3,1 . An application of Gronwall’s in-
equality yields

(5.4) ||ωn(t)||B0
∞,1
≤ CeC1t||ω0

n||B0
∞,1

(t+ 1)e
Ct||ω0

n||B0
∞,1

eC1t

.

Again by Bernstein’s Lemma, energy conservation, Lemma 2, and the definition of
B0
∞,1, it follows that ||∇un||L∞ ≤ ||u0||L2 + ||ωn||B0

∞,1
. Using this estimate, (5.4),

and the estimate ||ω0
n||B0

∞,1
≤ ||ω0||BΓ

Γ(n), we write

||un − um||L∞([0,T ];L2) ≤ C2−ne
∫ T
0 ||∇un||L∞

≤ C2−n exp

(∫ T

0

CeC1tΓ(n)(t+ 1)eCtΓ(n)eC1t

)
≤ C2−n exp

(
eCTΓ(n)eC1T − 1

)(5.5)

for sufficiently large n, where we integrated in time to get the last inequality. We
conclude that the sequence {up} is Cauchy in L∞([0, T ];L2(R3)) for sufficiently small
T when Γ(n) = log(n) and for every T when Γ(n) = logκ(n) with κ ∈ [0, 1). From
this we conclude that {up} converges to a vector field u in L∞([0, T ];L2(R3)).

A straightforward argument shows that since {up} converges to u in the space
L∞([0, T ];L2(R3)), we can pass to the limit in (E). To see that u belongs to
L∞([0, T ];H1(R3)), we observe that by Lemma 3, we have the estimate

(5.6) ||ωn(t)||L2 ≤ ||ω0||L2eCt||r
−1ω0||L3,1

for all n, where we also used the inequality ||r−1ω0
n||L3,1 ≤ ||r−1ω0||L3,1 . A weak

compactness argument shows that ||ω(t)||L2 ≤ ||ω0||L2eCt||r
−1ω0||L3,1 , giving u ∈

L∞([0, T ];H1(R3)). Finally, the membership of u to L∞([0, T ];L2(R3)) allows us to
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uniquely determine ∇p from u. We have thus constructed a weak solution (u,∇p)
to (E) satisfying the assumptions of Theorem 3.

To show uniqueness of u in L∞([0, T ];H1(R3)), we first observe that by the exis-
tence proof, ||up − u||L∞([0,T ];L2(R2)) approaches 0 as p approaches infinity. Since the
sequence up is uniquely determined by the initial data u0, two solutions to (E) with
the same initial data and initial vorticity in BΓ will have the same approximating
sequence and will therefore be equal on [0, T ]. �

6. The Vanishing Viscosity Limit

In this section we prove that the vanishing viscosity limit holds for the entire class
of solutions given in Theorem 3. We have the following theorem.

Theorem 4. Assume u0 and ω0 = ∇ × u0 satisfy the conditions of Theorem 3,
and let u be the solution to (E) with initial data u0. If uν is the unique solution to

(NS) from [1] in the space H
1
2 (R3) with the same initial data u0, then the following

estimate holds for fixed T > 0:

(6.1) ||uν − u||L∞([0,T ];L2(R3)) ≤
√
νeC1T exp

(
eC1TΓ(− 1

2
log(νeC1T ))eC1T

)
.

We remark that the right hand side of (6.1) converges to 0 as ν approaches 0 for
short time when Γ(N) = log(N) and for any finite time when Γ(N) = logκ(N) with
κ ∈ [0, 1).

Proof. The proof that the vanishing viscosity limit holds in L∞([0, T ], L2(R3)) is
similar to that in [7]. Given our solution (u,∇p) to (E) from Theorem 3 with initial
data u0, we again construct the sequence of solutions {un} to (E) with initial data
Snu

0 (this notation is admittedly somewhat confusing as we used {up} to denote a
sequence of velocities in Section 5), and we write

(6.2) ||uν − u||L∞([0,T ];L2) ≤ ||uν − un||L∞([0,T ];L2) + ||un − u||L∞([0,T ];L2).

To estimate ||un − u||L∞([0,T ];L2), we apply the same argument as that used to show
existence in Section 5, but with u in place of um, to conclude that

||un − u||L∞([0,T ];L2) ≤ C2−ne
∫ T
0 ||∇un||L∞ .(6.3)

To estimate ||uν −un||L∞([0,T ];L2), we again apply the energy argument from [9], this
time to the solutions uν and un to (NS) and (E), respectively. Before applying
Gronwall’s Lemma, the energy argument yields the inequality

||(uν − un)(t)||2L2 ≤ ||u0
n − u0||2L2 + Cν

∫ t

0

||∇uν(s)||L2 ||(∇uν −∇un)(s)||L2 ds

+

∫ t

0

∫
R3

|(uν − un)(s)|2|∇un(s)|2 dx ds.

(6.4)
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Note that we now have an extra term on the right hand side, resulting from the fact
that ν > 0. To handle this term, we bound ||∇uν ||L2 and ||∇un||L2 with ||ων ||L2

and ||ωn||L2 , respectively, and we apply Remark 2.4 and (5.6). We also use the
membership of ω0 to L2(R3) and Bernstein’s Lemma to again write ||u0

n − u0||2L2 ≤
C2−2n. These bounds combined with an application of Gronwall’s Lemma to (6.4)
yield

(6.5) ||uν − un||L∞([0,T ];L2) ≤ C
(

2−n +
√
νeC1T

)
e
∫ T
0 ||∇un||L∞ ,

where C1 depends on ||r−1ω0||L3,1 . Combining (6.2), (6.3), and (6.5) gives

||uν − u||L∞([0,T ];L2) ≤ C
(

2−n +
√
νeC1T

)
e
∫ T
0 ||∇un||L∞ .

To complete the proof, we apply the bound e
∫ T
0 ||∇un||L∞ ≤ exp

(
eCTΓ(n)eC1T − 1

)
from (5.5) in Section 5, and we let n = −1

2
log(νT ). This completes the proof of

Theorem 4. �
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