RANK AND CRANK-LIKE FUNCTIONS GENERATED BY BAILEY PAIRS

CATHERINE BABECKI AND GEOFFREY SANGSTON

ADVISOR: CHRIS JENNINGS-SHAFFER
OREGON STATE UNIVERSITY

ABSTRACT. Jennings-Shaffer extends in [6] work done by Garvan in [5] to generalize certain spt
functions by considering higher-order moments. These authors prove identities related to specific
partition functions by applying Bailey’s transform and related techniques to various Bailey pairs.
By introducing a few restrictions, we find ordinary rank- and crank-like moment inequalities for
multiple Bailey pairs as well as combinatorial interpretations.

1. INTRODUCTION

Following the work of Garvan in [5] and Jennings-Shaffer in [6], we examine rank- and crank-
like moments generated by Bailey pairs and their relation to smallest parts-like functions. As a
result we prove inequalities between the ordinary moments and find combinatorial interpretations
for some higher order spt-like functions.

We use the standard product notation,

n—1

(@:q)n = [J(1 - aq?),

j=0

)

(a:9) = [ (1 —agq).
j=0
When ¢ is understood we abbreviate (a;q), = (a), and (a;¢)ew = (@) .
We recall that two sequences of functions o, 3, are a Bailey pair with respect to (a, q) if they
satisfy

n

Bn:Z ; o

r=0 (Q»Q)nfr(a‘ﬁ@nw.

Definition 1.1. For a Bailey pair o, B, relative to (1,q), we define the following rank-like function

n

J(1—27")q
Ru(z,q) = prod(B,(1,9)) 1+Z 1—Zq 1—Z_6)1)

The term prod(B,(1,q)) is is dependent on each Bailey pair.
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Definition 1.2. For a Bailey pair a,,, 3, relative to (1,q), we define an a-rank N*(m,n) by

(o] o)

=Y Y N*mn)"q,

n=0m=—oco

and an o-crank M*(m,n) by

prod(B(1,9))(9)z o
Ca(Z,) ()(zq ZZan

n=0m=—oo
Note that M*(m,n) = M*(—m,n) and N*(m,n) = N*(—m,n) since Ry(z,q) and Cqy(z,q) are
symmetric in z and z~!.

We define the ordinary moments, N*(n), M(n), and the symmetrized moments, u(n), ng(n)
in the same way as in [5] and [6]:

M¥(n) = :2 M (m, ),
o | k=1

o= ¥ (" )meonn)
o kL

ng (n) ;@( +£2J)N%mm)

Due to the symmetries M*(m,n) = M*(—m,n)

—m,n), we have that the
odd moments are zero and

= % ("o

e\ ok
o (m+k—1
nm= (" )wonn

Additionally, the sums are finite since M*(m,n) = N*(m,n) = 0 for |m| > n.
We can now introduce a higher order spt-like function for each Bailey pair given by

ospt(n) = i (n) — M (n).
The following is a generalization of Theorem 4.3 from [5].

Theorem 1.3. Fork > 1,
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N (n 2 Z m)N*(m,n),
k

M2k Z 27)18" (k (k, jmzj(n),
j=1
k

N3 (n) = Z 278" (k, j)M2j(n),
J:

—_

where
k—1

gk(x) = H(XZ _J-2)’

j=0

and the sequence S* (n, k) is defined recursively by S*(n+1,k) = S*(n,k— 1) +k>S*(n,k), S*(1,1) =
1 and S*(n,k) =0 ifk <0 ork > n.

Proof. We note if m+ k — 1 is negative, then (mz];;l) = (k o). We then find that

= ¥ (" e

- (2}()' _oo_ (m+k—1)(m+k—2)(m_k)MOC(m’n)
:@ :i (mZ_(k_1)2)(m2_(k_2)2)"'(m2—l)m(m—k)M(x(m,n)
- ﬁ y (m2 — (k— 1)2)(1712 — (k—2)2) . (m2 _ 1)2m2Ma(m7n)

=0
~ (24! :i (m? = (k—1)2)(m? = (k—2)2)--- (m® = 1)m*M®*(m,n)
1 oo

Y g(m)M(m,n),

m*—oo

since M“(—m,n) = M%(m,n) for all m. This gives the first equality, and the second follows
similarly. Using Lemma 4.2 of [5] we see that
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This gives the third equality, and N3, (n) follows similarly.
2. THEOREMS & PROOFS
Lemma 2.1. If o, is a sequence such that o,, = 0._,, we have that

JSCOAESIES < v

 (I—zg)(1-271q") S (1+q")(1—2¢")

Proof. We have that

= 0g"(1—2)(1—z7")
L (- g

— anq | 1_2_1 )
1+ +
; I+q" (1—zq” I—z"lg"
_ i Ocnq "(1-3) i ong "(1-2"")

J(1=zq") 2. (A4+qg")(1—-z"1g™)
—1

v g 1—2) o, q" (1 —z2)
a Z:l (1+q") q”)+n;w(l+q”)(l—zq")

_ Z 0ng" 1_5)
0 (1+¢")(1—2zq")

—_

n—=

Definition 2.2. We define rank-like functions for the following Bailey Pairs given by
g™ (1 —2)(1 —Z‘l)
1—zg")(1-2z"1q")
All Bailey pairs are relative to (1,q) unless otherwise noted.
(1) Al from [7]

Rq(z,q) := prod(Bs(1,q) (HZ

1 n=20
1 _q6k2—5k+1 n=3k—1
Bn = @’ O = gk Pk =3k
_q6k2+5k+1 n=73k+1

6k2—2k

1 o (1-29)(1-z"")g
(q_ k; (1—zg*=1)(1 =z 14361

(1-2)(1— Z71>q6k2+8k+2
N Z (1 — 23+ 1) (1 — 713K+

_ 2 2
1)(q6k +2k _|_q6k +4k)

= (1—2g°%)(1 =z 1g%F)
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(2) A3 from [7]

1 n=20
q" — ok n=3k—1
B = @)’ O = b S
— gtk 2k n=3k+1

6k +k—1

1 = (I—z)(1—
Ra3(z,q) W ; Z315 1 )(1 )Z q3k 1)

6k%+5k+1

i (1-2)(1-z"")gq

(1 _Zq3k+l)(1 — 71kt

i=o (
N i (1-2)(1—z 1)(q6k2+k+q6k2+5k)
k=1 1_Zq )(I_Z_]CISk)
3) AS from [7]
1 n=>0
- a0 n=3k-l
" (@) ") PRk R =3k
— gk k n=3k+1
oo _ 2 k-
RAS(Z q): 1 1_2 (l—z)(l—z 1)q3k +2k—1
T @e | E (U= (1 =g
- Z (1—2)(1—z )q3k2+4k+1
= (1 _Zq3k+1)(1 _Z—1q3k+l)
N i (1—2)( )(q3k2+2k Jrq3k2+4k)
=1 l—Z(] )(1_Z_lq3k)
(4) A7 from [7]
1 n=>0
B qn2—n B _q3k274k+1 n=3k—1
B = (@)on’ O = q3k272k +q3k2+2k n =3k
_q3k2+4k+1 n=73k+1
(o) 2—
Rin(z.q) L Z (1—2)(1—z g+

(q)eo
_i (1-2)(1-z"")q

= (1 _ Zq3k+l)(1 _Z—1q3k+1)

(1— 2% 1)(1— 7 1g3% 1)

3k2 4 Tk+2
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= (1—2)(1 -z (g +k_|_q3k2+5k)
; (1—zg*)(1—2z7"'¢%) ]

(5) B2 from [7]

Bn = a o, = ! "l
n=7 " (=)D (1 463 n> 1

1
Ra(z, -
52(4q) " (@)= (1—z¢g")(1—z"1g")

i I—Z l—Z )(_l)nqn(3n71)/2(1+q3n)
?)

(6) FI from [7], relative to (1,q

g _ | . n=0
n— ’ n— q2n2—n(1+q2n) n>1

oo I_Z 1—27 )q2n2+n(1+q2n)
Rr1(z,
i) = s | L)
(7) F3 from [7], relative to (1,q )
g _ | L n=0
" g (@) "\ +qg " n>1
)1 =z +¢")
RF3 2,49 +
(@) = (q Z l—zq )(1—=z"1g*)

(8) L5 from [8], however, the formula for B, has been corrected by Jennings-Shaffer.

(=), 1 n=0
Bn— ) n, oy = qn(n—l)/2(1+qn) n>1

1 = (1—z)(1 -z 1)g"mtD/2(1 4 g7
Riswd) =152 ! ; 11—z 1q)
9) JI from |7
1 n=20
B, = 133 n=0 )0 n=3k—1
' ((qq)z;q_n)g)ln n= " (()—1)"613"(3"‘”/2(1+q3") nzi’; 1
n=3k+
R ( ) 1 i 1_Z I_Z l)(_l)kq3k(3k+l)/2(1+q3k)
Mo = ) (54 P (1—2zg3)(1 —z1g3)
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(10) J2 from [8]

1 n=0
B 1 n=20 o (—1)kt1gOkk=1)/2+1 n—3k—1
n — 3.3 "=
e n=1 (—1)fgC=D2(1 4-g%) =3k
(_1)k+1q9k(k+1)/2+1 n=73k+1
1 Y(1—z~ 1)(_1)k+lq3k(3k—l)/2

Rp(z,9) :W H’Z 1_Zq3k D(1 —z- 131

k+1,3k(3k+5)/2+42

I SN (Rl (@
k=0 (1

— ) (1 — 7 g3k

) (1 —Z)(l _Zfl)(_l)kq3k(3k+1)/2(1 +q3k>
> (=21 =2 g%
(11) J3 from [8]

1 n=20

1 n=20 (_1)k+1q3k(3k71)/2 n=3k—1

Br=1 s q) ) oy = (—1)kgBD2(1 4 g3) = 3%

@a2n(@n— = q ) n

(_1)k+1q3k(3k+1)/2 n:3k—|—1

1 > (1— 1— -1 —1 k+1 ,3k(3k+1)/2—1
R13(z,9) i [1 Ly U=9d -z )T g
k=1

T (@)= (1 —zg3*=1)(1 -z 1g3%1)
)( 1)k+1q9k(k+1)/2+1

l—z 1—z
+ Z 1—zq3k+l)(1—z_1q3k+1)

= (1—2)(1— 2 ) (= 1)kgBRD/2(1 4 g3%)
; (1-2g%)(1 —z71¢%)

(12) E4 from [7]

q" 1 n=0
B”: . O = n,n*—n 2n
(=D"¢" " (1+4¢™") n=>1

1 n=0
e R (xn =
(=a:8)n(g*q*)n {(—1)”61"(3”1)/2(1 +q") nx1
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( 2 oo 1—2 1—Z 1)(_1)nq3n(n+1)/2(1_|_qn)
Rgi(z,q) = ~ L9 /=
a1(z9) (q ) ; (1—zg>)(1—z"1g%)
(14) G3 from [7], relative to (1,q2)
B, — qZ” o — 1 n=20
" (—@:@?)n(gtiq)n’ T (=02 (1463 n> 1
(_q;qZ)w ) 1—Z 1—Z )( 1)" n(3n+l)/2(1+q3n)
R =~ D9 /=
3©d) = (P ; —2g)(1=2"1¢*")
(15) CI from [7]
1 1 n=20
Pn="mv oy =4 (—1F (1 g% n=2k
(4:9%)n(@)n 0 2kt 1
I = (1=2)(1—2 ) (= DR (1 4+ ¢%)
Rei(zq) = —— |1+
c1(z.9) (@)oo ,; (1—2¢%*)(1—z"1¢%)
(16) C2 from [7]
" 1 n=20
q _
Bn = m oy = (—1)kq3k2 ];(1 +¢*) n=72k
> n\{n (_1)k+lq3k +k(1_q4k+2) n=72k4+1
1 © (1-2) l—z 1)(—1)’<q3’<2+’<(1+q2")
R -
2(z,9) = 0= ; (1= 1)

oo 1 _; 1)(_1)k+1q3k2+3k+1(1 _q4k+2)
; q2k+1)(1 _Z71q2k+1)

g2 1 ) n=0
Bn = (q'qz) (C[) ®p = (_l)qu _k(l ‘I‘qzk) n=72k
o 0 n=2%k+1

1 (1—2)(1 -z )(_1)qu2+k(1+q2k)
Rested) = G |1 L T

(18) Y1, unlabeled in [7], relative to (1,q )

2 1 n— 0
qn 2n i
5 s (_1)kq2k —k—l(l_q6k+3) n:2k—|—1
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1 (1-2)(1—z"H(=1)kq 2k+k(1+q6k)
Ryi(z,q) = 1+
() Z (1 —2g*) (1 —z7"g*%)
2
+Z 1—Z)(1—z 1) (—1)kg?R+3k+1 (1 — q6k+3)
(1 Zq4k+2)(1 _ Z71q4k+2)
(19) Y2 unlabeled in [7), relative to (1,4*)
q )
Bn:(614;614)n(61;c12)n o = § (=1)fg** ];(14—612") n=2k
(=D)L g ) n=2k+1
1 (1—2)(1— 1)k 2543k (1 4 o2k
Ry2(2,9) = 75— 1+Z (1 -z 2/5 )61_1 4k( +4%)
) (1—zg*) (1 —z~1g*)

(¢%:¢*)2

(1 —z)(l — )(_1)k+1q2k2+5k+2(1 +q2k+l)
(1 _Zq4k+2)(1 Z—1q4k+2)

k=0

(20) Y3 unlabeled in [7], relative to (1,4°)

1 1 n—0
= k 6k>—k 2%k B
= e, O = (=1)'¢" = (1+¢%) n=2k
(—1)kgF (1 — gy =2k 41
> — 2
Ry3(z q):; 1+Z (I—Z)(I—Z 1)(_1)kq6k +3k(1+q2k)
(6]2,612)30 =1 (1 _Zq4k)(1 Z_1q4k)

© (1) (1 —z 1) (=1)kgOk +9k+3 (] _ 2k+1
Z q q
= (1 — zg*+2) (1 — 71 g*+2)

(21) Y4 unlabeled in [7], relative to (1,4%)
1 n=20
— 4q ’ o, = (_l)kq6k2—3k(1 +¢%) n—=%k
(_1)k+1q6k2+3k(1 — g3 p=2k+1

1 (1—2)(1—z"! —1)kgbk* k(1 4 Ok
RY4(Z,Q) 1+Z )( ) q,I 4k( q )
(%62 (1—zg*)(1 —z71g*)

2
+Z 1—2)(1—2 1)( 1)k+1q6k +7k+2<1_q6k+3)
(1 q4k+2)(1 _ Z71q4k+2)
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(22) X38 unlabeled in [7]

(1 2) 1 n=0
e o= { (1K g%)  n=2
q)2n (— 1)k (1 — g2+ =2k 41
oo _ 2
Rteg) = 10 5 10 =D+
B (') (1—2¢*%)(1—z71g%*)
= (1—2z)( z_l)( 1)kq2k2+3k+1(1 q2k+1)
Z — 2Pk (1 = 1 g2kt
(23) X39 unlabeled in [7], the formula for o, was corrected by Jennings-Shaffer
1 n=0
n —1: 2
b= ((q)zq " O = 4 (1) (14 %) n =2k
n (_1)k+1q2k2+k(1 _q2k+1) n=2k+1
o 2
Restag) =g |1+ 3 (2 )
(@ | = (1—2¢)(1=z"1g%*)
oo _ 2
_|_Z (l—z)(l—z 1)(_1)k+1q2k +3k+1<1 q2k+l)
= (1 — z2g2%+1) (1 — 71 g2+1)
(24) X40 unlabeled in [7]
1 n=>0 ! n=0
B":{—m i R o =1 ¢ (1 4+¢%) n=2%
(@:4*)n(@)n(@)n—1 = 0 n=2k+1
oo 2
Rx40(z,q9) = ; Z (1-2)(1 =z g (1 +4%)
T (@)-(9%49) = l—zq (1 —z71g%)
(25) X41 unlabeled in [7]
(1 n=0
| n—0 0 n=4k—2
B = { 2 5 oy = { —gt Ok n=4k—1
@) n= qgksz(l 1) =4k
_q8k2+6k+1 n=4k+1
8k>—2k

i (1-2)(1—z"")g

1
Rx41(z,q) ——
( :1 l—zq‘”‘ 1)(1—2 q4k 1)
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+i 1—z 1—7 1)q8k2+2k(1+q4k)
= 1—zq F)(1—z"1g*%)

= (1-2)(1—z )q8k2+10k+2

_k;) (1 —zg™+1) (1 — 71+

(26) X42 unlabeled in [7]

;

1 n=0
1 =0 0 i n=4k—-2
Br =1 (- ) 1 oy = —g> n=d4k—1
@ "= P14 g% n=4ak
— B2k n=4k+1

(1-2)(1 _Zfl)q8k2+2k71
1 _Zq4k71)<1 _Z71q4k71)

oo _ 2

y (1—2)(1—z ")g®* (14 q%)
= (I—zg™)(1—z71g%)

8k +6k+1

_i ((1—Z)(1—Z‘1)q

= 1 _Zq4k+1)(1 _Z—1q4k+1)

(27) 114 from [8]

1 n=20
1 n=20 2
Bn = (_q2§q2)n71 n>1 oy = (_1)kq2k _k(l +q2k) n=2k
(:62)n(@)n(=q)n—1 = 0 n=2%k~+1
—)w © (1 (1 =7 D(—1)ks2+k(1 1 g2k
fa(eg) = 00 1 0220 =2 DD 04
(q) = (I —2¢*)(1—z""¢%)
(28) L2/M1 from [8], relative to (1,q")
B — (Q7q2)2n o, = 1 5 n :0
n (q4;q4>2n’ n (_l)ann —n(l _I_an) n>1
(=q)=

i 1—Z 1—Z 1)(_1)nq2n2+3n(1+q2n)

R Z,
L2/M1( q) = (1—2g*)(1 —z g™

(qq

11
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(29) X46 unlabeled in [4]

(1 n=>0
3k(3k—1)
(=D > (1+¢%) n=3k
B, — 1 i n=>0 o _2q18k2+9k+1 n=6k+1
TSRS "7 agtieisies "= k42
28K +21k+6 n=~06k+4
_2q18k2+27k+10 n=6k-+5
Rras(zg) = 00m |1 p (AU DO SR o)
’ (q = (1—=2¢3) (1 —z71g%)
oo 2
. Z (1— 7 1)g 8k +15k+2
= (1 _Zq6k+1)<1 — 71Ok
oo 2
" Z (1— 7 1)g!8K+21k+S
=0 (1 _Zq6k+2)(1 _Zilq6k+2)
(1-2)(1—z" )q18k2+27k+10

+2
kz‘z) (1 —Zq6k+4)(1 _ Z—1q6k+4)

1_ 1— 18k%+33k+15
_22 2)(1-z"")q

Zq6k+5) (1 _ Z—lq6k+5)

Lemma 2.3. For a Bailey pair o, and B, relative to (1,q) such that o, = o, and oy = Po = 1,

for Ry(z,q) = prod(B,(1,q)) (1 +Y0 %) we have that

; o\’ . Oy nj<1 —q")
G .— (2 — _ilpro q —
ROC(Z7‘I) V= <aZ) ROC(ZJQ) - J'p d(Bn(LQ))nZ#O(1+qn)(1_zqi’l)j+l

Proof. By Lemma 2.1 we have that

Ra(z,q) = prod(B,(1,49))

W+ I g ]

méo 1 - an)
So,

) 2\’
Ra(z,q)V) = (a—z) prod(B.(1,q))

14
rgb 1+q 1—zq )]

n ] _
i [ (2 ;_Z;]

n#0
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g (0 —g")g"0"
= prod(PB,(1, .
p (B ( Q)),;) 1+qn (1_an)j+1

— _ilor 0('nqnj(l —q")
=—jlp Od(Bn(l,Q))r;)u_i_qn)(l_an>j+l.

O
Theorem 2.4. For a Bailey pair o, B, relative to (1,q) with oy = Bo = 1 and o, = 0.,
oo o oo kn(xn
Z T]zk(l’l = —prod(Bn 1 q Z —}’le
Proof. By Lemma 2.3,
- 1 0 _
ank = 20! (ET) Z IR(X(Z7‘Z)’ _
1 k=l ok 2
= L ()0 i)
k—1 _ 2k—j)(1 _ n
k—1 onq" (1—4")
= —prod(B,(1,q ( . ) -
( n( ))J:O j né‘b(l_{_qn)(l_qn)% Jj+1
k—1
(0] q k—1Y\,6 _ ;
n
— prod(B (1) (11— g
n\1, = (1 _qn)2k(1 +qn)
O(qurl-i-rzk
= —prod(B,(1,¢q
B:10) B G T )
oo nk
= —prod(B,)(1,4) Z a"qn
n:l q
O
Corollary 2.5. For each Bailey pair in Definition 2.2, the symmetrized rank moments are as fol-
lows.
(1) Al

inZk B 1 i q6m275m+1+k(3m71)
= (@ | (=g

N i q6m2+5m+1+(3m+1)k B oo (q6m27m+q6m2+m)q3mk
= (1 _ q3m+1)2k = (1 _ q3m)2k
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(2) A3
oo 1 oo q6m2—2m+k(3m—l)
A3 n
Mok (M)q" = —— -
L= ) L& (e
N i q6m2+2m+(3m+l)k - oo (q6m2—2m + q6m2+2m) PRl
- (1 — g3m+1)2k e (1— gm)2k
(3) A5
o0 1 oo q3m2—m+k(3m—1)
R (n)g" = —— -
L= g | B g
N oo q3m2+m+(3m+l)k_ oo (q3m2—m + q3m2+m)q3mk
- (1 — g3m+1)2k - (1— g3m)2k
4) A7
oo 1 o q3m2—4m+1+k(3m—1)
Zﬂzzc( )q" = — 3m—1\2k
. oo q3m2+4m+1+(3m+1)k_ oo (q3m2—2m + q3m2+2m)q3mk
- (1 — g3m+1)2k - (1— g?m)2k
(5) B2
in i n+1q3n(n 1)/2+nk(1_|_q3n)
n=1 Zk *® n=1 (1_ )
(6) FI
ankl(")qn: 2. 2 Z Z(n 2k )
(7) F3
oo | o (qn_i_qfn)ank
F3 n
Ny (N)g" =
L= (- L g
) LS
L5 n
Nz (n)g" =
D R N (Rl
9) JI
oo 1 > (_1\mtl3m(Bm—1)/2+3mk (| 3m
Y ma(n)g" = 3. 3 Z( S 3m2k L)
= (@)ee(q75G7)eo 1= (I—g™)
(10) J2

( 1)mq9m(m 1)/2+1+(3m—1)k
(1— Ty
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N i (—1)m 9m(m+1)/2+1+(3m+1)k
(1 —gdm+1)2k

m=0
oo [ ) q3m (3m— 1)/2+3mk(1+q3m)
2—11 (1— g3m)2k
(11 J3
oo oo m ,3m(3m—1)/2+(3m—1)k
J3 n —1) CI
n =
,;ank( )q (q)oo g q3m71)2k
o0 ( 1) q m(3m+1)/2+( 3m+1)k
+ Z—:o (1 — gm+1)2k
B i (_l)mq3m(3m—l)/2+3mk(1+q3m)
e (1— g3m)2k
(12) E4
') ) & _1)n+lqn2—n+kn(1_|_q2n)
B (g — 0= 3
L = T (g
(13) GI
oo . —q; 2 o (=1 n+1 n(3n—1)/24+2nk 1+4g"
) M3 (n)q ( 2q.q2>2 Z< S 2k Urd)
(14) G3
00 a2 o 1\m+1 3m(m—1)/2+2mk 3m
Y 5 (n)g - 3. 2)2 Z( : w2k ( )
(15) C1
oo 1 = (_1)m+1q3m2—m+2mk(1+q2m)
Cl n qn:
7™ R (e
(16) C2
incz(n)q”: 1 i (_1)m+lq3m2—m—|—2mk(1_|_q2m) . i (_l)mq3m2+m+k(2m+l)(1_q4m—|—2)
—~ 2k (¢)es = (1 —g2m)2% = (1 — g2m+1)2
17) C5
inCS i )m+1qm m+2mk(1+q2m)
o 2% ( - = (1 — g2m)2k
(18) YI
Zn 1 oo (_1)m+1q2m273m+4mk(1+q6m)
(qz’qz)go e (1— g#m)2k
. o0 (_1)m+1 q2m27m71+k(4m+2)(1 _ q6m+3)

. (1— gomi2)%
m=
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(19) Y2
o v n o0 )m+1q2m m+4mk(1+q2m)
Mo (n)q
r; Zk( ) n;1 (1 _q4m)2k
o0 (_1)mq2m2+m+k(4m+2)(1 +q2m+1)
+ ZO (1 _ q4m+2)2k
m=
(20) Y3
o0 V3 00 )m+1q6m m+4mk(1+q2m)
n;ank (n>qn ,;12::1 (1 _ q4m)2k
o 2
(_1)m+1q6m +5m+1+k(4m+2)(1 _ q2m+1)
+ ZO (1 _ q4m+2)2k
1) Y4
i 0 _ 1 i (_1)m+1q6m2—3m+4mk(1 Jrqsm)
= 2 (¢%:4%)% |2 (1— g2k
o 2
N Z (_1)mq6m +3m+k(4m+2)(1 - q6m+3)
A (1 _ q4m+2)2k
m=
(22) X38
00 00 m+l 2m% —m+2mk 2m
X385 —1)""q (1+4¢™")
i (n)q" =
; * mz_"l (1_‘]2m)2k
Cd m m2 m m m
N Z (_1) +1q2 +m+(2 +1)k(1_q2 +1)
o (1 _ q2m+l)2k
(23) X39
Z nX39 i )m+1q2m m+2mk(1 +q2m)
= (1 _ qu)Zk
i 2
N Z (_l)mqu +m+(2m+1)k(1 _q2m+1)
3 (1 _ q2m+l)2k
m:
(24) X40
oo 2_
ZnX40 -1 Z q2m m+2mk(1_|_q2m>
T (@l |2 (-
(25) X41

o 8m>—6m+1+(4m—1)k oo q8m272m+4mk(1_|_q4m)

iné‘zi” = & -
=~ T Qe | = (=g = (1—gm)k
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)

oo q8m2+6m+1+(4m+1)k
(1 — g*m+1)2k

m=0
(26) X42
x42 o0 q8m —2m+(4m—1)k oo q8m272m+4mk<1 + q4m>
Zn mZI g e (1 — gmyk
o 8m>42m+(4m+1)k
Ly 4
(1= T2 ]
(27) 114
iné%:‘ (9 [Z (= 1yl o2k 4 gm)
= () (1—gm)*
(28) L2/M1
anm = = g ST )
(g*:q")w 1= (1—g*m)%*
(29) X46

m+1 M%ﬁmk(l_'_qu)

i (=D)""q

= (1—gdm)2k

) q18m2+9m+1+(6m+1)k ) q18m2+15m+3+(6m+2)k
+mZO (1 —gbm+1)2k N = (1 — gbm+2)2k

oo 2q18m2+21m+6+(6m+4)k oo 2q18m2+27m+10+(6m+5)k

_mZO (=g * )3

X46 (—61)00
Z o )

A (1— gomt5)2%
m=

Proof. The results follow immediately from Theorem 2.4. U

Definition 2.6. We define the following crank and crank-like functions, so that for a Bailey pair
Oy, By relative to (1,q) with o = Bo =1 and o, = A,

n+1 n(n—1)/2+kn n
q (1+4")
ZIUZk q _prOd Bl’l 1 q Z (1_qn)2k

(1) We use the standard

i por(n)q" = i
n=1

n+1qn(n 1)/2+kn(1+q )

© =1 (1—g¢ )
from [5].
@ ( 2) ( ) +1 n(n—1)+2k ( 2 )
q:q o (=1 qnn— n1+qn
Zlé (547 n; (1—g2m)%*

We note this is Z 12 (n)q" from [6].
n=1
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3)
n-Hq n(n— 1)/2+kn(1 +qn)

’;/ék(”)qn = (@%:q ngl (1—q")%

“4)
n+1qn(n—1)/2+kn(1 + qn)

= (e @ (<])
X i == X L

We note this is i o (n)q" from [6].
=1

(&)
oo G n (_q;qZ)oo oo (_1)n+1qn(n—1)+2kn(1_|_q2n)
Z‘luz"(n)q (B ,Z‘l (1)
(6)
© o 1 oo (_1)n+1qn(n71)+2kn(1_|_q2n)
L = g L (g
(7
o 40 . 1 oo (_1)n+1qn(n71)/2+kn(1+qn)
,121”%(" a (q)oo(qz;qz)oonzl (1—g")*
8)

‘uLZ/Ml (n)qn _ (_q)w i (_1)n+lq2n(n—l)+4kn(l +q4n)
2 Ho (@%d")w &, (1— gon)2k

We make use of Theorem 3.3 from [5].

Theorem 2.7. Suppose o, and B, are a Bailey pair relative to (1,q) and ag = By = 1. Then

(q)2 gmtrattmg,
1

SO YN Gy ! ey e ey
Z qn1 +np+-+ng o qkrar
= T
> > >np>1 (1 - an)Z(l - an71)2 U (1 - qnl)Z r=1 (1 - qr)Zk

Corollary 2.8. For all of the Bailey pairs given, we have that

Y aspii(n Z 1o (n) =M% (n))q"
n=1 n=1
has non-negative coefficients.
(1)
Y Alspt(n)g" = Y u(n)g" — Y n (n)g"
n=1 n=1 n=1
- ng=>ng—12>--2n =1 <qn1+1>n1 (qn1+1>°°(1 - an>2 e (1 - qn1)2
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(2
Y A3spt(n)q" = Y u(n)g" — Y. 5 ()"
" i ! g
- nkznk;’..mzl (@1 )y (@M )eo(1 — g™)2... (1 — g™)?
(3)
Y Asspty(n)g" = Y ui(n)g" — Y. % (n)q"
n=1 n=1 n=1
qn%+n1+n2+..,+nk
= o L @ @ (=)
4
Zl ATspty(n)q" = Z:I.UZk Z n (n
. . . qn%+n2+...+nk
- nkznk;’..mzl (@1 )y (@M )eo(1 — g™)2... (1 — g™)?
&)
Y B2spt(n)g" = Y pn(n)g" — Y. n3i(n)q"
n=1 n=1 n=1
gt
B nk>nk1;>n,>1 (@1 )eo(1 = g%)%...(1—g™m)?
(6)

Y Flspt,(n)g" = Y u(n)g® — Y nbl (n)q"
n=1 n=1

2n]+...—|—2nk

n=1
- y 9

Mg >..>n>1 (q2n1+2 q ) (439 )m(l _qznk) (1 _q2n1)2

here we note that ¢ — q* in Y. uy(n)q" since F1 is relative to (1,q¢°)
n=1
(7)

Y Bspy(n)g" = Y un(n)g™ = Y. n (n)q"
n=1 n=1

n=1
n1+2ny...+42n;

q
- Z ) .2

s o sms1 (@126%) e (g3 )0y (1= g2%)2.. (1 — g2

here we note that ¢ — q* in Y. u(n)q" since F3 is relative to (1,q°)

n=1

19
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)]
Y Lsspi(n)q" = Y u(n)g" — Y. n (n)q"
n=1 n=1 n=1
Z (_l)nlqn1+n2...+nk
- ne>ng_1>..>n>1 (qn1+1)°°(q;q2)n1 (1- an)z'--<1 - qn1)2
©)

Y Jispy(n)g" = Y w(n)g" = Y. n3(n)g"
n=1 n=1 n=1

qn1+n2+"'+nk
- m>ng—>+>ny>1 (@2 —1(@" T 1)eo(@154% )oo (1 — %)%+ (1 — g™ )2

(10)
Y 12spt(n)g" = Y i (n)g" — Y mai(n)g”
n=1 n=1 n=1

Z qn1+”2+“‘+”k

B m>n_ 1> >n>1 (qn1+1)°°(qnl+l)n1 (@)n—1 (@56%)eo(1 = q%)% - (1 = g™")?

(11)

Y 13spt(n)g" = Y e (n)g" — Y. MR (n)g"
n=1 n=1 n=1
q2n1+n2+'“+nk
- "ank1§-~2n121 (@1 D)o@ D) (@) =1 (367 )oo (1 — g™ )2+ (1 — g™)?

(12)
EBaspt(n)q" = Y ()" — Y ni (n)g"
"~ ! ! (_qnﬁ4>wqbn+nyku+m
- Zl (" (1= )2 (1= g")?
(13)
Y Glspy(n)g" = Y 15 (n)q" = Y. n5 (n)q"
n=1 n=1 n=1
(_q2n1+1;qZ)wq2n1+2n2...+2nk
= nk>nk_l;.‘>n1>1 (q2”1+2;q2)go(q4;q4)nl (1 _ qznk)zn_(l _ q2n1)2
(14)

o)

Y G3spy(n)g" = Y wSi(n)q" — Y 5P (n)g"
n=1 n=1

n=1
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Z (_q2n1+1;qZ)wq4n1+2n2...+2nk
e =t oo (@G g ) (1= g2 (1= g?m)?
(15)
Y Clsp(n)g" = Y p(n)g" — Y. n3i (n)g"
n=1 n=1 n=1
Z gtttk
e oo (@ )eo(@36 ), (1= g)2 - (11— g™)?
(16)
Y Cospti(n)g" = ¥ mow(n)g" — Y n§E(n)q"
n=1 n=1 n=1
q2n1+n2+-~~+nk
o et @ )eo(g567)n (1= g)% - (1 —g™)?
(17)
Y Csspti(n)g" = ¥ mow(n)g"— Y n§ (n)q"
n=1 n=1 n=1
Z qnl(n1+l)/2+n2+-~+nk
B > >>n > 1 (qn]_H)oo(q;qz)m (1 - an)2 U (1 —q" )2
(18)

Y Yispy(n)g" =Y uh(n)g" = Y. 3 (n)g"
n=1 n=1

n=1
— y q

s s =1 (@ 262)5 (a4 a0 (4:97)n, (1= g2%)2 - (1 — g*™M)?

n2+2ny+2n3+++2m;

19)

Y Yospy(n)g" = Y ph(n)g" — Y. i (n)g"
n=1 n=1

n=1
_ y 1

nism s =1 (@625 (g% g (@:9%)n (1= g2)% - (1= g?m)?

n%—l—an +2ny42n34---42ny

(20)

Y Y3spti(n)g" = Y uhi(n)g" — Y. ni(n)g”
n=1 n=1

n=1
- y 9

nism ism =1 (@625 (g% g (@97 (1= g2)% - (1 —g?™M)?

2n1+2nr+2n3+---+2ny
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(21)
Y Yasptu(n)g" = ¥ i (n)g" = Y. it (n)q"
n=1 n=1 =1
q4n1 +2n+2n3++-+2ny
- nk>nk1;>m>1 (@722 (q* g ) ny (@02 n, (1 — g2%) 2 (1 — 22
(22)
Y X38spt(n)g" = ¥ u(n Z 0538 ()
n=1 n=1 =1
y (=15q%)p g T2ttt
- m>ngg > >n1>1 (@)oo (@ )0y (1 — g™ )2+ (1 —g™)?
(23)
Y X39spty(n)g" = ) ux(n)q" — Z N5 (n)
n=1 n=1
Z (—l;q )nlq2”l+n2+n3+-~-+nk
e oo (@)@ ) (1) (1 - g™)?
(24)
Y Xd0spt(n)g" = ¥ 15 (n) Z 40 ()
n=1 n=1
gt
- nkZ"k1§“anZl (@ny 1@ )0 (G2M3G%)oo(43 G2 )y (1 — %)% - (1 — g )?
(25)
Y Xalspt(n)g" = Y poi(n Z X4 ()
n=1 n=1 n=1
Z (—q%5 g% ) —1gm Tt
- meng_y>-->n>1 (@) eo(gm ) (1= g%)2 - (1 —g™M)?
(26)
Y Xd2spt(n)q" = ¥ un(n)g" — Z X2 ()
n=1 n=1
y (=q% %)y ag?m Tt
- n>ng_1>>ny>1 ("1 D)oo (@ )y (1 —g™)2 - (1 —g™)?
(27)

Y Tldspt(n)q" = Y b (n)q" — Z 4 ()
n=1

n=1
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_ Z (_qnl)m(_qz;qZ)nlilqn1+n2+n3+...+nk
We>ng 1 > >np>1 (qn1+1)oo(q;q2)nl (1 _ an)Z ... (1 — g )2
(28)
Y L2/Mispy(n)g" = Y 1™ (n Z 5™ (n)g"
n=1 n=l
Z q4n1 +4ny...4+4ny
o= et @) (g 7)o (g g, (1 - gHe)2 (1 — g2
(29)
Y X46spt(n)q" = Y po(n)g" — Z 46 ()
n=1 n=1
_ Z (—q"1+1)oo(—q3 q3)n1 1q”1+”2+”3+“'+nk
m>ng—y > >n>1 (qn1+l)°°(qnl+l> ny— 1(1_ nk) (1 - )
Proof. By Corollary 2.5, Theorem 2.7, and Corollary 3.4 from [5],
Z aspty Z 1o (n) =M% (n))q"
n=1 n=1
M o n+1 n(n—1)/2+kn o k
q (1+4")
= prod(B,(1,9)) Z Z
|n=1 (1 —q ) =1
B:1)| X A T g
= prod(B,(1,9 ag™
' Lu>ng > >n>1 (1—gu)?(1—gu1)?---(1—gm)? & (1—gm)%*
_ (g7, g" 2t
:prOd(B (17(Z)) 1
’ _”k>nk1;'~>n1>l (1 - an)z(l - an71)2 ce (1 — q”1)2

At this stage we note that for each Bailey Pair, prod(f,(1,¢)) has been chosen such that the

resulting sum has non-negative coefficients. It follows that

) aspi(n) Z 9 (n) =M (n))q"
n=1 n=1

has non-negative coefficients.

O

As aresult, for all kK > 1 we have the following table to summarize for which values of # it holds

that M5, (n) > N3 (n).
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TABLE 1. Ordinary Rank Moment Inequalities

BP n BP n BP n

Al |n>11J3 n>?2 Y4 n>4
A3 |n>2| E4 n>2 X38 n>1
AS|\n>2 |Gl |\n=2,n>4| X39 n>?2
AT |\n>1|G3 |\n=4,n>6| X40 n>1
B2 \n>2|Cl1 n>1 X41 n>1
Fl|{n>2|C2 n>?2 X42 n>1
F3|n>1]|C5 n>1 114 n>?2
L5 \n>1|Y1 n>1 L2/M1 | n=4,n=8,
J1 |n>11Y2 n>3 n=9n>11
J2 |n>1|Y3 n>?2 X46 n>1

Proof. We now know that
Z oy (n)g" — Z N (n)q"
n=1 n=1

has nonnegative coefficients. We examine each sum to see for which values it holds that ,u‘z"j (n) —
n3;(n) > 0. Since the $*(k, j) are integers and positive for 1 < j <k, it follows that

M3 (n) — Ny (n) = ) (2))18" (k, j) (13 (n) —n3;(n))

when the inequality between the symmetrized moments holds. U

3. COMBINATORIAL INTERPRETATIONS

In agreement with [5] and [6], for a partition Tt with parts ny <np < --- <n,,, we take f; = f;(m)
to be the frequency of the part n;.

Definition 3.1. We define:

o SAl - The set of partitions described by &t = (11, m,) where T| has smallest part ny, and the
parts nj of T satisfy ni +1 <n; <2n;.

o SA3 - The set of partitions described by Tt = (71, My, 3) where Ty has smallest part ny, and
the parts n; of m satisfy ny +1 < nj < 2ny, and T3 contains exactly one part which is n;.

o S45 _ The set of partitions described by Tt = (71, Ty, 3) where ) has smallest part ny, and
the parts n; of W satisfy ny + 1 < nj < 2ny, and T3 contains exactly one part which is n%

o SA7 - The set of partitions described by (m1, T2, 3) where Ty has smallest part ny, each
part nj of My satisfies ny +1 <nj; < 2ny, and T3 contains exactly one part, which is n% —ny.
We note that if ny = 1 this implies that T3 is empty.

o SB2 _ The set of partitions described by & = (11, ™) where ®; has smallest part ny, and T,
contains exactly one part which is n;.
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SEL . The set of partitions described by & = (7,T,) where T, has even parts and the
smallest part is 2n1, and the parts of Ty are odd and less than 2ny + 1.

SF3 _ The set of partitions described by Tt = (T1, T2, T3) where Ty has even parts and small-
est part ny, Ty has odd parts < 2ny — 1, and 73 consists of a single part which is —n;.

SIS - The set of partitions described by (11,2, 3) where Ty has smallest part ny, each
part of T is odd and less than or equal to 2ny — 1 and where the parts T3 are distinct and
S ny — 1.

S’V - The set of partitions described by (71,7, T3), where my has smallest part ny, each
part of Ty is < 2ny and the parts nj in T3 are > 3n; and for each j, 3‘11]-.

S/2 - The set of partitions described by (my,m2,m3), where Ty has smallest part ny, each
part of Ty is < 2ny and # ny, and the parts n; in T3 are > 3n; and for each j, 3|nj.

S73 - The set of partitions described by (T, Ty, 3,4 ), where T has smallest part ny, each
part of Ty is < 2ny and # ny, the parts nj in T3 are > 3n; and for each j, 3‘11]', and T4 has
exactly one part which is equal to n.

SE4 _ The set of partitions described by (1,2, m3), where Ty has smallest part ny, the
parts of Ty are distinct and > ny, and T3 has exactly one part which is equal to n.

SC . The set of partitions described by & = (7|, T2, T3, T4 ) where | has even parts and the
smallest part is 2ny, T, is comprised of distinct odd parts greater than 2ny, T3 is comprised
of even parts greater than 2ny, and the parts nj in T4 are < 4n; and for each j, 4‘11 je

SC3 - The set of partitions described by Tt = (71, To, M3, T4, s ) Where Ty has even parts
and the smallest part is 2ny, Ty is comprised of distinct odd parts greater than 2n;, T3 is
comprised of even parts greater than 2ny, the parts nj in T4 are < 4ny and for each j, 4}n >
and Tts has exactly one part, which is 2n;.

SCL: The set of partitions described by (T1,72), where the smallest part of 7y is ny, and T,
has odd parts < 2nj + 1.

SC2: The set of partitions described by (71,72, T3), where the smallest part of Ty is ny, Ty
has odd parts < 2ny + 1, and 3 contains exactly one part, which is n;.

SC - The set of partitions described by (w1 ,my,3), where the smallest part of Ty is ny, T
has odd parts < 2n1 + 1, and 3 contains exactly one part, which is %1_1)

SYL: Forny > 1, the set of partitions described by & = (11,7, T3, T4 ) where all parts in
are even and the smallest is 2ny, T, is comprised of odd parts less than 2ny, the parts n; in
T3 are such that nj < 4ny and 4|n; for all j, and T4 has exactly one part, which is equal to
n% —2n1. Note that Ty is empty when ny = 2.

For ny = 1, the set of partitions described by Tt = (71,7, T3) where all parts in | are
even and the smallest part is 2, Ty is comprised of ones only, and T3 is comprised of fours
only. The weight is then shifted so that the coefficient on q" is o (n+ 1)

SY2: The set of partitions described by Tt = (7|, Ty, T3, T4, 5) where all parts in T are
even and the smallest is 2ny, T is comprised of odd parts less than 2ny, the parts nj in T3
are such that nj < 4ny and 4|n jforall j, Ty has exactly one part, which is equal to n%, and
T5 consists of even parts > 2ny + 2.

SY3: The set of partitions described by Tt = (11,2, 73, T4) where all parts in T| are even
and the smallest is 2ny, Ty is comprised of odd parts less than 2ny, the parts nj in T3 are
such that nj < 4ny and 4|n jforall j, and Ty consists of even parts > 2ny + 2.
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o SY4: The set of partitions described by & = (T}, Ty, T3, T4, T5) where all parts in | are
even and the smallest is 2ny, T, is comprised of odd parts less than 2ny, the parts nj in T3
are such that 4ny < nj; < 8n; and 4‘n jforall j, 74 has exactly one part, which is equal to
2n1, and 15 consists of even parts > 2ny +2..

o S%38: The set of partitions described by Tt = (m1, T2, T3, ) where the smallest part in Ty is
ny, Ty is comprised of distinct even parts less than 2ny, and the parts nj in T3 are such that
ny <nj; <2ny forall j.

o $¥39: The set of partitions described by & = (7|, Ty, T3, 4) where the smallest part in T;
is ny, T is comprised of distinct even parts less than 2ny, the parts n;j in T3 are such that
ny <nj; < 2ny forall j, and 14 has exactly one part, which is equal to n,.

o SX40: The set of partitions described by Tt = (%, T2, 3) where the smallest part in T, is ny,

T, is comprised of parts less than ny, and T3 is comprised of even parts > 2nj.

SX41. The set of partitions described by Tt = (71,72, 3) where the smallest part in Ty is

ny, T is comprised of distinct even parts less than 2ny, and the parts nj in T3 are such that

m < nj < 2ny forall j.

o SX42: The set of partitions described by & = (T, T, T3, T4) where the smallest part in T
is ny, Ty is comprised of distinct even parts less than 2ny, the parts nj in T3 are such that
ny <nj <2ny forall j, and T4 has exactly one part, which is n;.

o S!14: The set of partitions described by &t = (1, T, T3, ) where the smallest part in Ty is

ny, the parts in Ty are distinct and > ny, the parts nj in T3 are distinct, even and such that

nj < 2ny for all j, and each part ny in Ty is odd and such that 1 < ni < 2ny+ 1 for all k.

SL2/M1. The set of partitions described by Tt = (11,7, T3) where the smallest part in 1| is

4n, and all parts are divisible by 4, T, is comprised of odd parts > 4ny + 1, and 73 has

parts nj such that for each j, 4\nj and 4ny < n; < 8n;.

o SX%: The set of partitions described by & = (1|, Ty, T3, T4 ) where the smallest in Ty is ny,
the parts in T, are distinct and > ny, the parts in T3 are distinct, divisible by 3 and also
less than 3ny, and each part nj in Ty is such that ny < nj < 2n;.

Note that for each Bailey-Pair (o, 3,) considered,

aspt;(n) = Y (@)

eSO [1|=n

For k > 1 we use the weight oy of [6] for vector partitions & = (7|, Ty, ...,T,) where @ (%) =
(), and o (7) is the weight from [5].

Definition 3.2.
S flam —1
OH{) 1= Z ( 12m1 -1

my+my+---+m=k
1<r<k

1 1 1
2<p<frcyy \ 2 2m3 2m;

Definition 3.3. Relative to (1,q), we define
Bu(a) = (¢""1)es(q)zprod(B(1,4))Bu(q)
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B;ll (q)qn1+n2+...+nk

+1 _ 2 _ 2
meSne > em>1 @1 )e(1=¢"%)%...(1-¢")

We note that Z ospt(n)q" =

n=1

Theorem 3.4. For all Bailey pairs (0, B,) considered except for L5, X38, and X39, for all k > 1
and n > 1 we have

ospt(n Z oy (T

Ttese
For L5, X38, and X39, we have that

ospt,(n) =2 Z ().

Proof. What follows is a generalized version of the proof of 5.6 in [5]. We write the general case
for k =3 and k = 4 and then explain the general procedure for all k.

£ )
ni <n+]) n_ xj)zm

We use that

For k = 3 we have

- (@)
aspty(n)g” = o .
Z’l nj32n§:2n121 (g"*)eo(1=¢"5)*(1 = ¢"2)>(1 = g")?
= X o+ Y o+ )
lgnlznjzznj3 lgn]an2<nj3 1§n1<nj2=nj3
/ n1+nj2+nj3

y n (@)q

+ : ,
L<m dmp<n, (qurl)oo(] _qnj3)2(1 _qn12)2(1 _qn1)2
3n
q
= —B I
1;] (1 qn] 6 ”l ZI>_’£
2n] n 1
q
+ Bn, (q)
1<m§nh (1_qn1) ( n]3)3 nj lg 1_qz
175}’!]'3
2n;
q" g, 1
+ : (q)
1<,;nj2(1—q"1)2(1—¢”2)5 " ,.Q, I—¢'
1'7rénj2

n:

g q"n q"7 , 1
Z (1_qn1)2 (1_qnj2>3 (l_qnj3)3 nl(CI) H l—qi

1<ni<nj,<nj,
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L L eIl

1<ny f1=3 i>ny
o (fi+2—1 fix+ s 1
+ Z ( 4 _ 1 qnlfl Z J3 qnj3fj3 B:ll (q) l PN
1<ni<nj; fi=2 fi=1 i>n 4q
i;énj3
- (f1+1—1 fi, + e 1
+ Z Z ( . qn1f1 Z Jz n]zleB:ll(q) H -
1<ni<nj, fi=1 fi=2 'i;n] q
l l’lj2

fit1- vl S flz g Ji v ([t njsfj
2 B e £ (e £ (0 )
1<nl<n,2<n,3 f1 1 = fiz=1

1

<B(a) TT —

i
i>ng q
z;énjz,nj3

The set of compositions of 3 is A = {(3),(2,1),(1,2),(1,1,1)}, so we have

> > m;—1
n;locsptg(n)qn: Y )y Z Z Z (fl;,;lil )

(mp,...my)=meA 1<n, <nj, <...<nj, Ji=m sz—mZ

x (sz ‘I’mZ) . (f]r +mr) qn1f1+nj2fj2+...+njrfjrB/(q) H 1 1 =

2my 2m, >y q'

i¢{njy,nj,

For k = 4:
Z aspty(n)q"
n=1
/

_ y n (9)4

1<n;<nj,<nj;<nj, (g ) (1 —g™m)2(1 —g"2)2(1 — ¢"3)2(1 — g"s)?

(. r + ¥ « ¥ + ¥

1§n1:nj2:nj3:nj4 lgnlznjzznj3<nj4 lgnlznj2<nj3:nj4 1§n1:nj2<nj3<nj4

LD VD M S )

1§n1<nj2:nj3:nj4 1§n1<nj2:nj3<nj4 1§n1<nj2<nj3:nj4

My TRy 1y

/

n (@)q
" L )(cz"l“)oo(l—q"‘)2(1—q”h)z(l—q”f3)2(1—q"f4)2

1<n <nj2<nj3 <nj4

mtnj, +njatnj,

4ny 1

=Y @]

1<m; <1 qnl) i>ny l_ql
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q3n1 1
+ Bn, (4)
1§,”Z<nj4 (l — qn1)6 (1 n14)3 ny ZI>_nIl 1— q'
17énj4
2n1 211
q q 1
+ B, (4)
lgrénj (1 —q”l) ( n,3)5 ni lI;J} l—q’
l7énj3
2n nj nj,
q q’ q 1
+ - By, (@) —
l§n1<§;3<nj4 (1 — qn1)4 (1 — qnj3)3 ( n]4)3 ni #il>_r!1 1 —q
i#njynj,
3n;
q" ", 1
+ (9)
1§n12<njz (1=gm)*> (1—g"2)""™" iI>_r111 q'
i;ﬁnjz
2n; n;
qm q ' q"i ,
+ —5Bn, ()
1<n1<zn}'2<nj4 (1—qn1) (1— "12)5 (1—qn/4)2 ny il>1
’7£”127”J4
qnl qnj2 anj3 . 1
+ - (9) —
l<nl<n12<nj3 ( - qnl) (1 qnj2)3 (1 qn.13)5 ni ll>1 1 ql
i#njy Njy
qnl qn Jo qnj3 qn 4 1
+ , : B (q) :
1§n1<nj§2nj3<nj4 (1 _qnl)z (1 _qn12)3 (1 _qn]3)3 (1- nj4>3 " y iI>_r11 1—¢
17y Mz My
~Y X (M e I
1<m fi=4 i>ny
i (f1+3_1)qn1f1 (f_]4 ) n]4f]4B 1 .
1§n1<nj4 f1=3 5 I;nl 1 - ql
i#nj,

+

_|_

X

+

)

1§n1<nj3 f1=2

<f1+32—1) i i_ ( ) "B (o) T] ——

Z (f1+2 ) ;

1<m <nj;<nj, fi=2

1

[1

i>ng 1 - ql

i;én,-% My

D)

1<n1<nj2 f] 1

(f1+1 )qul
f'.

)2

i>ng

i#nj;

¥ Z_ (%) ) o z (ff4 )q"mfmml(q)

1

fi, + s
M R AT s
= i>n q
i;énjz

29
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- 1—-1 - h+2 - 1
+ Z Z (f1+1 )qnlf] Z <f12: >qn2f2 Z (fj42+ )qn4f4l3;1](9)

1§n1<nj2<nj4f1:1 sz 2 fj4:]
1
T
1>ny
z;rénjz,nj4

+ Z Z (f1+1 )qnlfl Z (f]Z )qnjzsz
fi=

1<ni<nj,<nj, fi=1

< 1
i>ng
i#nj, njy

+ Z Z (fl +11_1)qn1f1 Z (fzg—l)q”jzsz

1<n|<nj,<nj;<nj, f1i=1 fi,=1

cfnl l
« Z (f;3 ) anfj3 Z (f]4 )qnj4fj4 Bm (q) H 1—4t
f - fj - i>ny q

z;énjz M Ty

> 2
¥ (72,

J2 fj3 2
1
1—¢

In order, the above eight terms correspond to the compositions of 4:
(4)7 (37 1)7 (272)’ (27 17 1)7 (173)7 (1727 1)7 (17 172)7 (17 17 17 1)

Thus for each composition mj + - - - +m, = 4 we have a sum of the form:

nimi nj,my qn,,m,

q 4 B’ (q)
(1 _qnl)Zml (1 _q”jz)Zmz—H (1 qnjr)2m1r+1 i

< 1 —
i>ng 1 _ql
i§§{nj2,...,njr}

1<n;<ny<---<nj,

_ PR A
n1<n12; <"Jrflz;"1fzzf’nz ,Z ( 2m; — 1

X (ij +m2) (fjr +m7) qn1f1+nj2fj2+-~njrfjr B:“ (q)

2m2 2mr
1
X -
ig 1—¢'
i§é{nj27...7n.,-r}

For general k we take the expression for Z aspt, (n)g" in Corollary 2.8 and split it into 2!

sums by turning the index bounds into < or = each of which corresponds to a composition of k. If
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we let A be the set of all compositions of k, with the manipulations illustrated above, we have that

L= ¥ r rr-x ()

(my,..m)=meA1<n <nj, <..<nj, fi=m fj,=my  fj,=

fi+m2 fi,+m e f 1
(T ) (P Yttt (q) - ]

2my 2m, S 1—q'

i {njyonsy)

This we recognize as the generating function for vector partitions &t = (7, ...,T,) counted accord-
ing to the weight (%) where B}, (¢) determines the types of partitions in (72, ..., 7, ). O

3.1. Examples. To help describe what is being counted, we give the details regarding aspt,(n)
for k = 1,2,3 and the Bailey pairs Al and B2.
We note that the first three weights are given by

o1() = f{ ()
1 1
orm) = (M) e g (1)

03() = ( 11(n5)+2) N (f}({fil) 2;j(f}(nz)H) +f11(n)2;j (ﬁ:z)

m y (PO (R,

2<j<k

TABLE 2. Al Partitions of 4

f A f] o] oo

4,0) 100 1]0]0
(1+3,0) 1l1{olt1|1]o0
(2+2,0) 2l0l0[2]1]0
(1+142,0) [2|1]0|2]3]|1
(1+1+1+1,0)[ 4 0|0 | 4|10 6
(1+1,2) 21002110
Total 12116 | 7

TABLE 3. Al Partitions of 5
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fLf
(5,0) 110
(1+4,0)
(2+3,0)
(I+1+3,0)
(1+2+2,0)
(I+14+1+2,0)
(1+1+1+1+1,0)
(1+1+4+1,2)
(142,2)
(1,242)
(2.3)
Total

—_

e e Y * Y2 B S B NS R
CoO~ROoOoO R, N~ — —

CooocooCc oo o obh
HH?—‘Q}JU}WHNHHHe

Rooco~Ruo—~ocoof

BEoo—~saRBauuww~—r—~of

e}
)

Z Alspt,(n)q" =q+ 3¢% +64° + 12¢* +204° +364° + - --
n=1

Y Alspty(n)q" = ¢* +5¢° + 16¢* +40g° +90g° + - -

n=1

Z Alspty(n)q" = ¢ +7¢" +28¢° +92¢° + - --
n=1

TABLE 4. B2 Partitions of 4

LS| s o] o |

(2,2) 1{0]0|1]01]O0
(142,1) 11101 11]11]0
(I+1+0L,1)|3[0]0|3]|4]1
Total 5151

TABLE 4. B2 Partitions of 5

S o] oo | o

(143,1) 111701 1]11]0
(I+1+42,1) 211101211311
(I+1+1+1,1){ 4]0 0| 4 ]10]| 6
Total 71141 7

Z B2spt, (n)q" = ¢* +2¢° +5¢* +7¢° +15¢° +20q" + - --
n=1

Z B2spt, (n)q" = ¢° +5¢* 4+ 14¢° +35¢° +70¢" + - --
n=1

Z B2spt;(n)q" = ¢ +7¢ +284°+84¢" + - -

n=1
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4. CONGRUENCES

We conjecture the following congruences for all nonnegative n.
Al:
Alspt,y(51n) =0 mod 5
Alspty(Sn+1) =0 mod 5

A3:
A3spt,(5n+1) =0 mod 5
A3spty(5n+2) =0mod 5
A3spty(5n+4) =0 mod 5
A3spt,(9n) =0 mod 3
AS:
ASspt,(5n) =0 mod 5
ASspty(5Sn+4) =0 mod 5
ASspt;(7n) = 0 mod 7
ASspt;(7n+1) =0 mod 7
ASspt3(7n+3) =0 mod 7
ASspt3(7n+5) =0 mod 7
ASsptg(7n+5) =0 mod 7
AT:
AT7spt,(5n+1) =0 mod 5
ATspt,(5n+4) =0 mod 5
ATspt,(7n) =0 mod 7
AT7spty(7Tn+1) =0 mod 7
AT7spt;(7n) =0 mod 7
ATspt;(7Tn+1) =0 mod 7
ATspt;(7n+2) =0 mod 7
ATspty(7Tn+4) =0 mod 7
B2:

B2spt,(5n+1) =0 mod 5
B2spt,(5n+2) =0 mod 5
B2spt,(5n+4) =0 mod 5
B2spt,(7n+1) =0 mod 7
B2spt,(7n+5) =0 mod 7
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B2spt,(11n+1
B2spt;(4n+3
B2spt;(7n) = 0 mod 7
B2spt;(7n+1) =0 mod 7

)=0mod 11
)=
)=
)=
B2spt;(7n+3) =0 mod 7
)=
)=
)=

0 mod 2

B2spt;(7n+5) =0 mod 7
B2spt,(3n) =0 mod 3
B2spts(7n+5) = Omod 7
E4:
E4spt, (8n+7
E4spt,(16n+ 1
E4spt, (17n
E4spt, (18n+5
E4spt, (16n+ 14) = 0 mod4
E4spt,(5n) =0 mod 5

) =0 mod 2
)=
)=
)=
)=
)=
E4spt,(5n+2) =0 mod 5
)=
)=
)=
)=
)=
)=

0O mod 2
0 mod 2
0O mod 2

E4spt;(16n+3) = 0 mod 2
Edspt;(16n+13) = 0 mod 2
E4spt;(17n) = 0 mod 2
E4spt,(16n+7) =0 mod 2
E4spt,(17n) = 0 mod 2
E4spt;(16n) =0 mod 2

Cs:
C5spty(5n) =0 mod 5
C5spt,(5n+1) =0 mod 5
C5spty(5n+4) =0 mod 5
Y1:
Y1spts (10n+3) =0mod 5, k > 1
Y2:
Y2spts (10n+3) =0mod 5, k > 1
X40:

X40spt, (1714 15) = 0 mod 2
X40spt;(4n) =0 mod 2
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X40spt;(17n+15) = 0 mod 2
X40spt3(18n+2) =0 mod 2
X40spt;(18n+14) = 0 mod 2
X40spty(8n) = 0 mod 2
X40spte(8n+7) =0 mod 2
X41:
X41spt;(4n+2) =0 mod 2
X46:
X46spt,(9n) = 0 mod 3
X46spt;(16n+11) = 0 mod 2
X46spt,y(16n+7) = 0 mod 2
X46sptg(16n+5) = 0 mod 2
X46sptyg(16n+7) =0 mod 2
X46spty3(16n) =0 mod 2
X46spty, (13n+4) = 0 mod 2

5. CONCLUDING REMARKS

Working with a list of 29 suitable Bailey Pairs, we defined rank and crank like functions, from
which we derived symmetrized rank and crank-like moments. Using the relation between the
symmetrized moments and the ordinary moments, we prove inequalities for the ordinary moments.
By defining an spt-like function in the same way as Garvan in [5] and using the extended weight
statistic as Jennings-Shaffer in [6], we find combinatorial interpretations for the spt-like functions.

As in the work of Garvan in [5] and Jennings-Shaffer in [6], it is likely that there will be con-
gruences for some of the higher order spt-like functions. We have numerical evidence to support
the previous conjectures.

There were some Bailey pairs that did not meet the o,, = ®._, criteria in our formulas, but it is
possible that with further manipulation they could also yield spt-like functions of some interest.

We also expect that the ordinary rank moments should be quasi-mock modular forms, and that
the ordinary crank moments should be quasi-modular forms.
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