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ABSTRACT. Quantum modular forms, which are particular complex-valued functions with interesting “modular”-
like properties, have fascinated mathematicians since their discovery by Don Zagier in 2010. In 2016, Folsom,
Garthwaite, Kang, Swisher, and Treneer gave a catalog of explicit examples of quantum modular forms, in
this case arising from mock modular forms which have eta-theta function shadows. In this paper, we will in-
troduce a generalization of their functions, and show explicitly that this generalization is a quantum modular
form as well.

1. BACKGROUND, MOTIVATION, AND STATEMENT OF RESULTS

In 2016, Folsom, Garthwaite, Kang, Swisher, and Treneer [2] were able to construct mock modular forms
that unified all eta-theta functions, as classified by Lemke Oliver [5], whose shadows are given by eta-theta
functions with odd characters. By Zagier [7], a mock modular form is simply the holomorphic part of a
harmonic Maass form, a complex-valued function on the upper half-plane that can be uniquely decomposed
into a holomorphic part as well as a non-holomorphic part'. Tt is interesting to note that in [2] they were
able to show these mock modular forms are also quantum modular forms, which is a property not necessarily
all mock modular forms inherit. Simply put, after Zagier [7], a quantum modular form is an “extension”
of a modular form in the sense they are defined on a particular subset of the rationals, and in which they
have transformation properties similar to modular forms, with the exception of an an error term that is
required to be real analytic. Now, quantum modular forms are a recent phenomenon, so examples of such
constructions are a particular interest of study.

One of our primary motivations in studying the work of Folsom, et al., is to see if it is possible to construct
a generalization that at least constitutes a small class of quantum modular forms covered in [2], and use
this as a catalyst for further extensions. As [2] cataloged a list 59 quantum modular forms, we wanted to
find patterns that would enable us to find a class of quantum modular forms that would encompass these.
An important achievement is that our functions of interest contains a subclass of quantum modular forms
explored by the authors in [2], and is itself a quantum modular form. Throughout the paper, we use the

27

notation e(a) := 2™ and (, ;= e« .

Definition 1. For 7 € H and u,v € C\(Z7 + Z),
n(nt1)

67riu (7 1)ne27rinvq )

1.1 iT) = -
(1) R P il

where, for z € C and 7 € H,
19(2,;7_) — Z eﬂ'iv27+27riv(z+%).
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Definition 2. Let a = %7’ + 3, A;a€Z and C,b € N such that 0 < a <b—1 and ged(A,C) = 1; then let

_(2A-0)? T
Volr) :=4Clq™ 8¢ o (204, 5;7’) .

One point we ought to emphasize is that although this generalizes a subclass of functions of interest, we
are straying away from the study of eta-theta functions, a goal explored in [2].

Now, the subclass of functions of interest are when b = 4. In this paper, we were able to prove quantum
modularity for the above function in that case for appropriate subsets of the rationals, denoted as S,, and
appropriate groups G, which will be defined in Section 3. In particular, we prove the following theorem.

Theorem 1. For o = %T-i—% where a € {0,1,2,3}, ged(A,C) =1, 0 < % < 1, the functions V, are
quantum modular forms on the sets S, for the groups G. In particular, the following are true.
(1) For allT € HUS,, we have that

Va(r) — 27+ )2V, (Mpr) = = [ Ias00(®)

2 Jip /=i(z+71)

when a = 1,8 and

1 3 1 [-A 0 gasca/2(2)
Vo(r) = =27 + 1)~ Y2V (Mot —_e() L Ly,
(r) = Cr e )V OGn) = ge (55 ) | TGS
when a = 0,2.

(2) For allT e HUS,, we have that

_ _ —i (A > gasca2(2)
Vol(r) = G + 1) "YV2V, (My7) = e <> ——dz,
when a = 0,2.
(3) For all T € H, we have that

V(r) - (~1)**%e (g) e (W) V(r+0) =0,

for all even C, and

V(r) = (—1)24+C¢ (Z) ¢ (W) V(r+20) =0,

for all odd C.

Now, proving quantum modularity for arbitrary b € Z has been shown to be an excessively difficult
task, and so investigation on this has been postponed for another time. In the next section, we will review
previous work of Zwegers [8], Kang [4], and Folsom et. al. [2] to provide necessary background and lemmas.
In Section 3, we define our quantum sets and groups. In Section 4, we show our transformations on V(M)
where M € G,. In Section 5, we prove quantum modularity for our function V,, and finally, in Section 6,
we discuss lingering questions and possible ways to extend our results.

2. PRELIMINARIES

Here, we begin to define functions and present lemmas, propositions, and theorems that we will need to
prove Theorem 1. We begin by outlining the tools we need in order to compute our transformations and
converting our functions to integral form, and follow that by explaining the tools we used to determine our
quantum sets and quantum groups. We also need to define the h function, which occurs when we compute
the transformations on V,, (M, 7).

Zwegers defines for u € C and 7 € H the Mordell integral h by

eﬁinBZ —2mux

(2.1) h(u) = h(u; 1) := / —dx.

r coshmx

The following lemma will be used in transforming g in our V,,(M,7) back to the form of V, (7). This is
where we see the h function appear. We later transform these terms that appear into integrals.
2



Lemma 1 (Zwegers, Prop. 1.4 and 1.5 of [8]). Let p(u,v) := u(u,v;7) and h(u;7) be defined as in (1.1)
and (2.1). Then we have

(1) p(u+1,0) = —p(u,v),

(2) (u v+ 1) - _M(uav)f

3) ml(—u, —v) = p(u,v), s )

"(0)9 (utv+2)9(z

(4) plu+z,0+2) — plu,v) = 5= ﬂ(u)(ﬂ()v)(ﬂa-g-t)g(i-i-)z) , foru,v,u+z, 0+ 2 ¢ Zr + Z,
and the modular transformation properties,

(5) wlu,viT+1) = e % p(u,v;7),

(6) A ™07y (2,2 1) 4 pfu,v57) = Sl — v37).

T

In some cases the h functions are not in the correct form to us one of our Theorems. Therefore, we
utilize the following proposition in order to shift them into the correct form before we can change them into
integrals.

Proposition 1 (Zwegers, Prop. 1.2 of [8]). The function h has the following properties:
. 2
(1) h( )—|—h(z—|— 1) _ \/%e'm(z—&-l) /T
( )+e2ﬂzz TFZTh(Z_’_T) _26771'22 T[4

)

) z = h(z;7) is the unique holomorphic function satisfying (1) and (2)
) h is an even function ofz
)
)

5
6

h(Z;—1) = =ire ™= /Th(z;7)
—mi _mwiz2/(r41)

h(z; T)—€4h(z T+1)+e eﬁ (5 75)

Later in our paper, this g function occurs and occasionally is not in the correct form. We needed to shift
it to match our desired result. We were able to use the following lemma to accomplish this.

Definition 3. Let a,b € R and 7 € H; then

g b § ve TV T+2m'ub
a,
vea+Z

(2
(3
(4
(
(

Lemma 2 (Zwegers, Prop. 1.15 of [8]). The function g, satisfies the following:

(1) gat1,6(T) = gas(7),

(2) Gapt1(7) = €¥gap(T),

(3) 9a,-1(7) = ~gas(7),

(4) gap(r+1) = e g py1(7),

(5) ga,b(_%) = ie%wb(_iT)S/ggbﬁa(T)'

Finally, we use the following theorem and lemma when we need to cahnge a certain function to a specific

integral form.

Theorem 2 (Zwegers Thm. 1.16 of [8]). For T € H, we have the following two results.
When a € (—3,%) and b € R,

ga+2,b+ ( )

7 \/—z 2—1—7

Also, when a,b € (—%, %)

. o2
(2.2) ZatE gy = e D) =% R(ar — by 7).

ga . (l2
(23) +27b+ ( ) . eQma(b-l-%)q_Th(aT — b;T).

0 \/fz z+T

Lemma 3 (Lemma 2.8 of [2]). Let 7 € H.

i) Forbe R\ iZ,
ico 917b+%(2) . ( T b) T .
————dz=—le|—<+ - | Rz —b;T) +i.
[? —i(z+7) 8 2 (2 )



ii) Forbe (—3,3)\ {0},
o gy (2) . T T .
0 \/gl;+z+7 - <_ - b) " (7 - T) o
iii) Fora € (%,%)\{0},
a+1 21( ) a2 ela
S (o)

We also need to determine for which sets and groups our function is well defined. We used the following
theorem to determine the form of our function and decipher when it would vanish.

Theorem 3 (Kang [4] ?). If o € C such that a & 77 + 37, then

u(2a7%;7-> = iq¥ ga(e(a); q%)—e(fa)q%L

where go is the universal mock theta function defined by

e ( ) qn(n+1)/2

92(219) =Y e

= (5127 G Dt

The following lemma aids us in determining when our function is well defined.

Lemma 4. Fiz 2 5003 € Q such that 2 50 and ¢ are not both in Z Suppose SCScC Q is a set of rationals

such that for all n > 1 and all Z € S
nh Ah o«
T2 <20k b> 7L

Ah a\ h h o mi
:u<2(2c,k+b>72k7k)_le g2(C ¢k e )7

and has a well-defined value in C.

Then

Recall Theorem 3. Lemma 4 states that when the conditions of Theorem 3 are satisfied, both the second
eta~-quotient term arising from the Theorem vanishes, and the go sum terminates. The conditions in Lemma
4 arise from considering when the denominator in the second term from Theorem 3 is nonvanishing.

Proof. First, suppose a & %ZT—&— %Z. We observe that using the definitions of n(7) and #(2a; 7) (see equation
(17) in [2]) we can rewrite the eta-quotient as

77(7')4 _ Z627”aq7ﬁ ( )
1(3)*9(20;7) (02502)2(@ oo (€17 @) o (e~ 4713 g) o
€®m0g (g Q)ee(—4?592)%

- (1 _ e47r’ioc) (647T’i()éq; q)oo( —47rtaq’ q)oo
Now when we look at p, this gives us,

1 .
) — ighe S 4(q,q) oo (= q24q2)
(1 —e Trza) (6 Trzaq;q)oo(e mocqu)oc

N|=

T L1
0 (2a, 5;7) = igSga(e(a);q

Now, we consider when 7 = % €Q, and a = 2%—}2 + 3, where %, and § are both ¢ %Z. We first consider
the second term and see that for any 7 = % € Q, the numerator will be zero. Therefore, the hypotheses
of the lemma tell us that (e*™q; q)oo(e™*"“q;q)oo # 0. The hypotheses of the lemma also tell us that
(1 — e*mi@) =£ 0. Therefore, the denominator of our n-quotient is not zero. Now, we need to show that the
term go(e(r); ¢2) terminates under the hypotheses of our lemma.

2The notation used here is slightly different than Kang’s, and is taken from Zwegers 8].
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Suppose there exists an integer 7 > 1 such that

_Jh (A e
Qki(20k+b>ez'

Then, by simply multiplying through by 2, we see that

jh 2a
2r = i<0k+b)eZ,

which contradicts the hypotheses of the lemma. Therefore, we can conclude that no such integer exists, and
we must have that

(€' @)oo (e g @)oo # 0.

We can also conclude that (1 — e*™®) £ 0, because (1 — e#m™@) = () can only occur when 2« € Z. However,

since we are assuming that for all n > 1, "h = ( ) ¢ 7, then when n = k, this is the also true, and so,
Ah o« Ah o«
h=x2 7 <= 2 - Z
(20k ) 7 (20k b) 7
and so we can conclude that o = 2’40’;6 + ¢ & Z. Thus, we must have that g2(e(); ¢2) terminates, which
completes the proof of our lemma. O

3. QUANTUM SETS AND GROUPS

Recall our function from Definition 2. In this section, we must specify b = 4. With that specified, we
have that

—(Cc—24)?
Vo (z) = it I I <2a, g; T)
where a = %T + %, 8cd(A4,C) =1, and a € {0,1,2,3}. When considering quantum modularity, we want to
find quantum sets and quantum groups for this function. We use the definition for quantum sets from [2].
We call a subset S C Q a quantum set for a function F with respect to the group G C SLy(Z) if both F(z)
and F(Mz) exist (are non-singular) for all z € S and M € G.

So, the following theorem is regarding the quantum sets and quantum groups of V. First, we need to
define our sets and groups. Let

S:{ZeQ‘heZ,keN,gcd(h,k)Zl,hfl (mOdQ)}7
h
h
SCQZ{kES‘C{’Zh},

h
Sev - {k’ S SCl

k=0 (mod 2)}.

We will now define our sets and groups.

Definition 4. Fiz o= % + 5. We define

Sei, ifa=0,2
(3.1) Sa:{ “ /

ScoUSey, ifa=1,3.
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Definition 5. Fiz o= % + 4. We define

1 0 1 C .

<<1 1)7(0 1>>, ifa=0,2, and even C
1 0 1 C .

<<2 1>7<0 1>>, ifa=1,3, and even C

Gl = 1 0\ (1 2C

<<1 1>7(0 1>>, ifa=0,2, and odd C
1 0 1 2C .

<<2 1)7(0 1)>, Zfa—l,?),andoddC

Theorem 4. Let o = %x + §; the set S, is a quantum set for Vi, and the group G is a quantum group
for V. Moreover, for all x € S, and M € G, we have

Va(z) = i%*le <(C_2A)2x) " (za, f;x)

8C? 2
and ( 2
a C-24 Mzx
VQ(MI) =1 +1€ (SCQM(E> 1% <2OZ, 2,M:17>

are well-defined.

Proof. First consider the general case. By Lemma 4, we get that p(2c, ;) is well defined for x € S, if
%h + % + %Ta is never an integer for all n € N. Therefore, for any n > 1, we want to avoid the existence of
an r € Z such that

nh Ah a
rf?jL@Jri<:>Ck(2r—a)72h((]n+A)
and
nh Ah a
T_?_@_i<:>C]g(2r+a)-2h(€n—z4).

Consider a = 0. Suppose % € Sc1, and suppose for sake of contradiction that there exists an r € Z such
that

2Ckr = 2h(Cn £ A),
and so
Ckr = h(Cn £ A).

There is a factor of C' on the left-hand side. So, there must be a factor of C' on the right-hand side.
Because ged(A, C) = 1, we know that C does not divide (Cn + A). By definition of S¢y, C 1 h, so there is
no factor of C on the right-hand side. This is a contradiction. Therefore, no such integer can exist.

Consider a = 2. Suppose % € Sc1, and suppose for sake of contradiction that there exists an r € Z such
that

Ck(2r £2) =2h(Cn £ A),
and so
Ck(r£1)=h(Cn=£ A).

The left-hand side has a factor of C. Therefore, the right-hand side must have a factor of C' as well.
Because ged(4, C) = 1, we know that (Cn =+ A) is not divisible by C. We also know that because % € Sc1,
C' 1 h. Therefore, there are no factors of C' on the right-hand side and this is a contradiction. Thus, no such
integer exist.

6



Consider a = 1,3. Suppose % € Sca U Sey. Suppose for sake of contradiction there exists an r € Z such
that

Ck(2r £a) = 2h(Cn £+ A).
The left-hand side has a factor of C. Therefore, the right-hand side must also have a factor of C. Because
gcd(A, C) =1, we know that (Cn £ A) is not divisible by C'. We also know that because % € ScaUSey, % €
Sco or % € Seyp. If % € Scae, then C t2h, and there is no factor of C in the right-hand side. If % € Sy, then

k is even, and cancels the factor of 2 on the right-hand side. In this case, we also know that C 1 h. So, there
is no factor of C' in the right-hand side. Therefore, this is a contradiction and no such integer exists.

Next, consider M, = (i (1)> for r € {1,2}. Then,

(L ONh_ & h
"Eo\r 1 k_r%+1_hr+k

First, we make a note that h and hr + k are relatively prime because it is given that i and k are relatively
prime. Next, suppose % € Sc1. Let r € N. So, h is both odd and C 1 h. Therefore, if © € S¢1, M,x € S
as well.

Suppose % € Sco U Sey. Let » € 2N. We know that becuase % € Sco U Sy, % must either be in Sgo or
Sev. If % € Sca, his odd and C { 2h. So, M,z remains in the set. If % € Sev, we must look at hr + k.
Because r is even and k is also even, hr + k is even. Therefore, if z € Sgo U S, then M,z must remain in
SC2 U Sev-

. 1 7
Now, consider T, := <0 1).

Trh=<1 r)h h :h+rk

Fo\0 R TR T

We first note that h + 7k and k are relatively prime, because h and k are relatively prime. Next, suppose
x € Sc1. Let r be an even multiple of C. Therefore, h + rk is odd, because h is odd and r is even. Also, C'
does not divide h + rk because C' t h and r is a multiple of C. So, if x € S¢q, Tz € Seq.

Suppose x € Sga U Se,,. Let r be an even multiple of C'. We know x € S¢go, or € Se,,. Suppose x € Se,.
So, h + rk is odd because h is odd and r is even. Also, C' does not divide h + rk because C { h and r is a
multiple of C'. We also know k is even. Therefore, if x € Sy, Trx € Sey. Suppose x € Sco. We see h + 1k
remains odd because h is odd and r is even. Consider 2(h 4+ rk) = 2h + 2rk. Because C' 1 2h and r is a
multiple of C', C' { 2(h + rk). Therefore, T,.x remains in the set. Therefore, if x € Sco U Sey, Tr-2 € Sco U Sey
for all » € N that are an even multiple of C.

We must consider the inverses as well. So,

(1 O0\h_ __h
er_(_r 1)k_—rh+k'

We note once again that h and k — rh are relatively prime because h and k are relatively prime. Next,
suppose x € Sc1 and suppose r € 2N. So, h is odd and C'{ h. Therefore, if x € Sc1, M, 1z is in the set Sc;.

Suppose x € Sca U Se,. Suppose r € 2N. We know = € Sga or & € S, If € Spo, h is odd and C' 1 2h.
So, M, 'z € Sco. Suppose x € Se,. Then, h is odd and C { h. Also, —hr + k is even because r is even and
k is even. Therefore, M, 'x € S.,. So, if # € Sca U Sey, then M, 'x € Sco U Sey.

Next, we look at

1. _ (1 —r\h _h—rk
T, x—(o l)k_k .

We again note that h — rk and k are relatively prime because h and k are relatively prime. Suppose
x € Sc1, and r € N and is an even multiple of C. Therefore, h — rk is odd because h is odd and r is even.
Also, C { h — rk because C' { h and r is a multiple of C. Therefore, if x € Sc1, then T o € Scy.
Suppose © € Sca U Se, and r € N and is an even multiple of C. Consider x € Sgo. Then, h — rk is odd
because h is odd and r is even. Also, 2(h — rk) = 2h — rk is not divisible by C because C' t 2h and r is a
7



multiple of C. Consider the alternative, z € S.,. So, k is even. Then, h — rk remains odd as explained.
C { h —rk because C { h and r is a multiple of C. So, if z € Sca U Sey, then T7 12z € Sco U Se,.
So, we have covered all of the cases and have proved Theorem 12. ([l

4. TRANSFORMATIONS

Now that we have defined our quantum sets S, and quantum groups G, we will need to explore the
transformation properties of V,, with respect to matrices M,., T, € SLa(Z), where

1 r 1 0
Tr._<0 1), MT._<T 1).

We have derived in full generality the transformation properties of V,, for matrices 7;. and M, for arbitrary b.
Because the quantum sets and quantum groups are defined only in the case b = 4, we will close this section
by specializing the transformations to this case. Recall

_ /e 1/2)2 A T
Va(r) = iciq M<2<2CT+ ) . )

We will now present the transformation properties of V,, under 7;. and M,..

Lemma 5. Let A,a € Z, and C,b,r € N with the restriction (A,C) = 1. The function V,, satisfies the
following transformation properties:

(4'1) Va(TrT) = CS_T(—I)%Jrge <_; <é - ;) ) Va(T)

(1.2) Va (M) = (— >-”"<8e( )wr+ TV (1) 4 I (7) + Ju(7),

where, in the T.-transformation, r is chosen such that C|r and 2|r, and in M,-transformation, r is chosen
such that b|2ar, in addition to r = 1 whenever a = 0. Furthermore,

o (2a2\ ST (24 A 1
(43) Ia(T) = ZCb \/TTTE <b2> % h <b7'r - (C - 2) ;7-7‘> )

(44)  Jalr) = —igpVrr T )2‘”<86< 27 >q;(5é)2¥h<<1A>T%.T>.

Proof. Consider the first transformation; we have

Va(T,7) = iCle (—TTT(A/O—l/Q)Q> " (2 (;éT T+ a) : T”;T,.T> .

2
Suppose C|r and 2|r; then a simple computation quickly yields

r(A 1\’ _(a/c-1/2)? A a Ar v r
Va(TrT)—e<_2 (C’_ )) iCyq M(2 <2C,T+b>+c,72+2,7'+r>
Ar o r A 1)\? /o 1/2)2 A a\ T
(N [ A _(a/c-1/2)% A a\ T
(4.5) =(-1)¢c e( (C’ ) ) i¢q u<2(207+b>,2,7+r>
A1) gt (5(A o) T
C b M QCT b 7277—

= G- F e (”2" (é - ;>2> Va(7),

where we have applied Lemma 1.1 47 times and Lemma 1.2 £ times in (4.5), and Lemma 1.5 7 times in
(4.6).



Now consider the second transformation; using a similar approach to the authors in [2], we let M,7 =

ST, = —%, where 7, := —% — r, and apply Lemma 1.6 so that we have

_(a/c—1/2)2

. A a MTT.
Vo (M, 1) =i(iq ,u<2 (20M7’—|— b) 5 ,M,n')

o2 (o (A (21 ey 1 2L
— e d H 20 \ 7, b)’ 2. T,

a A
a _A/C—1/2)? ar —A) 1 -1
=Gy q z u<2(’720)7;>

Tr 21, T,
a A 1\2
_ ngq*M\/Tﬁe ( (2 (§m _2%) +3) ) "
Tr
1 a A 1 a A 1
—h|2 —Tr — — =Ty | — 2 T = — |, == 7 )
[22' ( (bT 2C)+27) ”( (bT 20> QTﬂ
Now, recalling that 7, := —% — r, the roots of unity can be simplified such that

@ 2 2 o 2
_asey? (_(Q(bfr—{é)Jr%) )_ ((é—%)) (_(iTw(éﬁ)))
q € =e e
27, 27, 27,
_ (=Y 222 20 (A 1\ (A-3)°
<2T ¢ b2T’"+b<02) o

2a% (1 2a (A 1 acr [ 2a®
*(m(ﬁf)*b(cw))—%w (sz

where C;aler =e (%27" + 2¢ (% - %)) If we let

: ~a : 2a” Cfiwar a A 1
1) =iy () S5 (2 (5 56) 2.

we have then

Va(M,7) = —iCiv/=ir ¢ e (2“>M(2(‘b‘n—2@)7—;@“@(7)-

Consider focusing on the former term; recalling 7, := —% —r, we can rewrite this such that

2 A 1
—iggvmetioe (S Vi (2 (4n - ) i)

. (2a? Ar+a) 2 1 1
= —ilp AT <b27>”<_2(20b)_b’_2;__r>

A a
(47) = —ZC[) \% ZT7CA W <i§f_> (_1)72(1? gﬂ ( 2 (%TT—F 3)7 T7/_27_71_>
2a? 2 a )?
= —i(pV ZTrCAcr <b27>( ) (g vV —iTe <—( ( CT;_ )+2) )

(4.8) [;Zh( 2(%7—#2)—%2;7)—#(—2(2@7-%2) ;;T>],

where we have applied Lemma 1.1 (supposing b|2ar), Lemma 1.5 in (4.7), and Lemma 1.6 in (4.8). Now, we
would like to further reduce the roots of unity shown in (4.8). First, notice that /—ir./—iT = /r7 + 1,
9



which trivially follows. In addition, the roots of unity can be reduced such that

a T 2
cACTe % el - (-2 (%T +3)+3)
a,b b2t 2T

22 20 /A 1 242 /1 A\? 2a/A 1 2a2 20 \ _i(1-a)
e\ mtyle )\ )\ 2l e) T \eT2) T T\ ) '

If we let

2a2 1 1 A
Ja(r) o= —iCeVrT T 1(—1) " e () g 2(-2) 2 (—2 (T+ ) + ;;T) 7
we have then

Vo (M,7) =i +1(=1)"

Applying Lemma 1.3 on the p-function, this reduces to

Va (M) = (1) cse( )WT+V<> 1(7) + Ja(7).
O

Now that we have completed the proof for Lemma 5, we are interested in converting our functions I, and
Jo into Mordell integrals, which will help in establishing real analyticity once we establish a correspondence
between the quantum sets and groups for the case b = 4. Before we proceed, we will make use of the following
definition.

Definition 6. Let a,b be such that both a and b are not in Z + 7, and T € H; then

N gaJr + (z ( < 1>) 7ﬁ
Oap(T) := dz+elalb+ = zh(ar —b;7).
=) e 2)) @ e = b

It can be easily shown applying Lemma 6.1 and Lemma 6.3, the §-function is mostly constant in the interval
[f%, %], with slight changes at the end points. In addition, §-function satisfies simple shift properties, akin

to the g and h functions from Section 2.

Lemma 6. Let a,b such that both a and b are not in Z + % 5, and 7 € H; then

ifa=g, be (~3.3)\{0)
Sap(T) = 0, ifa€(—3,3), be (1,1
e(a)/v/—ir, ifae(-1,1)\{0}, b=1

5
In addition, d,4(T) satisfies

2

—1T

(49) 5a,b+1(7-) _ eeria ( erri(b+%)2/~r _ 6a,b(7—)> ’
(4.10) Ja1,6(T) = Gqp(r) — 2™ 04D 2miaby—(atH)"/2

Proof. Tt can be easily shown that, by Theorem 2.3, Lemma 3.1, and Lemma 3.2, d,(7) must be one of the
above three cases. Now consider the first shift property, or (4.9); we have

ic0 9a+%,b+%+1(2)

0 V-i(z4 1)

Oapt1(T) = dere(a <b+;+1)>qu22h(a7'b1;7).

10



Applying Lemma 2.2 and Proposition 1.1, we have

0 gor1 pyryr(2 1 o2
dap+1(T) = Wdz—!—e(a(b—!—+1)>q_2h(a7'—b—1;7')

0 V—i(z+7) 2

, 0 gy 111 (2) ( ( 1 )) _a?

_ 2mi(a+1/2) 2773 d _ 2

—e z+elalb+=+1 q
0o /—i(z+7) 2

2 .
< _iTefrz(a‘rfbfl/Z)?/'r —h (aT o b; 7_)>

10 Gar 1 pya(z , 1 o2
= —62’”“/ 7a+2"b+2( ) dz — ™% (a (b + )) q~ T h(ar —b;1)
0 —i(z+71) 2

+ 2 e'n’i(a‘rfbfl/Z)Q/7627ria(b+%+1) 7"—22

- q
—iT

X

. 26271'1’(1 . 1\2
_ _627”(15(1,!7(7_) + eﬂl(b+§) /7—.
—1

3

Now consider the second shift property, or

—~

4.10); we have

iOOga L1044 \2 1 a+1)2
5(1_;,_1717(7'): +2+1b+2()dz—|—6((0/+1) (b+2)>q_<+2)h(a,7'—b+7"7)

0 V—ilz+71)

Applying Lemma 2.1 and Proposition 1.2, we have

100 oyl 1(z 1 e
Sat1,6(T) = Mdz—i—e ((a+ 1) <b+ 2)) b ar — bt i)

0 V=i(z4 1)

_ [ Garspr3 (%) Qs+ e (a <b+ 1)) g 21/ —a— b 2mi((at1/2)r-b)
2

0o /—ilz+71)

X (267”((“+1/4)T*b) — h(ar —b; T))

" Gar i (2 1 .
Wdz—!—e(a <b—|—>)q22h(a7—b;7')

0o v —ilz+71) 2
o 267ribe27ria(b+ )q 5 (a +a+ 3 )

= 5(],,[)(7—) - 26772(a+b) eZ?Tiabq—(a_)'_%)Z/Q.
(]

The benefit of applying this §-function is it contains the necessary information such that it eases compu-
tations with respect to manipulating the transformations of V,,, since ¢ contains information about how the
transformation properties of V,, behave over (— ;, 2) and at the endpoints. This is essential to the proof of
transforming the functions I, and J, to Mordell integrals.

Lemma 7. Let A,a € Z, and C,b,r € N with the restriction (A,C) = 1. We have then

AC -
T R T GV
u + 020 4 _1
L ViluT) 2 wem

I (1) :=vrr+1 (14)-

GeBOT i ga 1 aa -eAC
Jo(7) =T + 1 ‘ad e 4y el 1CA—%2 5, _a 20 (1),
0 —Z(U+ ) 27 C'b

where

2
ace . _(r(2e 1\ Af2 1
Cab '_€<2<b+2> +C(b 2) |’

and where 1 is chosen such that b|2ar, in addition to r = 1 whenever a = 0.
11



Proof. Recall from (4.2)

Va (M) = (1) cse( )Wvu L(7) + Ju(r),

where
, 22\ T 2 A 1
(4.11) I, (1) = i¢f/—irre (lél) 51' h (:Tr - (C’ - 2) ;Tr) 5
2ar 2 1(1_ A\2 A
(4.12) Jo(T) = —igvVrT +1(—1 )_C86< )q_2(2_c) 21ih(<;_6’>7—_2ba;7> .

First, consider (4.11); we have

A,C,r
a — 2a%\ Cap 2a A 1
La(r) = iGv/=irre (m) T (b” - (c - 2) ’TT)

o — (2a2\ T (1 (2a)\? 204 i g2 1 a(2)
:‘ZCbV‘ZTr‘f(sz) 2 2(b> 30 )\ e © e )

Recalling 7. = —% — r, we can reduce our roots of unity such that
Ao (22 (7 (20" _ 204
ab b2 2 \ b bC
(%, 2a(A 1 20 2% (1 _ 24
"\ 2)) N\ U ) T e

2a2 n 20dA a 2q2 202 2a? 2a A (o
— T+ — - el 5 ——— T | =
“\ bC b p2r )\ T T 2 bC b o

so that

I (1) = —\/TTr/m 92241, (Z> L Yo

\/Tn 9 &E-3
Consider the integral part of I, (7), i.e.

o g2a+2,c(z)
0 m

Substituting z = r — u~' = dz = v~ 2du, we have

i g2a1 4 (2) 0 gai1a(r—y) du 09214 (r=3) du
/ % T2 7 dz / b "2°C 72:\/; b "2°C

V—i(z +7) g\/_i(r_l_;_r)u 1 i(utT) ud?
B 2a 1\ [(2a 3 09%"%,%“(2;“)(—;) du
(4.13) = Ve <_2 ( b " 2) <b " 2) /l i(u+T) u/?
B r(2a 1\ (2 3 20 1\ (2a 09214 (~3) du
ain =5 (5e) (5+3)) (5 +2) (5 +0) [ s
0
_ riteit2e [T (22 s 1Y ) o (A (2, L /gévwﬂw
(4.15) Ti(—1) 6<2<b+2>> c b+2 . AOESS du
2a  1)° A (22 1 A\ (0941 2 (u)
4.1 = i(—i)3/2 C — — (== - _ cr2 T h
(4.16) Ti(—1) e<2<b+2>>e C<b+2>)e< C) . A0FSS du
A
C

2 1\° 2a 1 0 gai1_2 (u
1) :_iﬁ_m(;(;+2) + (a_>> 942



where we have applied Lemma 2.4 in (4.13), Lemma 2.2 in (4.14) (supposing b|2ar), and Lemma 2.5 in (4.15),
each r times. Furthermore, trivial simplification of the roots of unity immediately follow (4.13)-(4.17). If we

denote ,
acr _ (12 1 Af2 1
€ap '_e<2<b+2> +C<b 2))

and recall v/—iT,.\/—iT = /r7 + 1, then I, (7) reduces to

. ACT‘
0ga1_2 (u V=i
(4.18) I,(r)=vrr+1 Fab &2 b W U T

Now consider (4.12), or

20r 2 1(1_43y2 1 1 A 2a
= —q(2 —1)— -2 7_7) — -
Jo(T) = —iIVrT + 1(=1)" " (fe ( 7") q 2ih e T
Applying the definition for §, we have
= Cb T e (22,) 320 [ ey (A1) (22, L
Ja(7) = = VT H U170 Ge | 5 | g c q “elle2) 313

1_A 2a
V—i(u+T) 2 o

Simplifying our roots of unity such that

T (2;27") g 26y {‘qé(é_é)ze ((é ) ;> <2; : ;m
= Sy e <2ba22r> ‘ ((g - ;>
S (3G ((B-3) G-

x l Tocpnpa®, s, (T)].
0

then we have

A C,r ico A Cr
€ab 91-a 2 1(u) e
( ) WCC du+mcc 51 AQ(T).
2 0 _i(U + 7') 37T
Consider the integral part of J,(7), i.e.
100 g 20 U
/ 91-4.3+3(%) du
0 —i(u+7)
We have
(4.19) aogpa® e pa®@
\/m 0 \/7
0 ga 20 1(u
(4.20) _ @ i
0 —i(u+T)
A [ 9%7%—%(@0
(4.21) ¢

o v—i(u+7)
where we have applied Lemma 2.1 in (4.19), Lemma 2.3 in (4.20), and Lemma 2.2 in (4.21). Thus, our J,(7)

reduces to
A C,r

(4.22) Ta(7) = V/rr 1o

ioco ga 1724 AbCr
—2 b du—l—\/rT—F CC ‘a 1 L;(T)

0 AV

Q\>

We can now state the transformations of V,, as follows.
13



Theorem 5. Let A€ Z, and C,b,r € N, a € {0,1,...,b—1}, and g € (0,1); then

(e
-ACT'

(120)  Va(Mr) = (-1 <8e( )mm)wﬁ b

QF
m\%

(4.23) Va(Trm) = (5" (

" 94.4-3 (W

—i(u+7)

du.

3=

where in (4.23), C|r and 2|r, and in (4.24), b|2ar.

Proof. The first transformation (4.23) follows from Lemma 5. For the second transformation, or (4.24), we
combine (4.18) and (4.22) so that we have

ACT ioogg; ) (u)

gge( )WV( )+ Vi F I

1 1
2 2

(1) -l-@(cefbcrv —iT0 7%)2%(7')} .

By Definition 2, we have that 0 < 27“ < 2, or otherwise Ta is no larger than 2, and thus must account for
the single integer shift. It is enough to account for this integer shift in order to show

024

2a 2
b

2a
b

() +i éebeT\/—iT(S;_

1
2

(r)=0

A A
[} c»

[N

for% €(0,1) and a € {0,1,...,b—1}. We may write 22 = p+ $, where p € {0,1} and s € {0,1,...,b—1}.

Suppose p = 1; applying the §-shifts, and recalling 7,. := —% — r, we have
A _AC, .
51+%v%—%(Tr)+ZCC€ab 7"</—7,7'(5;_%71+%(T)

Nl

s A
5°C

s A
_1(1r) —2exp (7‘(‘ ( c 3
+ ZCcebeT\/ —iT exp (27‘(’2 ( >) ( 2 = exp (m'

(7)) +ics 6;42% "V —iTé

|
[N}
¢)
o]
kel
/N
S|
-~
N
>
+
\
\_/
N——
¢)
o]
kel
[\)
:]
/—\
\_/
N——
¢)
o]
kel
3
o~
N
SNV
+
N
N———
(V)
7~ N
S =
+
=
N———
N~

We want to show

2
et e (2ri (3= 7)) o ( (i+3) /r)
2
e e (m (z " g - D) op (27”18) (é - ;>) o (m (2 + ;) (i * 7«)) =0.



Notice we can rewrite the former term such that

gt o (2si (- 2) o (i (544) )

%A ST e <m (z . ;)2 /T>

G2+ 2 Go0)) () )
(2o (2) (+0)
() (i) o (- 2)) o o
o33 (¢-2)) o0 (G 2) ()

which implies (4.25) is in fact 0. Thus, this reduces to showing?

= —2i¢4 exp <27ri
211

= fQiCé exp <
i

A,C,r .
(4.26) 05 a_1(7y) + il V=iTdy_a (1) = 0.
Since ’f — f| € (-1, 1), we only need to consider the case when 7 €0, . I 7 €0, 1), then it is trivial

(4.26) is 0. Now suppose 7 = %; because b|2ar must be satisfied, this implies b|sr, and therefore 2|r. With
a bit of simplification, we have

5 (70) + il ety V=iTby a1 (7)

A_ 1
C 2

1
3
Zgéejz(lf 71627”(

1
2
A) . .

e} :’L—’L:O)

which implies our result. O

We can see that the functions described in [2] are special cases of this transformation whenever b = 4, for
select r, and the restriction % € (0,1), of which we will now present as corollaries.

Corollary 1. Forb=4,r=2, 2 € (0,1) and a € {0,1,2,3},
1 A V2 % ga ;J(U)
Vo (Mar) = (—1)%iC8 V2T + 1V (7) +de | [ 2 o La—1) | ¥ +
2 2C ; \/—t(u + 7'

Now, we would like to analyze the nature of the second transformation of V,, whenever b =4 and r = 1.
However, because the condition b|2ar must be satisfied, a is forced to be even.

Corollary 2. Forb=4,r =1, % € (0,1), and a € {0, 2},

A\/7T ioo gé l( )

Vo(Mi7) = (VT + 1Vo (1) + (sCodh . \/T—i-T

5. PROOF OF THEOREM 1

Proof. Now, in order to prove quantum modularity, we must make the restrictions outlined in Theorem 1.
Therefore, we need to set b = 4 from our equations in Theorem 5. For V,, (M, 1), we get

3Notice this would have been the case if we had let p =0, and thus s = 2a.
15



Va(My7) = (-1)% cse( ORGERAC

(5.1) vt (T (e Y LA (a1 [ e ()
' °\2\ete) Tel\a2)) L L™

Following this, we are going to compute what each V,,(Ma7) looks like for @ = 0,1,2,3 and what each
Va(M;7) looks like for a = 0, 2. and show that the equations we state in Theorem 1 hold. Then, we will do
the same for V,,(T,7) for a general a and and r that is an even multiple of C. Following that, we will argue
why this makes our functions quantum modular.

We first begin by focusing on the My transformations. So, we can simplify (5.1) further by setting r = 2

which looks like

52) Va(ar) = (-1 (5 ) VB F VL)
rame((5ed) <2 G0) [ e

From here, we can go through the cases of a =0, 1,2,3. We start with a = 0. We get

Va<MrT> = imVa (T) + m%e ((
1
4

27 +1 ()—|—\/27'—|—1;e(

Now we compute +(27 + 1)~1/2V,,(M,7) for a = 0. We get

1 _1/2 B 1 AN [ 9a3 )
Ler 4 D)) = Valr) - e (5 % (u+7

Finally, we compute V,, (1) — (27 + 1)71/2V,,(Ma7). This looks like

Q\:&
ol
/—\

1 1 A o0 9
Va(T) — ;(27’ + 1)71/2VQ(M2T) = Z@ <—2(7) L

This clearly matches our second equation from Theorem 1 for a = 0 and M>. Now, we follow the same
procedure for a = 2 and Ms. So, we plug in a = 2 to our equation (5.2), which already accounts for r = 2.

We get
16



Va(MrT):(—l)“ie((f)\/mV(H\/me<<“ 1>2+A(a_1)> 98450
27 +1Vo(7) + V27 + 15 e(( 1>2+A<11>> mg%’_%;(“du
27+ 1Va(r) + V2r + 15 e< Q‘é)/m%—l(“)du

=1V21 + 1V, (7 )+1\/2'r+16<2/é>/ %iidu.

Now we use Lemma 2 part (2) in order to shift our g function to the desired form. Therefore, we get

m,_\

a1 (u
Z

VQ<M27>=iWVa<T)+—§me<A A) :OOW
)

20 C

1 A i ga1(u
=V21 + 1V, (T +—\/27’—|—1€< ) —cz
() 2 2C 1L/t (u+T)

Now, we compute (27 + 1)~1/2V,, (Ma7) which is

1 1 A o ga1(u
~(27 + )7V 2Va(Ma7) = Val(7) + — e (‘) / g,

From here, we compute V,, — (27 + 1)71/2V,,(M,7). We get

100 A1
%(274— 1)~Y2V, (Myr) = l_e (—A) .S A (w)

21 2C 1/_2 u_|_7-

This clearly matches our second equation from Theorem 1. Now we continue to look at our My transfor-
mations, but we aim to match a = 1 and a = 3 to our first equation in Theorem 1. We begin with plugging
in @ =1 in equation (5.2), which already accounts for r = 2. We obtain that

Vi) = ( ) VI v >ﬁ (€ g)ig (3-3)) [ e

ng()
W

Now we compute (27 4 1)~/2V,(My7). Tt looks like

27 + 1V (1) + 5 m

=

i [ ng()
2% Vo u+7'

Finally, we are able to compute V,, (1) — (27 + 1)~/2V,,(Ma7). We find that

(27 + 1) V2V (Mar) = Vo(7) +

i [ gaoluw)
2Jr y/—i(u +T

We see this matches our first equation from Theorem 1. Now we need to do the same for a = 3. So, we
plug in a = 3 in our equation (5.2), which accounts for r = 2, to obtain
17
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. 2 ;
100 gi 1_3 u
Va(MaT) = —ie (Z) \/27'—|—1Va(7')—|—\/27+1;e((;—F;) —|—g (3—;)) / Mdu

27 ¥ 1Valr) + wh+1e< ) ;m %111l

Now, we need to use Lemma 2 in order to get our g function in the form that we desire. We see that

du

Vo (Ma7) = V27 + 1o () + %h+m< A) 0 _9g0(W)

¢ C —i(u+7)

=21 + 1V, (1) + \/27+ [ZOO %Z u(i)

We now can compute (27 + 1)~/2V,(M,7) and we find

i [ ga0(w) i
2Jr \/—i(u+71)

Finally, we compute V(1) — (27 + 1)~ Y/2V,(M7). We see that

(27 4+ 1)~ V2V (Myr) = Vo(7) +

i [ g4 _9g0\W (u)
2Jr y/—i(u+7)
This clearly matches our first equation from Theorem 1, and we have finished the M, transformations.

Now we move on to the M; transformations for a = 0 and a = 2. We need to plugin r =1 and b =4 in
our equation from Theorem 5, (5.1). When we do this, we get

Va(r) = (27 +1)"V2Vo (Mar) = —

VQ(MN)_(n%e(“ +1)\/7V( )

i (1(a 1\° Afa 1 wogg,%_%(U)
(5.3) +VT+12€<2 <2+2> +C<2_2)> ) %—’L T

And now we can begin with a = 0. Because (5.3) already accounts for r = 1, we first need to plug in
a = 0 to obtain

) 2 A 1
¥QMLT)@V?+1uxﬂ+\ﬁ4]§6<;<;) é( )) 1 vﬁczﬁﬂ
i 1 A géé
“GmE e v (g)e () [
Now we compute (g *(1 4 7)~/2V, (M;7). We find

G A+ TV (M) = Va(r) + Lo (_A> 1100 94,1 ()

2°\ 20 NETTES i

Finally, we can compute V,, (1) — (g *(1 4 7)"/2V,(M;7). We get

%ﬁ%<¢u+ﬂ*ﬂmmLﬂ=—&<‘A>/mﬂﬁaodw
1

18



We see this matches our third equation from Theorem 1. Now, we need to show that our M transformation
for @ = 2 does as well. Therefore, we need to plug in a = 2 in (5.3), which already accounts for r = 1. We
get that

Vo(Mi7) = —e (Z) VT + 1V, ()

+VT+ 15 e( (1+2)2+2<1—;>> 1@0@ ot 55:07

‘e(é)mw )+ VT () (;é) 1”" 923

=i U+T

From here, we must use Lemma 2 part (2) in order to shift our g to the form we want. Doing this, we see

A A i00 ga1 (u)
20 c> \/ﬁdu
Qe (o) [

V(le)e< )x/rTV() m;eC) (

Now we must calculate (g ' (7 4 1)'/2V,(M;7). We find
—1 ,1/2 Z A io0 9%7% (U)

G (T+ 1) VoM7) = Vo(r) + 3¢\ 730 —==——du.

1

Finally, we must find V,,(7) — (g *(7 4+ 1)~ Y/2V,,(M;7), which is

Valr) = G+ 1) 2V (M) = — e <_A> 12°° 94,1 ()

2 20 1/_71 +T

This clearly matches the third equation from Theorem 1. Finally, we must match up our 7T transformations
with the forth equation in our Theorem 1. We begin by looking at the T transformation in integral form
from our Theorem 5. Here, 7 is an even multiple of C, as we recall from Theorem 4. We see

2
Va(Tor) = G57(-1) & FEe (—; (g — ;) ) Va(T)

Now, we calculate (—1) ¢ +5e

—~

g) e (%) V(7 + r). This looks like

e () e (MGG ) Vel = Vet

And from here, we can clearly see



So, if C'is even, we have r = C, and

V() — (=1)A*%e (g) e <C(2A_C)2) V(r+C)=0.

8C?
If C' is odd, we have r = 2C', and

Va(r) — (~1)24+C (Z) e (0(2‘20_2 C)2> V(r+20) =0,

These match our last two equations in Theorem 1.

Now we have shown each of the equations in Theorem 1 hold. These equations tell us that the difference
between V,,(7) and a root of unity multiplied by (r7 + 1)~'/2V,,(M,7) is a Mordell integral. Where M, is
from G,. Because of the shape of the integral, we know the difference is real analytic as discussed in Folsom,
et al [2]. The equations from Theorem 1 also tell us that the difference between V,(7) and a root of unity
multiplied by V,(T,.7) is 0; this is clearly real analytic. We also know that by Theorem 4, we have quantum
sets and quantum groups for these functions.

Therefore, the function V, is quantum modular on the set S, with respect to the group G, and this
concludes our proof of Theorem 1. O

6. CONCLUSION

Although we were able to determine the transformation properties of V, for arbitrary b € Z satisfying
particular conditions, it is still under investigation determining which quantum sets and groups will follow
with respect to b. One approach that may yield a result is if b is restricted to be powers of two. In addition,
it is curious what the structure of a strong generalization of our current work would appear such that it
constitutes all classes of quantum modular forms seen in the work of [2]. A possible area to expand our work
in order to encompass the work of [2] would be to investigate shifting our function, so we not only generalize
the n = 1 case, but also the n =2,3,4,5,6 cases. We are also interested in proving mock modularity for V,,
as that is something that is accomplished in [2].
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