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ABSTRACT. We prove a result for square matrices over the p-adic numbers akin to the
Perron-Frobenius Theorem for square matrices over the real numbers. In particular, we
show that if a square n x n matrix A has all entries p-adically close to 1, then this matrix
will possess a unique maximal eigenvalue Ag such that: (a) Ag is a p-adic integer, (b) Ao has
an algebraic multiplicity of one, and (c) there exists an eigenvector associated to Ag with
all entries p-adically close to 1. Furthermore, we show that iteration of A/\y converges to
a projection operator onto the eigenspace of \g.

1. INTRODUCTION

The classical Perron-Frobenius Theorem gives us information about square matrices with
all entries given by positive real numbers.

Theorem 1.1 (Perron-Frobenius, Theorem 1 in Chapter 16 of [3]). Let A be a square matriz
with all entries given by positive real numbers. Then there exists an eigenvalue \g of A of
multiplicity one such that Ao is a positive real number and |\ < Ao for all other complex
eigenvalues A of A. Furthermore, there exists an eigenvector v of A with eigenvalue \g such
that all components of v are positive real numbers.

A useful application of Theorem 1.1 is the following.

Theorem 1.2 (Theorem 3 in Chapter 16 of [3]). Let A be a square n x n matriz with all
entries given by positive real numbers such that, for each column of A, the sum of the entries
in that column is 1. Then the mazimal eigenvalue Ay of A guaranteed by Theorem 1.1 is equal
to 1, and for any vector x € R"™ with all entries nonnegative, the sequence (A*x) converges
to an eigenvector of Ag.

The dynamical implications of Theorem 1.2 make it useful for studying many real-world
phenomena. Matrices in the form of the matrix A from Theorem 1.2 are used to model
changes in atomic nuclei and populations in ecological systems [3, p. 241], and Theorem 1.2
itself forms the basis of Google’s search strategy [3, p. 242].

Our first result over the p-adic numbers is analogous to Theorem 1.1. This result applies
to any p-adic n X n matrix A, where: (a) all entries of A are in 1 + pZ,, and (b) p { n. For
a demonstration of why these conditions cannot be relaxed, see Example 4.3.
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Theorem 1.3. Let p be a prime and let n be a positive integer such that p{n. Let A be a
square n X n matriz with all entries in 1 + pZ,; that is, let

14+par 14+pas ... 14+ pay,
A _ 1 +?9a21 1 +'pa22 o1 +'pa2n ’ (1)
14+ pan 14+pans ... 14+ pay,

where each a;; € Z,. Then there exists an eigenvalue Ny of A of multiplicity one such that
Xo € Zyp, Ao = n (mod pZ,), and |\|, < |Xo|p for all other eigenvalues X of A in C,. In
addition, there exists an eigenvector v of A with eigenvalue \g such that all components of
v are elements of 1 + pZ,,.

Our next result states that we can relax the condition of Theorem 1.3 that p t n as long
as we strengthen the other condition according to the extent to which p | n. Specifically,
given a prime p and positive integer n, we show that the conclusion of Theorem 1.3 about
the existence of a strictly maximal eigenvalue \g of A still holds if we require that all entries
of A be close enough to 1.

Theorem 1.4. Let p be a prime and let n,{ be positive integers. Let A be a square n X n
matriz with all entries in 1 + p*Z,; that is, let

L+play 1+plars ... 1+ plar,
L+plas 1+plage ... 1+plag,

- : : .. : ’ (2)
1+ pfam 1+ peang oo 1+ pfa,m

where each a;; € Z,. Suppose { > 2(n — 1)v,(n). Then there exists an eigenvalue Ny of A
of multiplicity one such that g € Zy, |Ao — nl, < p~¢/|n"71|,, and |\|, < |\o|, for all other
eigenvalues X of A in C,.

Our final result analyzes the forward orbits of vectors with p-adic components under iter-
ation by p-adic square matrices with a strictly dominant eigenvalue of multiplicity one. We
produce a statement for matrices over the p-adic numbers analogous to that of Theorem 1.2
for matrices over the real numbers.

Theorem 1.5. Let A be a square n x n matriz with all entries in Q,. Suppose that A has
an eigenvalue Ng of multiplicity one such that ||, < |Xol|, for all other eigenvalues X of A in
C,. Then iteration of A/X\y converges to a projection operator onto the eigenspace of Xo.

2. BACKGROUND ON THE p-ADIC NUMBERS

We begin with some remarks on the p-adic numbers @, and their complete, algebraically
closed extension C,. Unless otherwise specified, we will take p to be any prime number. We
refer the reader to [2] for more details on Q, and C,.
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2.1. Construction of Q,.
Definition 2.1. The p-adic valuation on Z is the function v,: Z \ {0} — Z defined by
max{keN:pF|n} ifp|n
vp(n) = :
0 if p{ n.
We extend v, to Q as follows: we define v,: Q - ZU {0} by
vp(a) — (b)) if x =a/be Q*
vp(x) =

(3)

(4)

00 if x =0.
Definition 2.2. The p-adic absolute value on Q is the function |-|,: Q@ — R defined by
x|, = p~7 @, (5)
where we define p~>° = 0.
We recall that a field K is complete if every Cauchy sequence in K converges in K. It

is known that Q is not complete with respect to any of its nontrivial absolute values [2,
Lemma 3.2.3].

Definition 2.3. The field Q, of p-adic numbers is the completion of Q with respect to the
p-adic absolute value.

2.2. Properties of QQ,. There are several useful properties of QQ, that we will keep in mind
throughout our work. The first of these appears as part of Theorem 3.2.13 in [2].

Theorem 2.4. Fiz a prime p and let a,b € Q,. Then
|a + 0], < max {|alp, [b], } (6)
Theorem 2.5 (Proposition 2.3.3 in [2]). Fiz a prime p and let a,b € Q, with |a|, # |bl,.
Then
|a + b, = max { |al,, 0], } - (7)
It is a consequence of Theorem 2.4 that Z, = {x € Q, : |z|, <1} is a subring of Q,; we
call this the ring Z, of p-adic integers. It follows similarly that pZ, = {z € Q, : |z|, <1}
is the unique maximal ideal of Z,. The quotient field Z,/pZ, is called the residue field of
Zy; it is an immediate consequence of [2, Corollary 3.3.6] that Z,/pZ, = Z/pZ.
The following results allow us to deduce information about the roots of a polynomial

f(X) € Z,[X] from the behavior of the reductions of f(X) and f'(X) modulo pZ, (f'(X)
being the formal derivative of f(X)).

Theorem 2.6 (Hensel’'s Lemma, Theorem 3.4.1 in [2]). Let f(X) be a polynomial whose
coefficients are in Z, and suppose that there exists a p-adic integer oy € Z, such that

flan) =0 (mod pZy) (8)

and
f'(ar) #0  (mod pZ,). (9)
Then there exists a unique p-adic integer o € Z,, such that f(a) =0 and o = oy (mod pZ,).
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Theorem 2.7 (Strong Hensel’s Lemma, Lemma 3.1 and Corollary 1 in [1]). Let f(X) €
Z,|X] be a polynomial whose coefficients are in Z, and suppose that there exists a p-adic
integer oy € Zy, such that

[flan)]p < |f' ()]} (10)
Then there ezists a unique p-adic integer o € Z,, for which f(a) =0 and
| (a)lp
a—aql, < =5 11
b = ), )

We conclude this subsection with a theorem that gives us sufficient conditions for a poly-
nomial in Z,[z] to be irreducible over Q,.

Theorem 2.8 (Eisenstein Irreducibility Criterion, Proposition 5.3.11 in [2]). Let
fX)=a+auX+- - +a,X" € Z,[x] (12)
be a polynomial satisfying the conditions
i) lanlp, =1,
i) |ail, <1 for 0 <i<n, and
iii) |aol, = 1/p.
Then f(X) is irreducible over Q,.

2.3. The Field C, and Newton Polygons. While the algebraic closure Q, of Q, is
not complete [2, Theorem 5.7.4], the completion of @, is algebraically closed [2, Propo-
sition 5.7.8]; we call this field C,,.

Definition 2.9. Let f(X) =ao+a X +---+a,X" € C,[X] be a polynomial. The Newton
polygon of f is the lower convex hull of the set of points

S={(,1a):1<i<n}. (13)

By a slope of the Newton polygon, we will mean the slope of a line segment appearing in the
polygon. Given a slope of the polygon, by the length of the slope, we will mean the length of
the projection of the corresponding segment on the x-axis. It is clear that since the Newton
polygon is the lower convex hull of a set of points in R?, the slopes form a nondecreasing
sequence if we pick the corresponding segments from left to right.

Theorem 2.10 (Theorem 6.4.7 in [2]). Let f(X) = ap+ a; X + -+ a, X" € C,[X] be a
polynomial, and let my, ms, ..., m, be the slopes of its Newton polygon (in increasing order).
Let iy, s, .. ., i, be the corresponding lengths. Then, for each k, 1 <k <r, f(X) has ezactly
i roots (counting multiplicities) of absolute value p™*.

3. BACKGROUND ON LINEAR ALGEBRA

We now review necessary background material on linear algebra. We will take A to be a
square n X n with entries from a field F. We refer the reader to [3] and [4] for additional
details on linear algebra.
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3.1. Calculation of Determinants. A useful formula for computing determinants is pro-
vided in [3, Chapter 5, Equation 16]. This formula expresses the determinant of A as the
sum of signed products of entries from distinct rows and columns in A. We will quote this
formula below for convenience.

Lemma 3.1 (Determinant Formula). Let S,, denote the symmetric group on {1,...,n},
and let sgn denote the sign function of permutations in S,. Then

det(A) = Z sgn(o) Haiﬁg(i). (14)

gESy,

3.2. Calculations Involving Jordan Normal Forms. We briefly review how to compute
powers of matrices given in Jordan normal form. Let A be a matrix in Jordan normal form:

Jn1 0 ... 0
0 Jn, ... O
0 0 ...

where, for 1 <i < j, J,,, is the m; x m; Jordan block associated to the eigenvalue \; of J:

N1 ... 0 0
N ... 0 0

=1 ] (16)
00 ... N\ 1
00 ... 0 X\

Different Jordan blocks may share the same eigenvalue, but different eigenvalues may not
share the same Jordan bock. A useful computational property of Jordan normal forms, as
noted in Section 5.5 of [4], is that we can easily compute powers of A:

noo0 ... 0
0 Jr ... 0

Jh = : o . (17)
0 0 ...Jn

Thus, in order to compute J" for a positive integer n, we only have to compute the power

Jy,. of each Jordan block J,,,. By induction, we will show that, for any positive integer n,

N (N (T
o D (I P Y

T = | ¢ L : : . (18)
o0 .. 0 A |




Robert Costa and Patrick Dynes

If a < b, we say (Z) = 0, as is standard. In the case n = 1, the formula (18) agrees
with the Jordan block J,,,. Suppose inductively that the formula (18) holds for some integer

n =k > 1. That is,

_/\f (?)Aﬁ_l (mf_2>)€—(mi—2) (mf_l))\g—(mi—l)_
n —(m;— —(m;—2
0 )\f (mi—3))\i ( K (mf—?))\l ( )
gy : : (19)
A (Ha
_ 0 N
We compute JE:
D (AL (E N (E NI T 1 o 0]
0 A RN EAT™TP o A 00
it = : : : Cooro ] (20)
0 0 ... AE (Mt 0 0 ... N 1
0 0 0 pYs | |0 0 A
DL N (DAF (AT (A
0 /\f—i_l e (mik—3) /\f_(mi_?’) + (mik—2> )\f_(mi_g)
—| _ : (21)
0 0 AF 4 (B)NE
0 0 pLan
:)\f+1 (k-lkl) >\Z(k+1)—1 . (n/;tg) )\Z(k+1)—(ml—2) (mkj11))\§k+-1)—(mz—1)
0 )\?—H o (n]ij_—l3) A’Ek"f‘l)—(mi_?)) (7::112) )\Ekﬁ-l)—(mz—z)
= : : : (22)
plax! (k+1) )\(k+1)71
(A 1 (A
0 )\f—l—l

The final step follows by Pascal’s identity for binomial coefficients:

a+1 a a
— 23
(b+1) (b)+<b+1> (23)
for nonnegative integers a and b. Hence, the formula (18) holds for n = k£ + 1. By the
Principle of Mathematical Induction, this formula holds for all positive integers n.
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4. PROOFS OF MAIN RESULTS

4.1. Proof of Theorem 1.3. In this subsection, we establish Theorem 1.3. Our argument
will make use of the Newton polygon associated to the characteristic polynomial f(X) of A.
First we establish several lemmas.

Lemma 4.1. Let p be a prime and let n be a positive integer. Let A be a square n X n matriz
with all entries in 1+ pZ,; that is, let

I1+par 1+pa ... 1+pa,
Ao 1+ .pagl 1 +?9a22 1 +Pa2n (24)
1 + bani 1 + bapz ... 1 + Pann

Then |det(A)|, < p'™™.

Proof. Using Lemma 3.1, we calculate:

€Sy =1

=D san(0) > [aowr (26)
oE€Sy, IC{1,...n} i€l

= Z SgIl(O') Z Z H A5 (i) P (27)
0€Sh k=0 IC{1,...,n} 1€l

where for each I C {1,...,n} we define

S(I) = Z sgn(o) Haiﬂ(i)' (29)

oESH el

Now suppose that 0 < k <n —2. Let I C {1,...,n} with |I| = k. Since |I| < n — 2,
there exists a transposition € € S, that fixes the elements of I. Then since the map o — e
is a bijection from S, to itself, we can write

S(I) = Z sgn(oe) Haivge(i) (30)

ocESy el

= sgn(e) Z sgn(o) H Qi () (31)

gESy, i€l

=-S(I), (32)
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where in line (31) we use the fact that a;,c;) = a; o) for all o € S, and for all ¢ € I. The
statement S(/) = —S(I) implies that S(I) = 0, so line (28) becomes

det(A) = Xn: > pEs). (33)

k=n—1 IC{1,...,n}
=k

We see from Theorem 2.4 that for any subset [ of { 1,...,n}, |S(I)|, < 1. Taking the p-adic
absolute value of both sides of equation (33) and again applying Theorem 2.4, we find that

|det(A Z > P <max{|p" M "} =0 (34)
k=n—1IC{1,.,n} |p
|I|=k
U

Lemma 4.2. Let the matriz A be as in the statement of Lemma 4.1 Let the characteristic
polynomial f(X) of A be given as:

fX)=X"+Cp X" P+ + C1X + . (35)
Then |C;il, < p'™T for 0 <i < n—1, and if additionally ptn, |C, 41|, = 1.

Proof. First we establish some notations. Given positive integers ¢ and j, let ¢; ; represent
the Kronecker delta function of ¢ and j. Given a permutation o € S, let Fix(c) denote the
set of all elements of {1,...,n} that are fixed by . Given a subset I of {1,...,n}, let I°
represent the set {1,...,n}\ I.

We apply Lemma 3.1 to A — XTI to find the characteristic polynomial f(X) of A:

f(X) = (=1)" det(A — XT) (36)

" ; sgn(o) ﬁ(l + Paio(s) = Oio()X) (37)

-1)" ; sgn() IC{IZ } (1;(1 +Pai,o<z‘>)> (g(—%(i)X )) (38)

)" ; sgu(o) ICFZ( | (1;[(1 +paz,o(z‘))> (—DHix (39)

= (=1)" IC; }(—1)|]X|] ES: sgu(o) H(l + paion) |- (40)
s 1&¥ixd) <

Note that if we let A; denote the (n — |I]) X (n — |I|) matrix formed by removing the ith
row and column from A for each i € I, then line (40) becomes

FX) = (=" > (=)MX M det(A)). (41)

IC{1,...,n}
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This is because, given I C {1,...,n}, applying Lemma 3.1 to A; tells us that

det(A;) = Z sgn(o) H(l + Pa; o)) (42)

oeSym(I€) iele
= Z sgn(o) H (1 + pai,g(i)). (43)
ocESy iele
ICFix(o)

It follows that for 0 < i < n — 1, the coeflicient C; can be calculated by adding and
subtracting the determinants of (n — ) x (n —4) matrices with entries in 1+ pZ,; Lemma 4.1
implies that each of these determinants has a p-adic absolute value of at most p'~(»=% =
p!~"* and Theorem 2.4 then implies that

|Cil, < pt (44)
Suppose, additionally, that p { n. We note by line (41) that

(Cocalp =1 D det(4)) (45)
[I|=n—1 »

= [tr(A)], (46)

= |1+ aup) + -+ (1 + awp)lp (47)

=|n+(an+---+ ann)p|p' (48)

It follows from Theorem 2.4 that |ay; + -+ + annlp < 1, and so (a1 + -+ + apn)pl, < p L.
But |n|, = 1 since p { n, so by Theorem 2.5, line (48) becomes

|Cn—1|p = max { |”|pv (@ + -+ ann>p|p} = |n|p =1 (49)
O

Proof of Theorem 1.3. Let the matrix A be as in the statement of Theorem 1.3. Suppose
that p f n. Our first goal is to show the existence of a strictly maximal eigenvalue A\ of A of
multiplicity one. We reach this goal by an analysis of the characteristic polynomial f(X) of
A.

We first construct a partial Newton polygon for f(X). Referring to Lemma 4.2, we find
that 1,(C;) >n— (i +1) for 0 <i <n—2, and 1,(C,,—1) = 0 = ,(1); see Figure 1.

The slope of the Newton polygon from (n — 2,v,(C,_2)) to (n — 1,0) must be at most
0 — 1 = —1. The fact that the Newton polygon is the lower convex hull of a set of points in
R? implies that the slopes are nonincreasing from right to left, so we conclude that all slopes
to the left of (n—1,0) must be at most —1. Applying Theorem 2.10 to this Newton polygon,
we find that there are n — 1 roots of f(X) (in C,, counting multiplicities) of absolute value
at most p~!, and there is one root \y with

|Nol, =p° = 1. (50)

It follows that Ag is a strictly maximal eigenvalue of A of multiplicity one.
Our second goal is to show that A\g € Z,. This will require an application of Theorem 2.6,
Hensel’s lemma. In particular, we will show that A\ = n (mod pZ,). Recall we showed in
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Remaining Points

(n=1) L fin ks | Byearon:

| | H>
x x

1 2 n—1 n

FIGURE 1. Newton Polygon for f(X) in the proof of Theorem 1.3.

Lemma 4.2 that if we write the characteristic polynomial f(X) of A as
fX)=X"+Cp X" -+ C1 X + C, (51)

then we know that |Ci|, < p'™"" for 0 < i < n—1, and |C,,_4|, = 1 since p { n. Thus,
f(X) € Z,[X], so f(n) and f'(n) are in Z,. Note that

Cpo1=—tr(A) =—n— (a1 + -+ app)p = —n  (mod pZ,). (52)
Reducing f(n) and f’'(n) modulo pZ,, we find that

f(n) =n" —nn"! (mod pZ,) (53)

=0 (mod pZ,), (54)

since |Cy|, < p~! for 0 <i < n — 2, whereas

f'(n) =nn"' — (n* —n)n"? (mod pZ,) (55)

=n" —n" +n"! (mod pZ,) (56)

=n""1#0 (mod pZ,). (57)

We now apply Theorem 2.6 to conclude that there exists a unique p-adic integer a € Z,, such
that f(a) =0 and @ = n (mod pZ,). Writing a = n + x for some = € pZ,, it follows from
Theorem 2.5 that |a|, = |n|, = 1. But we saw in equation (50) that X, is the unique root of
f(X) of p-adic absolute value 1, so it follows that A\g = o € Z,,. We now have that

X =n  (mod pZ,). (58)

What remains is to show that there exists an eigenvector of A with eigenvalue Ay such
that all of its components are elements of 1+ pZ,. We can solve a linear system of equations
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in @, to find a nonzero eigenvector v = (vq,...,v,) € Qp of Ao. If we pick a component v;
of v such that |v;|, = max{ |vi]p, ..., |vnl, }, then it follows that
v
u=— 09
(59

is an eigenvector of Ag contained in Zj. Since u; = 1, we see that
(Al,'l)Z = )\Oui = )\0 =N (mod pr) (60)

The matrix A is equivalent to the matrix of all 1’s modulo pZ,, so for all j with 1 < 7 <mn,
calculating (Au); as the scalar product of the jth row of A with u shows that

(Au); =uy + -+ +u, (mod pZ,). (61)

Thus, all of the components of (Au); are equivalent to each other modulo pZ,, and by
equation (60), they are all equivalent to n modulo pZ,. But since Au = A\u, we also know
that

(Au); = Au; =nu; (mod pZ,) (62)
for all 7 with 1 < j < n. Then we have the system of equations:
n=nu (mod pZ,) (63)
n=nuy (mod pZ,) (64)
n=nu, (mod pZ,). (65)

Since n # 0 (mod pZ,), we can divide each line above through by n to see that every
component u; of u is equivalent to 1 modulo pZ, and is hence an element of 1 + pZ,. 0

Example 4.3. Here we show that the conclusions of Theorem 1.3 do not necessarily hold
if we relax the conditions that: (a) all entries of A are in 1 + pZ,, and (b) p f n. When we
applied Theorem 2.6 in the proof of Theorem 1.3 to show that the maximal eigenvalue was
in Z,, we used the fact that f(n) = 0 (mod pZ,), but f'(n) # 0 (mod pZ,). It stands to
reason that if we want the maximal eigenvalue to not be in Z,, it would be worthwhile to
consider cases where f’(n) is equivalent to zero modulo pZ,.

We consider the matrix A € Matay2(Qs2) defined by

o 1 —|—20,11 1 —i—2a12

A= 14+ 2ay 1+ 2ag|’ (66)
where each a;; € Zy. The characteristic polynomial of A is
f(X) = X% —tr(A)X +det(A), (67)
so f'(X) =2X —tr(A) and f'(2) =4 — tr(A). If f/(2) =0, then tr(A) = 4. Then
24 2(ay; +ag) =4 (68)

a1 + agg = 1. (69)
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Let (a11,a12,a9,a2) = (1/3,0,0,2/3), so that each a;; € Zy and ay; + aze = 1. Then

equation (66) becomes
(53 1
A= (). o

f(X)=X?—4X +26/9. (71)
Taking the 2-adic absolute values of the coefficients of f(X) in equation 71, we find that
i) |1]s =1,
i) |—4]» = 1/4 < 1, and
iii) |26/9|2 = 1/2.
We conclude by Theorem 2.8 that f(X) is irreducible over Q,. Thus, neither eigenvalue

of f(X) is in Qo, let alone Zy. If we look at the Newton polygon of f(X), we see that its
vertices are (0, 1) and (2,0), so its eigenvalues have the same 2-adic absolute value, 272, ¢

and equation (67) becomes

4.2. Proof of Theorem 1.4. In this subsection, we generalize Theorem 1.3 to establish
Theorem 1.4. Many parts of the argument will be similar.

Lemma 4.4. Let p be a prime and let n,{ be positive integers. Let A be a square n X n
matriz with all entries in 1 + pKZp; that is, let

1+ plann 1+pfars ... 14 plai,
1+ pla 1+ pla ... 1+ plas,

A . 21 ' 22 ' ' 2 (72)
1+ pea'nl 1+ pganQ o I+ pga"rm

Then |det(A)], < pt=m.

Proof. The argument is as in the proof of Lemma 4.1; the only difference is that one must
replace p with p’ throughout. 0

Lemma 4.5. Let the matriz A be as in the statement of Lemma 4.4. Let the characteristic
polynomial f(X) of A be given as:

f(X)=X"+Cp X" P+ + C1X + . (73)
Then |Cyl, < p*="%) for 0 <i < n — 2 and if additionally { > v,(n), |Cp_1l, = |n|,-

Proof. The estimates for |C;|, in the case 0 < ¢ < n — 2 follow as in the proof of Lemma 4.2;
the only difference is that one must replace p with p’ throughout.
Suppose additionally that £ > v,(n), so |n|, > [p*l, > [p*(a11 + - + @un)|p- We estimate:

|Crilp = [tr(A)], (
= (14 p'ar) + -+ 1+ plawm)l, (75

= ‘n“'pé(all“‘"""ann”p (

(

= |n|p‘
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U

Proof of Theorem 1.4. Let the matrix A be as in the statement of Theorem 1.4. Suppose
n > 1, for otherwise this discussion is trivial. Suppose that ¢ > 2(n — 1)y,(n). Our first
goal is to show the existence of a strictly maximal eigenvalue A\g of A of multiplicity one.
This requires a careful analysis of the characteristic polynomial f(X) of A.

From Lemma 4.5, we have that 1v,(C;) > ¢(n—i—1) for 0 < i < n—2, and v,(Cy,—1) = v,(n).
We note that since n is a positive integer larger than 1, the hypotheses imply that ¢ > 2v,(n),
s0 1,(Ch—1) < £/2. We construct a partial Newton polygon for f(X); see Figure 2.

nl
Remaining Points
(n—1)¢ SHammE 2ot
Lie in this Region
20 + RN
0+
| | | ,\‘,
[ [ [ [

1 2 n—2n—-1 n

FIGURE 2. Newton Polygon for f(X) in the proof of Theorem 1.4.

We note that the line segment connecting (n — 1, ,(C,—1)) with (n,0) has the slope

0— Vp(Cn—l) —y
n— (n — 1) p(Cn 1) (78)
> —0/2. (79)

We now consider extending the line segment through (n — 1,1,(C,—1)) and (n,0) to the
left until it intersects the y axis. For 0 < ¢ < n — 2, we bound the y-coordinate of the point
on the line segment extension with x-coordinate i:

Vp(Cna)(n =) < (¢/2)(n 1) (80)
={/2)(n—1—-1)+1/2 (81)

< 0y (C)/2 +1)2 (82)

< 1y (C)/2 + 1y(Co) 2 (53)

= 1,(C%). (84)
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The calculation above shows that this line segment extension will lie strictly below the
remaining points of the Newton polygon. We note that the slopes of the segments of the
Newton polygon to the left of the point (n —1,1,(C,_1)) are bounded above by the slope of
the line segment through (n —2,¢) and (n — 1, v,(C),—1)). We calculate:

Vp(Cr—1) — ¢
(n—1)—(n—2)

<l/2—1 (85)
= (/2. (36)

Applying Theorem 2.10 to this Newton polygon, we find that there are n—1 roots of f(X)
(in C,, counting multiplicities) of absolute value strictly less than p~ 2. We will denote these
roots by A1, Ao, ..., \,,. Furthermore, there is one root, denoted )\, of absolute value strictly
greater than p~%/2. This root is a strictly maximal eigenvalue of A of multiplicity one.

Now that we have established the existence of a maximal eigenvalue \y, we will show that
Ao is a p-adic integer. This will require an application of Theorem 2.7, the strong version of
Hensel’s lemma. We calculate:

fn) =n"+Cpin" ' + Cp_on™ 2+ -+ Cin + C (87)
=n" — (n+pay 4+ F Gpp) )" 4 Crgn™ 2+ -+ Cin + Cy (88)
= —p'(an + -+ )"+ Coon 2 -+ Cin+ G (89)

Since |Cy], < p~* for 0 <i < n — 2, we have the bound |f(n)|, < p~*. We calculate:

f'(n) =nn"+(n—1)Cn" %+ (n—2)C,on" > + -+ C (90)
=n"—(n—Dn+p(an+ -+ )" 2+ —2)Cpon™ >+ +C (91)
=n"+ ("2 =n""Nn+pan+ -+ awm) +(n—2)Choan™ +--+Cy (92)
=n" (" =" ) (an + o+ @) + (= 2)Cran™ P 4+ O (93)

Since £ > (n — 1)v,(n), so that p= < |n"71|,, and since |Ci|, < p~* for 0 <i <n —2, we
have the equality |f'(n)|, = [n"!|,. Finally, since £ > 2(n — 1)v,(n), we have the bound:

[fm)ly < p~* (94)
< p—2(n—1)up(n) (95)
= [n*® ], (96)
= ') (97)

We now apply Theorem 2.7 to conclude that there exists a unique p-adic integer o so that
f(a) = 0 satisfying
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Lf(n)lp
@b < ), )
—¢
= |n€_1|p 59)
—0
< ]% (100)
—p 2 (101)

We will show that the none of the nonmaximal eigenvalues are candidates for the root
a found by Hensel’s lemma. Let A\;, 1 < ¢ < m be a nonmaximal eigenvalue of A. Since
Ail, < p~%? and |n|, > p~/?, we have:

|\ —nl|, > p~2 (102)

Hence, the nonmaximal eigenvalues are not . Thus A\g = a. In particular, )\ is a p-adic
integer. From (99), we obtain [\g — n|, < p~¢/|n"1|,.

From the Newton polygon in Figure 2 and the estimate for |C,,_;|, from Lemma 4.5, we
calculate:

|/\0|p - |Cn—1‘p (103)
= [np. (104)
O

4.3. Proof of Theorem 1.5. In this subsection, we establish Theorem 1.5. Out argument
will make use of the Jordan canonical form of n x n matrices with a strictly dominating
eigenvalue of multiplicity one.

Proof of Theorem 1.5. Let A be an n x n matrix with an eigenvalue \g of multiplicity one
such that |\, < |Ao|, for all other eigenvalues A of A. We write the Jordan canonical form
of A in block form:

N 0 0
0 w0

A= ™ e (105)
0 0 oo Jy,

where the J,,, are m; x m; Jordan blocks associated to the nonmaximal eigenvalues of A. We
will denote the nonmaximal eigenvalues, by A1, Ag, ..., A;; note, however, that the eigenvalues
in this list are not necessarily distinct.We write out each matrix J,,, as:
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N1 0 0
0 X\ ... 0 0

e EE T I (106)
00 ... N\ 1
0 0 0 A

MMM G (N
O (A0 DV (R D e
Jho=: : : : : (107)
A (-
_ 0 “

For a positive integer k, the kth power of A can be calculated as

M0 L0
0 Jt ... 0
AP =Q™ : R | @ (108)
0 0 .. Jk
We will now divide through by A% to obtain:

1 0 e 0
0 JE N 0

AN =@ |, el (109)
0 0 TN

We compute each power JF /AF:

() O - W)
SR
M= 5 ) v

0 0 () &
k
0 0 (§—0> _
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Noting that each ||, < [Xo|, for 1 < i < j, we see that each block J¥ /A vanishes as k

tends towards infinity. Thus as as k tends towards infinity, the sequence (A/)\)* converges
to

10 0

oo o0

P=qQ|. . (111)
00 ... 0

Since Q and Q! induce a change of basis from the standard basis of Q, to the basis
of generalized eigenvectors of A, and since the first column of Q! is the eigenvector vy
associated to the maximal eigenvalue )y, P is the projection onto the eigenspace spanned

by Vo. ]
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