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ABSTRACT. Rank differences functions were studied by Atkin and Swinnerton-Dyer [3], who gave
a combinatorial explanation for the famous Ramanujan congruences modulo 5 and 7. Recently, Mao
proved several rank difference identities for the Dyson rank of the partition function modulo 10 [10],
and for the M, rank for partitions without repeated odd parts modulo 6 and 10 [11]. Additionally,
Mao proved a number of rank inequalities, leaving some to conjecture in each case. In this paper,
we prove several of Mao’s inequality conjectures involving rank difference functions and investigate
Mao’s method to prove rank difference functions for partition restrictions.

1. INTRODUCTION AND STATEMENT OF RESULTS

A partition of n is a non-increasing sequence of positive integers that sum to n, where each
summand is called a part. The partition function p(n) is defined to count the number of partitions
of n. For example, we see that

4=34+1=242=2414+1=1+1+1+1,
give all of the partitions of n =4, so p(4) = 5. Ramanujan discovered and proved the following
congruences involving the function p(n):
p(5n+4)=0 (mod 5)

p(In+5)=0 (mod 7)
p(1ln+6) =0 (mod 11).
In addition, Ahlgren and Boylan proved in 2003 that, in fact, = 5,7, and 11 were the only primes
for which p({n+d) =0 (mod ¢) is true [1].
The rank of a partition A was defined by Dyson to be the largest part of A, /(A), minus the number
of parts, n(A). For example, if

A=5+44+4+4+2+1+1+1,
then we have
Dyson rank(A) =5 —8 = —3.
Throughout, we let N(s,m,n) denote the number of partitions of n with rank congruent to s
modulo m.
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1.1. Work of Atkin and Swinnerton-Dyer. In response to a conjecture of Dyson, Atkin and
Swinnerton-Dyer [3] found a number of elegant formulas, in terms of modular functions and gen-
eralized Lambert series, for the generating functions for rank differences of the form

N(r,l,tn+d)—N(s,l,{n+d)
for the cases ¢/ =5 and ¢ = 7. Their work showed that the rank provides a combinatorial explanation
for the celebrated Ramanujan congruences
p(5n+4)=0 (mod 53),
p(Tn+5)=0 (mod 7).
For example, they found that for numbers of the form 5n+4 (mod 5) and 7n+5 (mod 7), the
rank difference functions are equal to 0. For example, they showed that for £ =5,
Y (N(0,5,5n44)—N(2,5,5n+4)) 4" =0.
n>0

Additionally, for other residues modulo 5 and 7, they proved identities for rank difference functions
in terms of infinite products and modular forms, along with proving a number of inequalities
involving the rank difference functions. For example, they proved that

( q25 . q25)
(N(0,5,5n+1) = N(2,5,5n+1))q" = e :
,;0 (4°:47)(47%:4%) oo
In order to understand their results (along with many results and ideas discussed in this paper),
we must first introduce some notation that we will utilize throughout. We define the following
g-hypergeometric series notation for the g-rising factorial. For any x; € C, define

m—1

(Xl,Xz, s ,xk;q>m = H (1 _xlqn>(l _x2ql’l) T (1 _qun)7
n=0

(1,%25 5% q)eo - = [ J(1 = 214" (1 = 224") - (1 = x;4").
n=0

1.2. Overpartition Setting. Lovejoy and Osburn then took the work of Atkin and Swinnerton-
Dyer and translated it to the setting of overpartitions. An overpartition of n is a non-increasing
sequence of positive integers that sum to n in which the first occurrence of each part may or may
not be overlined. Thus, the overlined parts form a partition into distinct parts, while the non-
overlined parts form an unrestricted partition. Therefore, an overpartition can be interpreted as a
pair of partitions, one unrestricted and one into distinct parts, which sum to 7.

For example, consider the overpartition

A=6+5+5+4+4+34+2+2+1.
Then we have the pair of partitions
{(6+4+3+1),(5+5+4+2+2)}

which sum to n = 31. Conveniently, the Dyson rank of a partition generalizes naturally to overpar-
titions. The Dyson rank of an overpartition A is defined to be /(L) —n(A).
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Let N(s,m,n) denote the number of overpartitions of n with rank congruent to s modulo m. In
[7], Lovejoy and Osburn found formulas for the generating functions for rank differences of the
form N(r,{,fn+d)— N(r,{,fn+d) for the cases £ =3 and £ = 5. For example, Lovejoy and
Osburn proved that

= = (4%:4°)2(=4:9)
N(0,3,3n) —N(1,3,3n)) = -1+ .
n;()( ( )N ) (4:9)s(—0%:7)2

In addition to the Dyson rank, we define the M, rank of an overpartition A to be

0 = [@] () + 1) ~ XM,

where A is the subpartition of A consisting of the odd non-overlined parts of A, and ¥ (A) = 1 if
the largest part of A is odd and non-overlined and ¥ (A) = O otherwise. For example, if A is the
overpartition of n = 15 defined by

A=6+3+3+2+1,
then

My(A) = Ew —-54240=0.

Let Ny(s,m,n) denote the number of overpartitions of n with M, rank congruent to s modulo
m. In [9], Lovejoy and Osburn found formulas for the generating functions for rank differences of
the form Ny (r,£,fn+d) — N(r,{,fn+ d) for the cases £ = 3 and ¢ = 5. For example, Lovejoy and
Osburn proved that

— _ 2B ) (05 )
Y (W2(0,3,3n 4+ 1)~ Na(1,3,3n + 1)) = 2424 )07
n20 (4:9)e

1.3. Work of Mao. More recently, Mao [10] modified the methods of Lovejoy and Osburn to
prove identities for rank difference functions modulo 10 in the unrestricted partition setting. Before
looking at some of Mao’s results, we need to again introduce some notation. For a,b € QQ, define

Iy = (q":4")e
Jab = (44" ¢":¢") .

In the unrestricted partition setting, Mao found similar infinite products and modular forms for
rank differences modulo 10, which he states in the following theorem.
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Theorem 1.1. [10] We have

(o)

Y. (N(0,10,n)+N(1,10,n) — N(4,10,n) = N(5,10,n))q"
n=0

_ <J25J220,50J§0+ 1 & (_1)nq75n(n+l)/2+5>
T\ B s | s 25n+5
Jis 5001040 25 e 14 g>nt

1q ( J25J§0 ) +qz ( J25]550 )
2 2 2 2
J5.50/ 10,50J 15,50 J 1575015,50J20,50

2 5 oo
N 3 J25J10750J50_L (_l)nq75n(n+1)/2+5
Tps 2 1+ 2510

(o)

3 14
J5.50720,50

6
g 2J5
J25J550410,50715,50420,50

and

Y (N(1,10,n)+N(2,10,n) —N(3,10,n) — N(4,10,n))¢"
n=0

_ 2q5J560 _i oo (_1)nq75n(n+1)/2+5
J25J120750J125750 J25 5 1+ ¢ +>

. 2¢°7%, P D25J20.5003
D2sJ5 500155093 50 305071550
5
g D575
J5,50410,50420,50/ 125750

4 125J25750J220’50J§0 B 1 i (_ l)nq(75n2+25n)/2
2¢°7 fo,soj ?5,50 Phs =, 14 ¢>n

Additionally, Mao gave the following conjectures in [10].

Conjecture 1.2. Computational evidence suggests that
(1) N(0,10,51) 4+ N(1,10,51) > N(4,10,5n) + N(5,10,5n) for n > 0,

2) N(1,10,5n) 4+ N(2,10,51) > N(3,10,5n) + N(4,10,5n) forn > 1.

Furthermore, Mao studied rank differences for a different rank definition for partitions with
distinct odd parts, which are also of combinatorial interest. The M, rank of a partition A with

distinct odd parts is defined by
I(A
st = [ "] < nh),

where again /() is the largest part of A and n(A) is the number of parts of A. Let N> (s,m,n) denote
the number of partitions with distinct odd parts with M, rank congruent to s modulo m. In [8],
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Lovejoy and Osburn found formulas for the generating functions for rank differences of the form
Ny(r,l,dn+d) — Ny(s,€,¢n+d) for the cases ¢ = 3 and ¢ = 5. For example, Lovejoy and Osburn
proved that

3. _ 6.6
N2(0.3,3n+2) = No(1,3,3n +2) = (q(qq:"";%))m((qquq)lZ)

Mao [11] proved formulas for M; rank differences modulo 6 and 10. For example, Mao proved
the following theorem for the modulo 6 setting.

Theorem 1.3. [10] For £ = 6,

Z N>(0,6,n) +N>(1,6,n) — N»(2,6,n) — N»(3,6,n) ) ¢"

o )nq18n2+9n 118,3615% 36J336
- 2, +q| ——22 2
Jo 36 , =~ 18 +3 J9,36J32736J12573 .
2
J6,36J18,36J3 1 & (—1)g!8r+om
+q° ( 6 _ y Sl )

2‘13]9,36J32,36J125,36 PJoz6 = 1+g'En

Moreover, Mao proved the following in the modulo 10 setting.

Theorem 1.4. [10] For / = 10,

Z (NZ(O’ 10,n) +N2(1,10,n) — N2(4,10,n) — N2 (5, lO,n))q”
n=0
24°110,100J50,1007 {0 1 & (—1)ngSom+2sn

- 2 2 2 3 3 3 Z 50n+10
J30,100]157100120,100J357100J571001257100~’45,100 J25,100 == 144

2 15
N J20,100/50,100/50. 100/ 100
q

2 2 2 3 4 4

J25,100]5,10()J10,100145,100J4o7100]15.,100J35,100
15

J50,1004100

.
T 120.100925.100940. 10072 1003 100 Foe 1 3
20,100425,100440,100¥5 1007 15,1007 35,100¥ 45,100

2 15
J40,100/50,100/10.100/100

3

+q
2 2 2 3 4 4

]25,100J15,100130,100J35,100J20,100J5,1ooj457100

oo 2
4 2J30,100750,100/ 139 1 (—1)ng 0 +75n+20
+q | 4 50430 )

2 2 2 3 3 3
J10,10095 100/40,100745,100/15,100/25,100735,100 25,100 n =0
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also

Y (N2(1,10,n) +N2(2,10,n) — N2 (3,10,n) — N> (4,10,n)) 4"
n=0

15
J30,100450,1004 10

- 2 3 3 3 3
JIO,100]257100]40.,100J5,100J15,100J357100~I45,100

15 oo 2
5 J10,100450,100/130 1 5 (—1)ng0n+25n

1+ ¢50n+10

_2q
2 2 2 3 3 3
J307100J15,100J20 100735 100]5,100]25,100J45,100 25,100 n =0

24° 50,1007 13

+q
3 3 3
120,1001407100J5,100J4571001157100125,100J357100

5 2 15
n 2( 2q J407100J50,100-]10,1()()»]100
Np 2 2 B BB
15,200730,100%35,100*5,100¥20,100¥25,100*'45,100

2 p p o 2
+1207100J30,100]40,100]10,100115,100J35,100150,100 1 (—1)ngP0n+25n

)}

2q5.]25 10().]1900 CI5J25,100 e —co I+ q50n

J30,100750,1004 130

3
+
J10,100/25 100]5 100140 100145 100115 100J35 100

4 J10,100450,1004 {3

+qJ J30.1009%0 10092 100 < 10035 100025 100
25,100430,100¥20,1007 5,100 15,100 35,1007 45,100

Additionally, Mao made the following conjectures.

Conjecture 1.5. Computational evidence suggests that
3) N2(0,6,3n+2) +N>(1,6,5n) > N2(2,6,3n+2) + N»(3,6,3n+2) for n > 0,

) N>(0,10,5n) + N>(1,10,5n) > N, (4,10,5n) + N»(5,10,5n) for n > 0,
(5)  N»(0,10,51+4) +No(1,10,50+4) > No(4, 10,51 +4) + N (5,10, 51 +4) for n > 0.
6) N(1,10,51) + Na(2,10,51) > N(3,10,) + N(4, 10, 5n) forn > 1.

(7)  Na(1,10,5n+2) + Ny (2,10,5n+2) > N»(3,10,5n+2) +N»(4,10,5n+2) for n > 1.

1.4. Results. In this paper we prove the following theorem:
Theorem 1.6. Mao’s conjectures (1), (2), (4), and (5) are true.

Additionally, we investigate the following rank difference identity. As in [11], we define for a
positive integer ¢,

8) L:(qz):zio(f (CC{ )4)-
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Observe that taking r = 6 in (8), we define N4 (m,n) by
2
3 (=4%4")= |y (D" (1= (1 —2)g" "
© Na(m,m)2"q" = Le(q") = =
n;Zn;) (q*4%) ,EZ (1—zg")(1—z""¢*)

where N4(m,n) counts the number of partitions of n that contain even parts occurring with even
multiplicity with a type of rank equal to m. We have not explicitly determined this rank,

Theorem 1.7. We have the following identity:

Z (N4(0,6,n) 4+ N4g(1,6,n) — N4(2,6,n) — N4(3,6,n))q" = L6(q2)

n>0
_ 1 Z (— 1)"436n2+18n 2 J122,72J36,72J732
T 14 Je 120187205 72
112,72J326,72J$2 1 (—1)ng6m+18n-2
26203 19187205 72 Tsn 5, 14 ¢36n

This paper is organized in the following manner. First, in Section 2, we gather some definitions,
notation, and lemmas that we will utilize in order to prove our results. Then, in Section 3, we
prove Theorem 1.6. In Section 4, we review Mao’s method of proof in [11] to prove Theorem 1.7.
Finally, we conclude in Section 5 with some observations and ideas for future research.

2. PRELIMINARIES

Before moving into the proofs of Theorems 1.6 and 1.7, we begin with some important lemmas
that will be utilized later.

Define
2 B R 2 op
Voo = [q6,qlzaqu;q%]w(q%;q%)i _ J6,72‘]12,72‘]24,72‘]30,72‘]36,72
O L4 =4 — %47 273,
3 2 n
v, oo 148,442 ()% Jon it isruntnnds
T -1,-4"2,-4'2,—¢% ¢ 2¢2J3, '

The following lemmas follow directly by substituting ¢ = ¢ in the corresponding Lemmas 3.1
and 3.2, respectively, in [11].

Lemma 2.1. We have

(_ 1>nq4n2+2n

nez
and

(_ l)nq4n2+6n

nez

(—1)" q36n2+54n+18

A S VA
L 1+qton 20 (q'8,4°4.472:472)(— 471 4")

)

36n+24
*® nez 1+ q

n,36n*+18n—2

A S VA
) 1+ gt 2 418,634,472,72)(— 4% 4%

~1
Z ( )1Z_q36n

*® nez
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Furthermore,

2> 3 ) 3 2 53
(g% g% Ji272056 1207 5 Jiamd36,7297, J12,12056 7207,

(10) Voo+Vo1= :
(—q*4%)~ J6772J17’8,72J30,72 Jg772J18772J320,72 2612‘]62,72‘]18772‘]320,72

We will make use of the following lemma of Chan, which appears as Equation (2.1) in [4]. Here
we use the usual notation

F(bl,bz,...,bm)+idem(b1,b2, ...,bm) I=F(b1,b2,...,bm)+F(b2,b1,...,bm)—l—- . -+F(bm,b2, ...,bl).
Lemma 2.2. We have

[ah --.,ar]oo(q;CI)Zo
b1, byl

_ar/b1sar/bi]e(g39)% Z Jrgl D2 gy g by
[b2/b1,..,bs /b1l =, 1—biq" by - by

—l—idem(bl;bz,..,bs).

We will require the following lemma of Mao [10] regarding the nonnegativity of the coefficients
of certain g-series. First, we define

Ly.(q):= i by (n)g" = (4”347 )e
N — NG = - _—
and
L@ +q" =Y cprm)q" =Y +Y 4+ Y,
n=0 0 1 r—1
where

Z = i cpr(nr+i)g" .
i n=0

Lemma 2.3. If p and r are positive integers with p > 2 and r < p and L, ,(q) is defined as above,
then b, (n) > 0 for all n. Moreover, for each i, the sequence {cp ,(nr+1i)},>0 in L, (q)+q” is
non-decreasing.

We will also require the following lemma regarding the nonnegativity of the coefficients of certain
power series in q.

Lemma 2.4. A formal power series of the form

i g~
1— qQ(n) ’

n=a

where a > 0 is an integer and P(n) and Q(n) are polynomials in n with integer coefficients, has
strictly nonnegative g-series coeffiicients for n > 0.
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Proof. Expanding T 0w s a geometric series, we find that the above sum is equal to

[}

Zq 1_|_q )_|_q2Q(”)_|_...)_

n=a

11— qQ
The coefficients of the each term of the above sum are visibly nonnegative. U
We also require the Jacobi triple product identity.

Proposition 2.5 ([2] Thm. 2.8).
(11) Y ¢ = (—24,—4/2,4":¢7)w.
nez

Now we record some identities involving infinite products.
2.1. Infinite Product Identities. We use the following lemma implicitly in our calculations.

Lemma 2.6. For all m € Z, we have

(qu, qu)

("™;:9™) oo
2m. . 2m

Proof. We factor each of the factors appearing in (¢“"; g )« as a difference of two perfect squares
to obtain:

=(—4":4")w.

2m. Zm) o oo

> 1— 1+mn = mn m. m
(g™":q e " H )( q H1+‘1 .

(@ g A T—gm — 11

We are now in a position to prove Theorems 1.6 and 1.7.

3. PROOF OF THEOREM 1.6

Here we prove Theorem 1.6 by obtaining bounds on the size of the coefficients in the generating
functions for rank differences of the form

N(si,m,fn+d)+N(s;,m,fn+d)—N(t;,mdn+d) —N(t;,m,¢n+d).

Recall that Mao proved generating functions of the form

Z (N(sl,m,n)—f—N(sz,mn) _N(tlaman) —N(l‘z,m,l’l))(]n
n=0

=Fo(q") +qFi1(¢") + P (d") +- + 4" Fi1(dh),

where each F,~(q£ ) is a power series in g". Then the generating functions relevant to the proof of
Theorem 1.6 are

o)

Z (N(s1,m,fn+d)+N(sy,m,fn+d)—N(t;,mdn+d) —N(ty,m,ln+d))q" = F;(q),
n=0

since qud(qg ) has nonzero coefficients only for powers of ¢ congruent to d modulo /.
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3.1. Proof of (1). .
In order to prove (1), we show that

Jg,lofilo Js 2= 1+ gont1 -7

JSJin]So | = (_1)nq(15n2+15n)/2+1 1(]52‘]4%’10]?0 (_l)nq(15n2+15n)/2+1>

3 4 )y Snt
J100210  nEw 14gm*

has strictly positive g-series coefficients for n > 0. Since Jls has all nonnegative coefficients and a
constant term of 1, it suffices to show that the term inside the parentheses has all positive coeffi-
cients. We begin by examining the sum. We have

o0 (_l)nq(15n2+15n)/2+1
Z 1+q5n+1

n——oo

(_1)nq(15n2+15n)/2+1

—1 (1 (150 +15n)/2+1
+ Z (=1)"q

I
s

= 1_|_q5n+1 = 1—|—(]5"+1

i (_1)nq(15n2+15n)/2+1 o0 (_1>nq(15n275n)/2

o (g (1507 +150) /241 (1 _ Sn+1 © (111577 =5n)/2(1 _ s5n—1
:Z( fa 10n+2( : )+Z( fa 10n—(2 : )'

n=0 - q n=1 1 -9

Splitting each of the two series above into two series according to the summation index » modulo
2, we find that

o0 (_1)nq(15n2+15n)/2+1
1_|_q5n+1

oo q(15(2n)2+15(2n))/2+1(1 — Py = q(15(2n+l)2+15(2n+1))/2+1(1 _ P
- = 1 — gl0n)+2 - n;o | — gloCnt1)+2
o q(15(2n)275(2n))/2(1 _q5(2n)71) o q(15(2n+1)275(2n+1))/2(1 _q5(2n+1)71)
+nZ] 1 —g10(2n)-2 B HZ] 1 — g'02n+1)-2

By distributing across the factor in the numerator of each sum, we find that

o (_1)nq(15n2+15n)/2+1
Z 1+q5n+1

Nn—=—oo

=81+ +83+8%-T1 —Th—15 - T4,

where
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(15(2n)2+15(2n)) /2+1
1 —qlo@n+2 7

q

I
gk

Sll

3
Il
=

q(15(2n+1)2+25(2n+1))/2+2

N¢
]
(aok:

1 — gl0@n+1)+2 ’

3
Il
o

(15(2n)2—5(2n)) /2

&
i
s
Q

1 —gl0@n)-2

(15(2n+1)2+5(2n+1)) /2—1

3
Il
—_

q

g
]
ok

1 — q10@n+1)-2 ’

3
I
—_

8

q(15(2n)2+25(2n)) /242

~
[0

1 —ql0@n+2

i
o

(15(2n+1)2+15(2n+1)) /2+1
1 — gl0@n+1)+2 ’

q

S
i
gk

n=0
- i q(15(2n)2+5(2n))/2—1,
o] 1 —g'0@n)-2

o (15(2n4+1)2—=5(2n+1))/2

T4:=Zq

n=1

1 — gl0@n+1)-2

By Lemma (2.4), each of the series S; and 7; has all nonnegative g-series coefficients for n > 0. In
order to prove (1), it thus suffices to show that the function

‘]52‘]42 10‘]?0
ﬁ—Tl —h-T;—-T14
I3 102,10

has all positive coefficients.
We now find upper bounds on the size of the coefficients of 71 + 7, + T3 + 7. Let N be a
nonnegative integer. Define a;(N) to be the coefficient of ¢" in 7;. By expanding WIWH in each

term of 73 as a geometric series, we see that

- . 2 — n)— n)—
T = Z a3(N)qN _ Zq(IS(Zn) +5(2n))/2 1(1 +q10(2 ) 2+q2(10(2 ) 2)_|_.__).
N=1

n=1

We see that a3(N) is equal to the number of ordered pairs (n,k) of integers such that n > 0 and
k > 1 satisfying the equation

15(2n)>+5(2n)
2
Simplifying the above expression, we find that the ratio %/ is equal to

—1+k(10(2n) —2)) = N.

N 30n*+5n—1+k(20n—2)

n n
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We note that the above expression strictly increases as n or k increases. It follows that for n > 1,
the ratio %] is at least 34. Since the summation index in 73 ranges from 1 to co, we may conclude

that az(N) < L%J Arguing in the same fashion in the cases of the other three sums and taking
special care to account for the n = 0 term in 77 and 7>, we find that a;(N),ax(N) < L%J +1 and
as(N) < L%J . In order to prove (1), it thus suffices to show that the function

212 75
J5T5 10070
3 14
J31073 10

—i<4l34J+2)‘1 _ZC

n:

(12)

has all positive coefficients for sufficiently large n > B, and that (1) has positive coefficients for all
powers of g up to B. We now examine the product. By using Lemma 2.6, we find that

272 5

5lii/io  (4:q )2 (q*, q6'q‘°)2

Jg,lojilo (q N ) (q )
q

_ (@)% (- 2,—61 ,—q, —¢%:4")%
(@,47:9'%)e (g, 4% ¢'0)2
(@ P)E(—A )

(2,479 (4%,4%q"0)

5/2

Applying (11) twice with z = ¢'/? and g = ¢°/2, we obtain

272 75 2
551000 1 n(sn+1)/
3 4 (3 7,10 Z q" :

I3 109210 (@%,47:9'%)(q%,¢%:¢'° oo

Substituting the above expression into (12) and separating out the first factors of m, we

obtain

2
1 1 ) “ )
(1=g*)(1-¢%) | (¢%.47,4"%,4":4"%)(q:4"° [ L ] _nz (4 {3_4J +2>q ‘

n—-—oo

Let c¢(n) be defined by

1
(1-¢*)(1-¢°)
We see that c¢(n) is equal to the number of ordered pairs (a,b) of nonnegative integers satisfying
the equation 2a + 3b = n. The number of choices of b such that 35 < n is at least [4 |, and thus the
number of choices of b such that 3b < n and n — 3b is even is at least H%W . %J . We thus conclude
that ¢(n) > | %] for n > 0. We note that the term inside the braces above has all nonnegative

coefficients and has a constant term of 1. Since L—J >4 L J + 2 for n > 42, it thus suffices to
check that the coefficient of ¢" in (1) is positive for 0 < n < 41. Computation in Maple shows that
this is true.

=(1+¢+q"+)(1+¢ +¢°+ Zc
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3.2. Proof of (2). To prove (2) we show that

2(]]160 _i oo (_l)nq15n(n+1)/2+1 :l 26]]160 B i (_l)nq15n(n+l)/2+1
IsBi0l500 JsntZe  1Hg Is\ B0 ne  LHgm!

has strictly nonnegative g-series coefficients for n > 1. Since Jl has all nonnegative coefficients
and a constant term of 1, it suffices to show that the term inside the parentheses has nonnegative
coefficients for n > 1. Arguing as before, we find that it suffices to show that

2qJ16O =
13 0= Y (4]5c] +2) 0 =
(13) Z 53] +2)d" Z c
has nonnegative coefficients for sufficiently large n > B, and that (2) has nonnegative coefficients
for all powers of g up to B. We now examine the product. We have

2 2
J2,10J3,10

2q7% _ _ 2q(q"q")2
Bilio  (@dd,4%4'0)%
29(—4% 459" (¢"%:¢'0)2
N (—q2 —qg'q“’)m(q2 @*.q",4%q"°)%
_ 2q(q"° 10) { (q,—qq)(q,lo)oo }
(%439 1 (¢*4"%:¢%)w (q q q, 4%,¢'%)
(—4*,—4*:9"")w(q }
(¢*4'%6°)=(4%, 4% 9",4%:q'")w
Applying (11) with z = ¢? and ¢ = ¢, we obtain

=2qL103 {

24J%, 2qL103

— ) . S 5n%4-2n
= 7% 16..20 2 3 7 .8 .10 Zq :

J%,10132,10 (¢%,9"%:97)=(9*,4°,9",4%9") .,

Substituting the product on the right-hand side of the last equality above into (13) and separating
out the first factors of W, we obtain

2q Lo SEPREEI G < n n
: q — 4 L—J —|—2> q".
(1-¢*)(1—¢°) {(q“,q16;qzo)w(fﬂ,qg,q”,q”;qlo)w L Zo 25

N—=—o0

Arguing as before, we find that the coefficient of ¢" in

2q
(1-¢*)(1—¢°)
is at least 2 L J for n > 0. By Lemma 2.3, Lio3 has all nonnegative coefficients. We note
that L3 also has a constant term of 1. It follows that the term inside the braces above has all
nonnegative coefficients and has a constant term of 1. Since 2 |21 | > 4| £ ] +2 for n > 25, it

=291+ +g*+- )1+ +¢°+-)
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thus suffices to check that the coefficient of ¢" in (2) is nonnegative for 1 < n < 24. Computation
in Maple shows that this is true.

3.3. Proof of (4). To prove (4), we show that

2¢J220J10.20923 1 i (—1)ng0n+5n

2 2 12 3 13 13 10n+2
620752073 20072001 2095 207920 J5.20 == 1H 4

1) 2
_ 24J220710.2005) (—1)1gl0m+5n
a > 12 12 12 1313 T 0nt2

has strictly positive coefficients g-series coefficients for n > 0. Since ﬁ has all nonnegative

coefficients and a constant term of 1, it suffices to show that the term inside the parentheses has all
positive coefficients. Arguing as before, we find that it suffices to show that

2972201020023 - n R T

33 _Z<4L_J+2>‘1:ZC(”)Q
J6,207 32,20J4%,20J 527201 72,20J 1,20J9,20 =0 68 n=0

has all positive coefficients for sufficiently large n > B, and that (4) has positive coefficients for all

powers of g up to B. We note that n > 4 [6"—8J +2 for n > 2. It is simple to check that the coefficients

of ¢° and ¢ in sum appearing in (4) are 1 and 0, respectively. We may thus instead consider

292 20J10.20J32
(14) 4J2,20410,2049) B q

> 12 12 2 P33 EpAvE
J62073 20752075 2077 20/ 209520 (1 =)

We now examine the product. By using Lemma 2.6, we find that

2472071020033
J6,20]32,2014%,20@2720]72,20] 13,20J3,20
20(¢%,4'%:6%)(¢'0, 4% 2°)2
(@545 ) (P, 0%, d7.412, 455,40, 0 ;22 (4.8, 4", 419, g2 )3,
20(—q,—4%,—4"", —4'% ) (— 4, — 45, 2% 20)2
(@5,4% ) (0. 4%, 0% 47,0, 4,413,415, 417, 419 ¢29)2 (¢19; ¢20)3,
_ 29(4%:47)% { (=4.-¢",—4",~4":4") (=4, —4"1¢*)z, }
(¢°.q

- (¢%,4"P)% 4:4)w(q,4%,4%,47,4",4"%,4"7,4":¢*)%.(4":4%°)3,
= 2(]14%0’9 { (

(~4,—¢°, 4", —4"%:¢%)e(—4, —¢"%:¢%°)2,
q20>°° :

2%, 4'%:¢%) (4,43, 4%, 4", 4'3,4', 47 ,4'°; ¢*°) % (¢"°;

Substituting the product on the right-hand side of the last equality above into (14) and separating

out the first factor of —%—, we obtain

(4:4°0)%°
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1 2qL39(—9.—¢",—q"", q19,q2°) (-, —4":¢")% | ¢
(1—¢)% | (¢%4":¢*)e(d. 9% 47,43, 4'%,4"7.4"°,¢*";¢%)2(¢"%;¢*0)3, [ (1—¢q)?
1 2qL39(—4.—4 ,—qI, q19,q2°) ( qs,—q”;qzo)i -
(1—9)% | (¢5%,4'"%:¢®)(4%, 9%, 4", 4"3,4'%,4'7 ,.4'°,4%1;4?°)2(¢"°; ¢*°)3,

By Lemma 2.3, Ly ¢ has all non-negative coefficients. We note that Ly 9 has a constant term
of 1. It follows that the coefficient of g in the term inside the braces above is 1. We may thus
conclude that the term inside the braces above has all nonnegative coefficients. Since ﬁ has
all positive coefficients when expanded as a geometric series, it follows that the coefficients of the
entire expression above are all positive except for the constant term. It thus suffices to show that
the constant term of (4) is positive. By computing the n = 0 term in the sum appearing in (4), we
find that the constant term of (4) is 1

3.4. Proof of (5). To show (5), we show that

2Js 200102033 1 & (—1)nglor+isn
J2.20/ 12,20‘] 82,20J92,20J 53,20] §,20J73,20 J5,20 n;w 1+ g'0n+6
. 1 2‘]6720‘]10:20‘]2]8 N i (—1)”q10”2+15"
 Jso0 \ o) 120952098205 20032093 20 e 1+q'0"TO

has strictly positive g-series coefficients for n > 0. Since J has all nonnegative coefficients

and a constant term of 1, it suffices to show that the term 1n31de the parentheses has all positive
coefficients. Arguing as before, we find that it suffices to show that

2J620010,2005) - n N o
2 12 12 12 13 13 _Z<4L_J+2>‘1:ZC(”)‘I
J2,2007 720] 5,20J 8720‘] 9720] 3720J7720 n=0 38 n=0

has all positive coefficients for sufficiently large n > B, and that (5) has positive coefficients for all
powers of g up to B. We note thatn+1 > 4 b”—gj +2 for n > 1. By computing the n = 0 term of
the sum appearing in (5), we find that the constant term is 1. We may thus instead consider

2J6,20010.2003) 1

(15) 2 12 12 12 13 13 2°
J2,20/ 1,2015,20J 8,20‘]9,20‘]3,20‘]7,20 (1 -4 )

We now examine the product. By using Lemma 2.6, we find that
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15
2J6,20J10,204100

2 2 12 12 13713
522097 2075 2075 20792075 2077 20

_ 2(q6 q14,q20) (q107q20’q20)
(4%,9"%:¢%°) s (qq ,48,4°,4",4",4"3,4"%:¢°°)2(* . 47 ,4"3,4"7:¢%°)3,
_ ( =4, —4",—4"7:¢7)= (=4, 4", 67 ¢*°)2,
(4? q)(qqqqqqqqqqq)
( z)i { (—q q, —q'3, q”,qzo) (—=¢°,—¢";¢*)% }
" (g0 (61 4867w (9,4%,97,4%,4",4'3,4"7,4'%;¢%°)2,

o2 { (—¢’,—4",—4' ,—q”,qzo) (- qs, qls;qzo)2 }
= <L20,9
(¢%,9"%:4%)(9.4%,4"7,4%,4'%,4"3,4"7,¢"%:¢°)2,
Substituting the product on the right-hand side of the last equality above into (15) and separating
out the first factor of —r—, we obtain

(4:47)=
1 [ 2L54(—4%,—4", 4", q”,qzo) (—4°,—4":¢%)2 1
(1—q)2{ (%,4"%:¢%)(¢%,67,6%,412,4".4"7,41,4':¢%°)2 }_(I—Q)2
_ 1 {2L§o79(—q3,—q7,—ql3, q”,qzo) (¢, —4"%%)2 1}
S (1-9? | (¢%4"%¢2)=(4%47,4%.4'%,4"3.4"7,4"°,¢*;¢)%
By Lemma 2.3, Lo 9 has all nonnegative coefficients. We note that Lo 9 has a constant term

of 1, implying that the term inside the braces above has a constant term of 1. Since ﬁ has

all positive coefficients when expanded as a geometric series, the entire expression above has all
positive coefficients.

4. PROOF OF THEOREM 1.7

We now return our focus to rank differences and prove Theorem 1.7 in the style of Mao.
We first replace z with (g in (9) to obtain the following:

() [ (C1) A=) (1 =gt

L6(q2) - W L;Z (1 —Zq4")(1 _Z—lq4n)

_ i |5 D080 = Co)g e

(g%q%= |z (1=Ceg™)(1-C'g™) |

_ i) [ 5 GO0 (4™ i

(a9 |iz (1 +8Geq*)(1+83g™) |
_ (=dqY)= y (=1)"(1+g*)g* 2

(4" | (1+4'n)

Now, we use the identities from Lemma 2.1 and substitute them into (16) to get

(16)
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2
(—4%:4%) y (=1)"(A+g*")g* 2| (_qz;q4)m~(V2o+V21)
(¢59%)- |5, (1+4') (¢*:q%) ’ ’
1 (_1>nq36n2+54n+18 1 (_1)nq36n2+18n—2
 Jis72 ngi I+ 24 Jig gy ne% 1+ ¢g36n

Then, we use equation (10) from Lemma 2.1 to obtain

2 3 2

. (q2) ‘I12772‘I36,72‘I72 1 (_1)nq36n +54n+-18

6(q”) = —
Joaligndon  Jism g 1+g0t
P 3 > B 2 180
g Ji2.72936,7277, J12,72J36 7097, 1 Z (—1)ng30n +18n=2
%) ) 272 2 361

Je7 1872050 72 207G 7201872050 72 J18,72 17, I+q

Therefore, it only remains to show the following:

1+ q36n+24 - J18,72 YEZ

(_l)nq36n2+l8n

| — g36nt6

. _
Jo 2 ig 1003012 1872 557,

But this follows from an application of Lemma 2.2, letting » = 0, s = 2, ¢ = ¢°%, by = —¢**

by = ¢°.

, and

5. CONCLUSION

While our original goal was to move towards generalizing the method of finding nice infinite
product and modular form identities for different and more general “rank difference”-type gener-
ating functions, we found that the methods that Atkin and Swinnerton-Dyer, Lovejoy and Osburn,
and Mao employed generally relied on Lemma 2.2 of Chan [4] in order to transform the unwieldy
infinite sums into elegant g-series products, which are much easier to work with. We ran into prob-
lems with the exponent of g in the numerator of the infinite series in this identity when attempting
to work with any multiple of of this exponent other than 1 or 2. Specifically, since this exponent of
q is divided by 2, we ended up with a fractional power of g, which caused problems. Additionally,
we ran into similar problems when attempting to find a different lemma or a way around using
this identity. Thus, we imagine that a further investigation into a generalization of either Mao or
Lovejoy and Osburn’s method will require a modified version of Chan’s identity, or even a new
lemma altogether in order to deal with these problems.

Additionally, we failed to prove Mao’s conjectures (3), (6), and (7) due to the fact that these
conjectured inequalities involved taking the sum of two large infinite products and then determining
the positivity of the coefficients, which doesn’t yield to our methods. Computation does provide
evidence that these inequalities hold, but they remain open.
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