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ABSTRACT. Towers of Hanoi and Spin-Out are two puzzles with different physical manifestations
but similar graphical properties. Towers of Hanoi is well known and Spin-Out less so, and in this
paper we discuss a puzzle formed by a combination of concepts from both puzzles. Towers of
Hanoi may be generalized to a puzzle in any odd dimension and Spin-Out to any 2m-dimension
puzzle, and so their combination may be generalized to any dimension as any natural number may
be expressed as the product of an odd number and a power of two. Algorithms exist to solve both
puzzles separately; here, we introduce a counting algorithm for the generalized Spin-Out puzzle
and recursive, iterative, and counting algorithms for the combination puzzle. Interestingly, these
algorithms do not explicitly utilize the Gray code properties of the associated graphs; instead, they
use only simple binary counters. The graphs associated with these puzzles are complete iterated
graphs with interesting properties. We discuss some properties of Hamiltonian paths on these graphs
and a method for ternary to ternary reflected Gray code conversion.

1. INTRODUCTION

Mathematicians have studied the classic puzzle Towers of Hanoi for over a century. The tradi-
tional game is played with three pegs and n uniquely sized disks. The disks are initially stacked
together on one of the three towers starting with the biggest disk at the bottom of the stack. The
goal of the game is to move all the disks off of its starting tower and re-stack them onto some
target tower. In doing so, two simple rules must be obeyed. Only one disk may be moved at a
time, and a larger disk can never be placed on top of a smaller disk. It is also well known that the
minimum number of moves to re-stack the n disks from one tower onto another is is 2n− 1 [10].
Furthermore, the solution path that uses this minimum number of moves is unique. The Towers
of Hanoi is easily represented by a complete iterated graph whose vertices correspond to legal
orientations and whose edges correspond to legal moves between them. We develop a finite state
machine to determine whether a state of the puzzle lies on the minimal solution path, and if so, the
corresponding index of that state within the sequence of moves defined by the minimal solution
path.

Spin-Out is another puzzle that has been well studied. Playing Spin-Out is analogous to unlock-
ing a lock with n dials, where the ability to reconfigure a dial will depend on the configuration
of the other n− 1 dials. The traditional toy has seven dials, and each dial can be in one of two
states, that is, it is either locked or unlocked. Like the Towers of Hanoi, standard recursive and
iterative algorithms exist to solve Spin-Out. In addition to these, we develop a counting algorithm
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FIGURE 1. The complete graphs on 3, 5, and 8 vertices, respectively.

for Spin-Out and describe the Gray labeling representation of Spin-Out. We also explore Gray
code properties of the complete iterated graphs used to represent Spin-out.

The Towers of Hanoi and Spin-Out puzzles can be generalized to higher-dimensional puzzles
known as the SF puzzle and the Dimension 2m puzzle, respectively. In the case of the Towers
of Hanoi, this entails adding more towers, and in the case of Spin-Out, the Dimension 2m puzzle
allows each dial to be in more than two states. We describe the iterated complete graphs that are
induced by the generalized puzzles. Finally, with the addition of the counting algorithm for solving
Spin-Out, there now exists recursive, iterative, and counting algorithms for solving these general-
ized versions [31] and [4].

Now, a new puzzle can be created by merging together the Towers of Hanoi and the Spin-Out
puzzle. This new puzzle is the Combination (or Product) puzzle, developed by Skubak and Steven-
son [31]. The Combination is played with q pegs and n pieces. These pieces are no longer simply
disks; instead they are stacks of spinners, each of which can spin relative to each other. The major
focus of our paper will be describing the recursive, iterative, and counting algorithms for solving
the Combination puzzle.

2. GRAPHS AND LABELINGS

2.1. Complete Iterated Graphs. Many of the definitions in this section were modeled on those
in previous papers by [4] and [31].

Definition 2.1. A graph G(V,E) consists of a finite set V (G) of vertices and unordered pairs
(vi,v j) of vertices that form the set E(G) of edges. We call two vertices vi,v j adjacent if there is an
edge between them, meaning that (vi,v j) ∈ E. A graph is called simple if no edges are duplicated
and no edge is of the form (vi,vi); that is, there is no single edge from one vertex to itself.

Definition 2.2. The degree of a vertex v is the number of vertices that are adjacent to v.

Definition 2.3. A complete graph on q vertices, Kq, is a simple graph with q vertices such that
each vertex is adjacent to every other vertex. In a simple complete graph on q vertices, each vertex
will have degree q−1. See Figure 1 for examples.

Definition 2.4. A complete iterated graph on q vertices with n iterations, Kn
q , is defined recur-

sively. K1
q is Kq, the complete graph on q vertices. Kn

q is composed of q copies of Kn−1
q and edges

such that exactly one edge connects each Kn−1
q subgraph to every other Kn−1

q subgraph and exactly
one vertex in each of the Kn−1

q subgraphs has degree q−1. The rest of the vertices will have degree
q. This fact motivates the following definitions.
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FIGURE 2. The complete iterated graphs K1
5 ,K

2
5 , K3

5 .

Definition 2.5. A corner vertex in a complete iterated graph on q vertices with n iterations is a
vertex with degree q−1. A non-corner vertex is a vertex that is not a corner vertex. A non-corner
vertex has degree q.

Definition 2.6. A subgraph H of a graph G consists of a subset V (H)⊆V (G) along with a subset
E(H)⊆ E(G) of the edges associated with the vertices in V (H).

Note that the q copies of Kn−1
q from which Kn

q is constructed are all subgraphs of Kn
q . It is helpful

to think of Kn
q as Kn−1

q with each vertex replaced with a copy of K1
q . Figure 2 shows the complete

iterated graphs K1
5 ,K

2
5 , and K3

5 .

2.2. Gray Code Labeling.

Definition 2.7. A labeling on a graph G is a method of assigning strings of characters to the
vertices of G such that there is a bijection between vertices and strings. The string assigned to a
vertex will be called the label of that vertex.

Definition 2.8. Let G be a graph. A labeling of G has the Gray code property if every pair of
adjacent vertices have labels that differ in exactly one position.

Definition 2.9. The binary reflected Gray code is constructed iteratively as follows. First, list the
binary numbers 0 and 1. Next, reflect them, and prepend a 0 to the first two and a 1 to the second
two. Continue reflecting and prepending in this manner. In general, the nth iteration of the binary
reflected Gray code can be represented as follows:

0Gn−1 ||1GR
n−1

where R indicates a reflection.

Note that reflected Gray codes for any base number system exist; however, the binary reflected
Gray code has a simple relation to the binary numbers that will become important in our puzzles.
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The conversion from binary to binary reflected Gray code is a bijection that depends only on the
previous two bits of the binary number.

Definition 2.10. We will use the following formulae to convert between binary reflected Gray code
and binary numbers.

bn−1 = gn ; bn−i = gn−i +bn−i+1

and

gn−1 = bn ; gn−i = bn−i +bn−i+1

where i≥ 2.
These are inverses as addition and subtraction are equivalent in binary. Below are the binary

numbers 0 through 7 and the corresponding binary reflected Gray code.

Binary Gray Code
000 000
001 001
010 011
011 010
100 110
101 111
110 101
111 100

Theorem 2.11. The above formulae for conversion from binary to the binary reflected Gray code
are correct.

Proof. Let G be the function that converts a string in binary to a string in binary reflected Gray
code. Then G(bk, . . . ,b1) = (bk,bk+bk−1,bk−1+bk−2, . . . ,b2+b1). We will proceed by induction.

Base Cases: If bk = 0, then G(0,bk−1, . . . ,b1) = 0G(bk, . . . ,b1).
If bk = 1, then G(1,bk−1, . . . ,b1) = 1G(2k−1− (bk−1, . . . ,b1)) as the Gray words are in reverse

order when bk = 1; that is, in the second half of the list.
Inductive Step: If bk−1 = 0, then G(2k−1− (bk−1, . . . ,b1)) = 1G(2k−1− (bk−2, . . . ,b1)).

If bk−1 = 1, then G(2k−1− (bk−1, . . . ,b1)) = 0G(2k−1− (bk−2, . . . ,b1)).
In either case,

G(2k−1− (bk−1, . . . ,b1)) = (bk +1)G(2k−1− (bk−2, . . . ,b1))

and
G(1(bk−1, . . . ,b1)) = 1,bk +1,G(2k−1− (bk−2, . . . ,b1)).

Thus, the claim holds.
�
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3. TOWERS OF HANOI AND THE SF LABELING

3.1. The Towers of Hanoi. The Towers of Hanoi is a puzzle dating from 1883. Typically, it is
composed of three towers and any number n of disks, all of which are of different sizes. Typically,
the disks start off initially stacked on tower 0 (the leftmost tower), in size order with the largest
on the bottom and the smallest on the top. The goal is to move all of the disks to tower 2 (the
rightmost tower), again stacked from largest to smallest, with the largest on the bottom. There are
only two rules for the Towers of Hanoi. First, only one disk may be moved at a time. Second, a
larger disk may never be placed on top of a smaller disk.

It is well known that the minimum number of moves necessary to solve the Towers of Hanoi is
2n−1, where again n is the number of disks. Furthermore, it has been proven that the the minimum
solution is unique; that is, there is only one sequence of moves that follows the rules and solves
the puzzle in the smallest number of moves [10]. We will refer to this sequence of moves as the
“minimal” or “optimal” solution, and we will define any method that finds this sequence of moves
as “correct.” Note that there are many other possible configurations for the puzzle that are legal
(can be reached by legal sequence of moves) but that are not part of the minimal solution.

The Towers of Hanoi can be played on any odd number q≥ 3 of towers, and the minimal solution
will still contain on 2n−1 moves. We will introduce an analogous puzzle for higher dimensions,
the SF Puzzle, for any odd number q of towers with rules similar to those of the classic Towers
of Hanoi. We will sometimes refer to the SF Puzzle as the Generalized Towers of Hanoi. This
language is clarified below.

Definition 3.1. Let n be the number of disks and q≥ 3 with q odd be the number of towers in the
Towers of Hanoi puzzle. A configuration in the Generalized Towers of Hanoi is an arrangement of
specific disks on specific towers. We will call a configuration legal if it is possible to be reached by
a sequence of moves that does not violate the rules of the puzzle. We will represent configurations
by strings of n characters, where each character is an integer in Z/q. The strings will be read from
left to right, with the nth character corresponding to the tower number of the nth disk. We will call
a solution to the puzzle correct if it performs legal moves and completes the puzzle in the minimal
number of moves, which is known to be 2n−1 where n is the number of disks.

Definition 3.2. The SF Labeling of an odd-dimensional iterated graph Kn
q is a recursively-constructed

labeling of the vertices of the graph corresponding to all legal configurations in the Generalized
Towers of Hanoi with n disks and q towers. Figure 3 corresponds to the puzzle with 5 towers and
3 disks.

3.2. Construction of of SF Labeling. Let q ≥ 3 be an odd number. The labeling of Kn
q is con-

structed recursively from the labeling of Kn−1
q . Designate a “top” vertex in K1

q and label it 0.
Continue counterclockwise with 1,2, . . . ,d−1.

For each Kn−1
q , apply the permutation α(z) = q+1

2 z mod q where z is a digit in the label of a
vertex in Kn−1

q . Make q copies of the permuted Kn−1
q s. Rotate each ith copy 2πi

q radians clockwise,
and append i to each word in this copy. Finally, connect the d copies to form Kn

q with the ith copy
centered at 2πi

q radians clockwise from 0. See Figure 4 for the construction of K1
3 ,K

2
3 , and K3

3 .
The SF Puzzle is a generalization of the Towers of Hanoi for any number n of disks and any odd

number q ≥ 3 of towers. The initial and final configurations are the same as those in the classic
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FIGURE 3. The complete iterated graph K3
5 with the SF Labeling.

FIGURE 4. K1
3 ,K

2
3 , and K3

3 with the SF Labelings.

Towers of Hanoi; i.e., the disks will begin stacked on tower 0 and end stacked on tower q− 1,
ascending from largest to smallest.

The construction of the SF Labeling of the complete graphs gives all legal permutations of these
strings. Further, edges connecting adjacent vertices correspond to legal moves in the SF Puzzle.
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The SF Puzzle has the following rules, each of which are analogous to the rules for the Towers of
Hanoi puzzle and ensure that the puzzle satisfies the SF Labeling:

(1) Only one disk moves at a time;
(2) A larger disk is never placed on top of a smaller disk;
(3) No disk may move unless all of the smaller disks are stacked on the same tower;
(4) If a disk other than the smallest is able to move, and that disk is on tower b and the stack

of smaller disks is on tower a, that disk may only move to tower (2a−b) mod q.

3.3. Algorithms to Solve the SF Puzzle. Below we present three algorithms that correctly solve
the SF Puzzle. The proofs are similar to those in [4] and [31].

3.3.1. Recursive Algorithm. The goal of the SF puzzle is to move all n disks from tower q to tower
q− 1. In the following algorithm, we generalize this to move the disks from any tower i to any
other tower j. Therefore, the middle step will occur when n−1 disks are moved to tower a, where
(2a−0) mod q = j. This gives the following recursive algorithm where i and j are the source and
destination tower repsectively and n the number of disks to be moved:

Recursive Algorithm for the Generalized Towers of Hanoi

PROCEDURE Hanoi ( i, j, n )
MID : = (i+ j)/2 mod q

IF n = 1
THEN move the top disk from tower i to tower j
ELSE Hanoi( i, MID, n−1)

move the top disk from tower i to tower j
Hanoi( MID, j, n−1 )

Proposition 3.3. The recursive algorithm HANOI correctly solves the SF Puzzle.

We will define the following inductive hypothesis that we’ll use in the proof of Proposition 3.3.
This proof will be very similar to that of the standard Towers of Hanoi recursive algorithm.

Definition 3.4. Define HYP(n) = HANOI(i, j, n) correctly moved the n disks from 1,2, . . . ,n from
tower i to tower j.

Proof. Note first that i, j ∈ {0,1, . . . ,q−1}.
Base Case: We will show that HY P(1) is TRUE. From the definition, HY P(1) says that

HANOI(i, j,1) correctly moves the first (smallest) disk from tower i to tower j. In the algorithm
the IF condition holds because n = 1 and therefore executes the THEN condition which moves
the top disk from tower i to tower j. Observe that this indeed moves disk 1 from tower i to tower
j. This move is correct as it satisfies all of the rules. After this move, HANOI runs out of moves
and terminates. Thus, HY P(1) is TRUE.

Inductive Step: We will show that HY P(n− 1) implies HY P(n) for all n > 1. Assume that
HY P(n− 1) is TRUE. Consider the algorithm HANOI with the inputs (i, j,n) where n > 1.
Because the IF condition is FALSE, we move to the ELSE condition of the algorithm. The
ELSE condition tells us to call HANOI(i, [(i+ j)2−1] mod q,n− 1). Because we assumed that
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HY P(n− 1) is TRUE, we know that HANOI(i, [(i+ j)2−1] mod q,n− 1) correctly moves the
n−1 disks from tower i to tower [(i+ j)2−1] mod q.

The next instruction is to move the top disk from tower i to tower j. Notice that the top disk of
tower i is disk n, the largest disk, which we will show correctly moves to tower j. We will do this
by showing that the rules of the game are obeyed. Rule (1) is obeyed as only disk n is being moved.
Rule (2) is obeyed because the disks smaller than disk n are placed on tower [(i+ j)2−1] mod q.
Rule (3) is obeyed as disks 1,2, . . . ,q− 1 are stacked together on tower [(i+ j)2−1] mod q. To
show that rule (4) is obeyed, we first observe that all of the smaller disks are on tower [(i+ j)2−1]
mod q and disk n is on tower i. Disk n may only correctly move to tower [2(i+ j)2n−1− i] mod q
in order for Rule (4) to hold. We see that

[2[(i+ j)2−1]− i] mod q = [(i+ j)− i] mod d = j mod q.

This proves that Rule (4) is obeyed since disk n can only move to tower j. Therefore, the top
disk, disk n, moves from tower i to tower j correctly.

The next part of the algorithm calls HANOI([(i+ j)2−1] mod q, j,n− 1), and as HY P(n− 1)
is TRUE, HANOI([(i+ j)2−1] mod q, j,n− 1) correctly moves disks 1,2, . . . ,n− 1 from tower
(i+ j)2−1] mod q to tower j obeying Rule (1). By HY P(n− 1), none of the disks from among
1,2, . . . ,n−1 is ever placed on top of a smaller disk from among 1,2, . . . ,n−1 , and as n is larger
than all of the disks 1,2, . . . ,n−1, Rule (2) is obeyed. Rules (3) and (4) hold because HY P(n−1)
is TRUE and the location of disk n does not affect this because it is the largest disk. Therefore,
the algorithm HANOI(i, j,n) with n > 1 correctly moves all n disks from tower i to tower j. By
induction, HY P(n) is TRUE for all n≥ 1 and so Proposition 3.3 holds. �

3.3.2. Iterative Algorithm. When we call HANOI(i, j,n), we move n disks from tower i to tower
j where i, j ∈ {0,1, . . . ,q− 1}. Next, we observe that the iterative algorithm for q ≥ 3. For this,
we will prove that the smallest disk, disk 1, will always move at the same increment of towers.

Lemma 3.5. The recursive algorithm, HANOI, moves disk 1 at the same increment for all n≥ 1,
and this increment is solely a function of ( j− i) mod q.

Proof. Base Case: Consider the case where n = 1. For HANOI(i, j,1) the IF condition is TRUE,
so the algorithm executes the THEN condition and moves disk 1 from tower i to j. This is the only
move and therefore disk 1 always moves at the same increment.

Inductive Step: Assume that disk 1 moves at the same increment in the algorithm HANOI(i, j,n−
1). We will show that this implies that disk 1 moves at the same increment for HANOI(i, j,n). The
algorithm HANOI with the input (i, j,n) with n> 1 first calls HANOI(i, [(i+ j)2−1] mod q,n−1).
From out assumption, this call will always move disk 1 at the same increment. Call this incre-
ment I. The next step is to move the largest disk, disk n, which will not change I. We then call
HANOI([(i+ j)2−1] mod q, j,n− 1) which, by our assumption, will always move disk 1 at the
same increment. Call this increment K.

Next we must show that I = K. When we call HANOI(i, [(i+ j)2−1] mod q,n− 1), we are
simply moving n−1 disks from i to [(i+ j)2−1] mod q. In other words, the n−1 disks are moved
at the increment of

[(i+ j)2−1] mod q− i = [(i+ j)2−1− (2)(2−1)i] mod q
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= [2−1(i+ j−2i)] mod q = [2−1( j− i)] mod q

Similarly, the next call HANOI([(i+ j)2−1] mod q, j,n−1) moves the n−1 disks at the incre-
ment of

[ j− (i+ j)2−1] mod q = [(2)(2−1) j− (i+ j)2−1] mod q

= [2−1(2 j− i+ j)] mod q = [2−1( j− i)] mod q.

Therefore, both calls move the n−1 disks at the same total increment. But, this is just a relabel-
ing of the move in which the tower names are cyclically shifted. Hence I = K.

Since both calls always move disk 1 by the same increment we can say disk 1 moves at the same
increment for HANOI(i, j,n) and, by induction, we conclude disk 1 always moves at the same
increment for all n≥ 1.

�

Lemma 3.5 will be helpful in creating an iterative algorithm for the SF Puzzle. For this, we must
know that the increment in which disk 1 is moving. Call this increment I.

Iterative Algorithm for Generalized Towers of Hanoi

PROCEDURE
Move smallest disk ( j)(1/2)n−1 mod q tower(s) clockwise

WHILE a disk other than smallest is able to move, DO
Move that disk
Move smallest disk ( j)(1/2)n−1 mod q tower(s) clockwise

ENDWHILE

Proposition 3.6. The Iterative Algorithm for Generalized Towers of Hanoi correctly moves n disks
from tower i to tower j.

The proof of Proposition 3.6 is similar to the proof of the Counting Algorithm in the following
section.

3.3.3. Count Algorithm. From the iterative algorithm it is clear that every other move involves
moving disk 1. This will help define the counting algorithm that involves using a binary counter to
determine which disk should be moved.
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Counting Algorithm for Generalized Towers of Hanoi

PROCEDURE TOWERS ( n )
T : = 0 (Tower number computed modulo q )
BCount : = 0 (BCount has n bits)
P : = (−1)(1/2)n−1 mod q
Move disk 1 from T to T+P
T : = T+P
BCount : = BCount + 1
WHILE BCount is not 11...1 (n 1s) DO

IF Rightmost 0 in BCount is in position b
THEN move disk b from T + (2b−2)(1/2)n−1 mod q to

T - (2b−2)(1/2)n−1) mod q
BCount : = BCount + 1
Move disk 1 from T to T+P
T : = T+P
BCount : = BCount + 1

ENDWHILE

In order to prove the upcoming proposition we will show when the COUNT= 2k−1 the count
algorithm has completed the same moves as HANOI(0, [−(2k−2)(2−1)n−1] mod d,k).

Lemma 3.7. When decimal count = 2k− 1, that is binary COUNT = 00...01...1 with k1′s, then
the correct moves for HANOI(0, [−(2k−1)(2−1)n−1] mod d,k) have been completed by the count
algorithm and disk 1 is on tower [−(2k−1)(2−1)n−1] mod d.

Proof. BASE CASE: If k = 1, COUNT = 0...01, the single move T to T +P has been completed,
where T = 0 and T +P = [(−1)(2−1)n−1] mod d. Because[−(2k−1)(2−1)n−1] = [(−1)(2−1)n−1]
for when k = 1 this completes the moves for HANOI (0, [(−1)(2−1)n−1] mod d,1). In addition,
disk 1 is on tower [(−1)(2−1)n−1] mod d. This agrees with our claim.

INDUCTIVE STEP: Observe that the COUNT can only equal the value 2k− 1 immediately be-
fore the IF....RETURN statement. Assume the moves for HANOI(0, [−(2k−1)(2−1)n−1] mod d,k)
have been completed and disk 1 is on tower [−(2k−1)(2−1)n−1] mod d. We want to show when
COUNT = 2k+1−1 the moves for HANOI(0, [−(2k)(2−1)n−1] mod d,k+1) have been completed
and disk 1 is on tower [−(2k)(2−1)n−1] mod d.

The next move would involve knowing where the rightmost 0 is within the COUNT. This is
very simple since the rightmost 0 in the COUNT would be in position k+ 1. This would move
disk k+1 from tower 0 to tower

−2[(2k−1)(2−1)n−1] = [−(2k)(2−1)n−1].

Next COUNT will be incremented to 0...010...0, where there are k0′s after the 1. And when the
COUNT = (2k+1−1, the algorithm will have repeated the same sequence of moves as before since
it only sees the rightmost information in COUNT, with the difference that T will have started with
a different value. Therefore the next moves up until COUNT = (2k+1−1 would have moved the
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k disks from tower [−(2k−1)(2−1)n−1] mod d to tower [−(2k)(2−1)n−1]. At this point it is clear
that we have moved k + 1 disks from tower 0 to tower [−(2k)(2−1)n−1] and disk 1 is on tower
[−(2k)(2−1)n−1]. We conclude, by induction, when COUNT = 2k− 1 the count algorithm has
made the same moves as HANOI(0, [−(2k−1)(2−1)n−1] mod d,k). �

Proposition 3.8. The count algorithm TOWERS(n) correctly moves n disks from tower 0 to tower
j.

Proof. Lemma 3.7 tells us that TOWERS(n) applies the same moves as HANOI when COUNT
= 2k−2. Since HANOI has been proven to be correct we know TOWERS is also correct as long
as the last COUNT is in the form 2k−1, which it is since the total number of moves is 2n−1. �

4. SPIN-OUT AND THE DIMENSION 2m PUZZLE

4.1. Spin-Out. Spin-Out is another puzzle that presents opportunities for building and designing
solution algorithms. The goal of Spin-Out is to remove a rectangular block from its casing. In
order to remove the block, we must first unlock the seven dials that are attached to the block and
obstruct its movement within the casing. The initial configuration of the locks are all vertical, and
to remove the block we must align them so that they are all horizontal. The traditional puzzle has
seven locks or spinners. We will use the terms locks and spinners interchangeably. A spinner may
rotate only if the spinner is positioned over the arc (divot) on the side of the casing.

Like the Towers of Hanoi, a configuration of the puzzle can be described using a string of
characters, in this case, of 1s and 0s. When Spin-Out is oriented such that the divot is on the
bottom, note that the rightmost spinner can always change its position on any move. Starting from
this less restricted spinner on the right, we will label each spinner starting from 1. To describe the
configuration, we will use 1 to mean that a spinner is oriented vertically (locked) and a 0 to mean
that a spinner is oriented horizontally (unlocked). It turns out that it is never necessary to position
a spinner down or to the right [30]. To label the configuration, the rightmost bit of the string will
correspond to the rightmost spinner, the next bit will correspond to the spinner immediately to the
left of that, and so on.

FIGURE 5. An example configuration for the Spin-Out puzzle with the label 1110101.

Remark 4.1. The term orientation will be used to describe the state of a spinner. Here the possible
states are horizontal and vertical.

The restrictions and rules for the movement of the spinners are enforced by the physical make-up
of the sliding case. Nonetheless, these rules can be stated formally.
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(1) Spinner 1 (rightmost spinner) may change its orientation on any move.
(2) Conditions for Movement of Spinner j: Spinner j may change its orientation provided all

of the following are true.
• Spinner 1 through spinner j−2 are all horizontal.
• Spinner j−1 is vertical.

Remark 4.2. We use the superscript notation to denote a string (or part of a string) that is made

up of consecutive repeated characters. For example, 1n is a string of n 1s, that is, 1n =

n 1s︷ ︸︸ ︷
11 . . .1. As

another example, 10k−1 is a string of length k, where the leading character is a 1, follow by k−1

0s. That is, 10k−1 = 1
k−1 0s︷ ︸︸ ︷

00 . . .0

Definition 4.3. A piece is free in Spin-Out if and only if it is the rightmost spinner or it is immedi-
ately to the left of the rightmost vertical spinner.

Definition 4.4. A move is legal in Spin-Out if the piece moving is free.

Remark 4.5. Note that as a vertical piece in Spin-Out corresponds to a 1 in the binary reflected
Gray code, a bit in Gray code can be analogously called free if it is the lowest order bit or it is
immediately to the left of the rightmost 1.

Theorem 4.6. The binary reflected Gray code represents the state space for the Spin-Out puzzle.

The key idea in the following proof is that the axis of reflection in the binary reflected Gray
code represents the point at which the nth spinner in n-spinner Spin-Out is switched from vertical
to horizontal. In order for that to happen, the piece immediately to its right, piece n− 1, must be
vertical, and all other pieces 1 . . .n− 2 must be horizontal. For any n, the first half of the binary
reflected Gray code achieves this configuration, and the second half undoes the configuration, as
it is simply the first half in reverse and all of the moves are invertible. The only difference is that,
in the first half of the code, the highest-order bit is 0, and in the second half it is 1. Note that this
is true for each reflection that is a sub-puzzle of the original puzzle, and we will use this recursive
construction to generate the next reflection in the Gray code inductively.

Proof. We will prove this by induction on the number of spinners. Let Hi be the state space for a
Spin-Out puzzle with i spinners.

Base Case: n = 2. We see that the binary reflected Gray code for n = 2 is 00, 01, 11, 10, which
is indeed the correct sequence of moves to solve Spin-Out with 2 spinners. The rightmost spinner
switches on every other move, and on the other moves, the spinner immediately to the left of the
rightmost 1 spins.

Induction hypothesis: The state space for Spin-Out with n− 1 spinners, Hn−1, is the binary
reflected Gray Code with n−1 bits.

We will show: The state space for Spin-Out with n spinners, Hn is the binary reflected Gray code
with n bits.

Let n≥ 3. The binary reflected Gray code on n bits may be represented as Hn = 0Hn−1||1HR
n−1,

where R indicates a reflection of the code. Observe that 0Hn−1 is a subset of the state space for
Spin-Out with n spinners as, by our inductive hypothesis, Hn−1 is the state space for n−1 spinners
and, although 0 is prepended throughout as the nth bit, the nth spinner is never spun. The fact
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that bit n is 0 therefore violates no conditions for movement and does not affect the legality of the
moves. We then have the claim for the first half of the state space for n bits.

At the point of reflection, we change bit n from 0 to 1. This is legal because the n− 1 bits are
of the form 10 . . .00, and therefore the conditions for movement hold and rule (2) is obeyed. Thus
this move is in the state space for Spin-Out.

In the second half of the code, we see that 1HR
n−1 is also a subset of the state space for Spin-Out

with n spinners because, by our inductive hypothesis, Hn−1 is the state space for n− 1 spinners
and, although 1 is prepended through as the nth bit, it is never changed from a 1 to a 0. Note that
the reflection of Hn−1 is unimportant as all moves in Spin-Out are invertible. Thus the claim holds
for the second half of the Gray code.

Thus, the claim is true for the entire Gray code, and we conclude that Hn is indeed the binary
reflected Gray code with n bits.

�

Theorem 4.6 tells us that we may find the configuration 11 . . .1 in the binary reflected Gray code
and follow each successive entry to the 00 . . .0 configuration, and each move will be a legal move
in Spin-Out.

4.1.1. Algorithms to Solve Spin-Out. We present two recursive algorithms for solving Spin-Out,
the mutual recursion Unlock, and the nested recursion Solve. Let n be the number of spinners. The
input configuration is 11..1 (n 1s), that is, all the spinners are locked. Unlock (n) is the procedure
that unlocks all n spinners. To unlock the last spinner, the first n−2 spinners must all be unlocked
first. Then, to unlock the second to last spinner, those first n− 2 spinners must be re-lock so that
the procedure Unlock can be called on again. To perform the re-locking, we call the procedure
Lock (n), where n is the number of spinners with input configuration 00..0 (n 0s).

Mutual Recursion for Spin-Out

PROCEDURE Unlock ( n )
IF n > 0

THEN Unlock (n−2 )
turn the n-th piece
Lock (n−2)
Unlock (n−1)

PROCEDURE Lock ( k )
IF k > 0

THEN Lock (k−1 )
Unlock (k−2)
turn the k-th piece
Lock (k−2)
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11...11 00...00

110...0

010...0

Unlock (n)

Unlock (n-2)

011...1

turn n-th spinner Lock (n-2)

Unlock (n-1)

FIGURE 6. An illustration of the procedure Unlock.

00...00 11...11

011...1

010...0

Lock (n)

Lock (n-1)

110...0

Unlock (n-2)
turn n-th spinner

Lock (n-2)

FIGURE 7. An illustration of the sub-procedure Lock, which is called by Unlock.

Theorem 4.7. The mutual recursion Unlock(n) correctly solves the Spin-Out puzzle with n spin-
ners.
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Proof. Base Case: Suppose n= 1. The IF condition is satisfied, and the procedure Unlock executes
the THEN statement and calls Unlock(−1). Unlock(−1) does nothing because the IF condition is
not fulfilled. Unlock(1) then turns the first spinner (and only spinner). Lock(−1) and Unlock(0)
does nothing because the IF conditions are not satisfied. Similarly, the reader can verify that
Lock(1) correctly locks an unlocked spinner.

Inductive Hypothesis: Assume that Unlock(n) correctly solves the Spin-Out puzzle with n or
fewer spinners. Assume also that Lock(n) correctly locks all the spinners in the Spin-Out puzzle
with n or fewer spinners. Suppose we call Unlock(n + 1) for the Spin-Out puzzle with n + 1
spinners. The IF condition is satisfied, and the procedure executes the THEN statement and calls
Unlock(n+1−2), that is, Unlock(n−1). By our induction hypothesis, this correctly unlocks the
first n−1 spinners. Next, the procedure turns (unlocks) the (n+1)st spinner. Observe that this is
the spinner to the left of the rightmost vertical spinner. Then the procedure calls Lock(n−1). By
our induction hypothesis, this sub-procedure must correctly lock the first n− 1 spinners. Finally,
the algorithm calls itself in the form Unlock(n). Again, by our induction hypothesis, this procedure
correctly unlocks the first n spinners. Observe that the procedure has unlocked all n+1 spinners.

Suppose we call Lock(n+ 1) for the Spin-Out puzzle with n+ 1 unlocked spinners. The IF
condition is satisfied, and the procedure calls itself in the form Lock(n+ 1− 1), that is, Lock(n).
By our induction hypotheses, this procedure correctly locks the first n spinners. Next, the procedure
calls Unlock(n+1−2), that is, Unlock(n−1). Again, by our induction hypotheses, this procedure
correctly unlocks the first n− 1 spinners. Observe that at this point the spinner to the left of the
rightmost vertical (locked) spinner is spinner n+ 1. The next step is turning spinner n+ 1, thus
locking it. Finally, the algorithm calls Lock(n+1−2), which by our induction hypotheses correctly
locks the first n−1 spinners. Observe that the procedure has locked all n+1 spinners. �

Nested Recursion for Spin-Out

PROCEDURE Solve ( n )
IF n > 0

THEN Solve ( n−2 )
turn the n-th spinner
YSolve (n−1)

PROCEDURE YSolve ( k )
Comment: takes the puzzle from 10k−1 to 0k or from 0k to 10k−1

IF k > 0
THEN YSolve(k−1)

turn the k-th spinner
YSolve (k−1)
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11...11 00...00

110...0 010...0

Solve (n)

Solve (n-2) YSolve (n-1)

turn n-th spinner

FIGURE 8. The figure above illustrates the main parts of the recursion “Solve” for
Spin-Out.

10...00 00...00

110...0 010...0

YSolve (n)

YSolve (n-1) YSolve (n-1)

turn n-th spinner

FIGURE 9. The sub-procedure “YSolve” that is called by “Solve.”

Theorem 4.8. The nested recursion Solve(n) correctly solves the Spin-Out puzzle with n spinners.

Proof. Proceed by induction. A proof is also provided by [30]. �
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Remark 4.9. There exist iterative and counting algorithms for Spin-Out. We will describe them
in 4.2 since the same algorithms may also be used to solve traditional Spin-Out by letting m = 1.

4.2. The Dimension 2m puzzle. The Spin-Out puzzle can be extended to a family of puzzles
called the Dimension 2m puzzles. In the Dimension 2m puzzle, each spinner is replaced by a piece
consisting of a stack of m spinners for some m ∈ N. Each spinner on the piece can take two po-
sitions, horizontal (0) or vertical (1). Hence, the total number of possible orientations that a piece
can be in is 2m. Note that we will use the terms orientation and spin interchangeably for describing
the configuration of a single piece. For n pieces, there will be (2m)n possible configurations that
the whole puzzle can have. If we set d = 2m, then this number is dn.

We can associate to each orientation a natural number from 0 to d− 1. Next we present the
method for defining the orientations of the pieces as developed by Skubak and Stevenson [31].

(1) For a dimension d = 2m generalized Spin-Out puzzle, each puzzle piece will consist of m
spinners stacked one on top of the other.

(2) To find the orientation t for t ∈ {0, . . . ,d− 1}, first write t as a binary number. To set a
piece to this orientation, let the rightmost bit (1’s bit) represent the top spinner, and let
the next bit from the right (2’s bit) represent the second spinner from the top of the stack.
Continuing in this manner, the leftmost bit will represent the spinner at the bottom of the
stack. A 0 bit means that the spinner that the bit represents in the stack is horizontal, and a
1 bit means that the spinner is vertical.

(3) Now, for each t ∈ {0, . . . ,d−1}, there is associated to it a distinct orientation and a corre-
sponding binary number.

Example 4.10. Suppose d = 8 = 23. Then the number of spinners on each puzzle piece is m = 3. A
piece in the 0 = 0002 orientation has all three spinners in the horizontal position (in fact, a piece
in the 0 orientation will have all horizontal spinners). The 7 = 1112 orientation has all vertical
spinners, and the 3 = 0112 orientation has a horizontal spinner on the bottom, and two vertical
spinners above it.

FIGURE 10. The orientation numbers for the Dimension 8 puzzle.

For a Dimension 2m puzzle with n puzzle pieces, we number the pieces from right to left be-
ginning at 1. Given a configuration of the puzzle, we can label it with a string of characters from
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{0, . . . ,d−1}, where each piece is represented by the number of the orientation it is in. The con-
vention for the label will be that the rightmost character represents piece 1. For a piece j, we will
use f ( j) to denote the orientation number of piece j.

Example 4.11. A labeling of a configuration in the Dimension 8 puzzle with 4 pieces.

FIGURE 11. An example configuration for the Dimension 8 puzzle, labeled 0374.

Next we outline the rules for the Dimension 2m puzzle.
(1) The first piece, piece 0, may always change its orientation to any other orientation on any

given move.
(2) To spin at least one spinner of piece j, the orientations of piece 0 through piece j−2 must

all be 0, and the orientation of piece ( j− 1) must not be 0. In other words, f (0) through
f ( j− 2) are all 0s, and f ( j− 1) 6= 0. If these conditions are met, then we must rotate
as many spinners of piece j as possible; that is, any spinner on the stack that can switch
between its horizontal and vertical position must do so.

(3) The goal of the puzzle is, given the initial configuration of all locked spinners ((2m −
1)(2m−1) . . .(2m−1)), to move all the pieces to orientation 0.
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4.3. Algorithms to Solve the Dimension 2m Puzzle.

Remark 4.12. While Spin-Out generalizes in an interesting way to any 2m = d dimension, we
note that the optimal solution (that which is both legal and uses the minimal number of moves)
involves only the orientations (d− 1) and 0 for each spinner. That is, given a puzzle of the form
(d− 1)n, we need only switch between (d− 1) and 0 for each piece. The puzzle has many other
possible configurations, as seen in the previous examples, and it would be interesting to know
how to get from any configuration to any other. Previous papers, most notably [31] and [4], have
accomplished this for small m by describing the complete iterated graphs associated with these
puzzles. Nevertheless, we are concerned with writing algorithms that correctly solve these puzzles,
and we thus do not take into account these configurations. Throughout, we use the fact that there
is an obvious bijection between puzzles of the form (d−1)n = 1n, and we will sometimes use 1 to
represent d− 1 for the analogous generalized puzzle. In the algorithms we will use d− 1 and 1
interchangeably, and will often use 1 in examples for notational ease.

4.3.1. Recursive Algorithm. For the Dimension 2m puzzle with n pieces, the initial configuration
is (d−1)(d−1) . . .(d−1), that is, each piece is in the orientation d−1 (each piece has all vertical
spinners). To solve the puzzle, we must change the configuration to 00..0, so that each piece will
have all horizontal spinners. In the following recursive algorithm developed by Baun and Chauhan
[4], rotate(i) means to rotate piece i from d − 1 to 0 or from 0 to d − 1, where i ∈ {1, . . . ,n}.
Remember, each piece is indexed from 1 to n from right to left.

Nested Recursion for Dimension 2m

PROCEDURE A ( n )
Comment: takes the puzzle from (d−1)n to 0n

IF n > 0
THEN A( n−2 )

rotate piece n
C(n−1)

END

PROCEDURE C ( k )
Comment: takes puzzle from (d−1)0k−1 to 0k or from 0k to (d−1)0k−1

IF n > 0
THEN C(k−1 )

rotate piece k
C(k−1)

END

We can also construct a mutual recursion for the Dimension 2m puzzle that is analogous to the pro-
cedure “Unlock” by substituting (d−1) for 1 into the mutual recursion for Spin-Out as discussed
in Remark 4.12.
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4.3.2. Iterative Algorithm. The following iterative algorithm is a modification of a similar one
developed by Baun and Chauhan [4].

Iterative Algorithm for Dimension 2m Puzzle

PROCEDURE
IF n is odd

THEN rotate piece 1 from d−1 to 0
ELSE rotate piece 2 from d−1 to 0

rotate piece 1 from d−1 to 0
WHILE a piece other than piece 1 can rotate DO

Rotate that piece
Rotate piece 1

ENDWHILE

Proposition 4.13. The iterative algorithm correctly solves the Dimension 2m puzzle.

Proof. An analogous proof is provided by Pruhs [30]. �

4.3.3. Counting Algorithm. Next we present the counting algorithm for the Dimension 2m puzzle.

Count Algorithm for Generalized Spin-Out (Dimension 2m)

PROCEDURE
GrayLabel := All 1s (n bits)
BCount := d2

3(2
n−1)e (n bits)

IF n = 1
THEN switch position 1 in GrayLabel from d−1 to 0

IF n = 2
THEN switch position 2 in GrayLabel from d−1 to 0

switch position 1 from d−1 to 0
ELSE

WHILE rightmost 0 is in position b in BCount DO
BCount:= BCount - 1
Switch position b in GrayLabel from 0 to d−1 or d−1 to 0
IF GrayLabel = all 0s THEN return

ENDWHILE

We begin with a table for n = 5 to illustrate the connection between Spin-Out and the binary
reflected Gray code. This table will take Spin-Out with 5 spinners from all locked to all unlocked
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by following the Gray code column from the Gray code 11111 (binary number 10101) and moving
upwards.

Binary Gray Binary Gray
00000 00000 10000 11000
00001 00001 10001 11001
00010 00011 10010 11011
00011 00010 10011 11010
00100 00110 10100 11110
00101 00111 10101 11111
00110 00101 10110 11101
00111 00100 10111 11100
01000 01100 11000 10100
01001 01101 11001 10101
01010 01111 11010 10111
01011 01110 11011 10110
01100 01101 11100 10010
01101 01011 11101 10011
01110 01001 11110 10001
01111 01000 11111 10000

To prove that the counting algorithm is correct, we first make observations about the relationship
between binary numbers and the binary reflected Gray code.

Lemma 4.14. For any n,d2
3(2

n−1)e has a n-bit binary representation with alternating zeroes and
ones; that is, it is of the form . . .010101 . . . where n−1 is the position of the leftmost 1.

Proof. Consider the number . . .010101 . . . , and let n−1 be the position of the leftmost 1.
Case 1: The number is even. (. . .101010)
Then the final bit will be a 0. We may represent this number in base 4 as . . .222, with k twos.

Note that n = 2k. We may rewrite this further as

k−1

∑
i=0

2 �4i = 2
k−1

∑
i=0

4i = 2
4k−1
4−1

=
2
3
(4k−1) =

2
3
(22k−1) =

2
3
(2n−1)

as n = 2k in this case. Thus . . .101010 = 2
3(2

n−1) where the leftmost 1 is in the (n−1)st bit.

Case 2: The number is odd. (. . .010101)
Then the final bit will be a 1. We may represent this number in base 4 as . . .111, with k ones.

Note that n = 2k−1, and so n+1 = 2k. We may rewrite this further as

k−1

∑
i=0

4i =
4k−1
4−1

=
22k−1

3
=

2n+1−1
3

=
2 �2n−1

3
=

2
3
(2n− 1

2
) =

2
3
(2n−1+

1
2
) =

2
3
(2n−1)+

1
3
= d2

3
(2n−1)e
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as n+1 = 2k in this case and d2
3(2

n−1)e must be an integer.
Thus, in either case, d2

3(2
n−1)e is equivalent to . . .01010 . . . where n−1 is the position of the

leftmost 1.
�

Lemma 4.15. The algorithm above gives a sequence of legal moves in the Spin-Out Puzzle.

Proof. Let BR be a binary number. We will use R as the (presumably decimal) index of the binary
numbers and their corresponding Gray code values, GR. We will use j as the index of bits, and all
numbers will have n bits with the rightmost (lowest-order) bit labeled as the first bit. The indices
will run from lower to higher order, so index j+1 is to the left of index j. The highest-order index
will be bit n.
Case 1: BR ends in a 0. Then piece 1 will change in Spin-Out because the first binary bit, b1, is 0.
This is a legal move.
Case 2: BR ends in a 1. Let j be the position of the rightmost 1 in GR. Then positions 1 through
j−1 in GR are 0. By the binary-Gray conversion formulae, we see that positions 1 through j−1
in BR are the same as the complement of b j+1; we denote this b j+1. As we assumed that BR ends
in a 1, 1 = b1 through b j−1 = b j+1. Therefore, b j+1 = 0. As bits b1 through b j−1 are 1, and
b j+1 + g j = 0+ 1 = 1 = b j, bits b1 through b j are in fact 0, making b j+1 the rightmost 0 in the
binary number. The algorithm tells us to switch the corresponding position j+ 1 in Gray count,
which is by assumption the position immediately to the left of the rightmost 1. This is indeed a
legal move.
Thus, in either case, the algorithm produces only legal moves in Spin-Out.

�

Theorem 4.16. The Count algorithm correctly solves the Spin-Out puzzle.

Proof. We first observe that, by the conversion formulae given above, a GrayLabel with the form
0 . . .01 . . .1 occurs if and only if the BCount is in the form . . .010101 . . . with a potentially trivial
number of zeroes at the high-order end and terminating at the low-order end. Call the position of
the leftmost 1 in the GrayLabel position n. This represents a n-spinner puzzle in its starting posi-
tion. By Lemma 4.14 above, note that this binary number corresponds to d2

3(2
n− 1)e in decimal

representation. This is known to be the number of moves in the minimal solution to Spin-Out with
n spinners. By Lemma 4.15, the Gray code gives a legal sequence of moves. By the conversion
formula for the binary reflected Gray Code, we see that counting in binary numbers (which is pre-
cisely what the count algorithm does) generates exactly this Gray code by Theorem 2.11. Further,
the algorithm terminates after d2

3(2
n−1)e steps. On the (d2

3(2
n−1)e−1)th step, the BCount will

read . . .0001, and therefore all of the spinners will be in position 0, with the exception of spinner 1.
The final move will therefore move the BCount to 0 and the last spinner from vertical to horizontal,
thus solving the Spin-Out puzzle. As it has solved the puzzle in the minimum number of moves,
and such a solution is known to be unique, we may conclude that the Count algorithm correctly
solves the Spin-Out puzzle.

�
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5. THE COMBINATION PUZZLE

5.1. Introduction and Rules. The Combination puzzle (or Product puzzle) is created by stitching
together the rules for the SF puzzle and the rules for the Dimension 2m. We will first describe its
set-up and the goal of the game. Like the Towers of Hanoi, the Combination puzzle will be played
with n pieces and q towers where q is odd. Now, we can imagine that each piece of this puzzle
is made up of m spinners. Each spinner on the piece can take one of two orientations, either
horizontal (unlock) or vertical (lock). Hence, each piece has a total of 2m possible orientations or
spins. Note that we will use the terms orientation and spin interchangeably. Also note the change
in terminology from disks in Towers of Hanoi (which have no orientation or spin) to pieces in the
Combination puzzle. The notion of spin is inherited from the Spin-Out puzzle. In addition to its
spin, each piece can reside on 1 of q towers. These two attributes define the total orientation of the
piece.

Definition 5.1. The total orientation of a piece is an ordered pair of integers (t j,s j) where the first
integer designates the tower that the piece is on and the second integer represents the spin of the
piece. We can represent the total orientation of piece j by the integer given by f ( j) = t j ·2m + s j.

This definition gives q · 2m possible total orientations in all because t j ∈ {0, . . . ,q− 1} and
s j ∈ {0, . . . ,2m− 1} where the numbering for the spin is defined in the same manner as in the
generalized Spin-Out puzzle. Finally, we also inherit from the Towers of Hanoi the notion of size
ordering. The convention will be that the first piece (piece 1) is the smallest, the second piece
(piece 2) is the next smallest, and so on up to the nth piece, which is the largest.

The goal of the puzzle is simply a combination of the goals for the two individual puzzles.
Suppose the pieces are stacked by size on some initial tower i with piece n−1 at the bottom. Fur-
thermore, suppose the spin of each piece is 1. We are allowed to move (change the total orientation
of) one piece at a time. The objective will be to move all the pieces and stack them by size onto
some target tower l and in the process change all their spins to 2m−1.

Definition 5.2. A movement is defined to be a change in total orientation of a piece. This entails
either a change in both tower and spin, or a change in one and not the other.

Remark 5.3. On any given move, only the first piece (piece 1) may change its total orientation to
any other total orientation. All other pieces must change both their tower and spin according to
the total orientation change function. It is possible that these change functions (one for the tower
and one for the spin) may not have any effect.

We emphasize that this new puzzle may not have a physical embodiment and is at best an ab-
straction played with pen and paper (and some imagination). The goal of the game is to use a
newly defined set of rules to deduce the sequence of allowable configurations needed to go from
the initial configuration to the final configuration. The important question is how do we decide
what should constitute the rules and legality for movement in this combination puzzle? In what
sense should the rules for Towers and Spin-Out be combined? It seems reasonable to stipulate that
if a movement in the Combination puzzle is illegal from a purely Spin-Out (or Towers of Hanoi)
standpoint, it should be restricted in the combined setting. This suggests that a movement in the
Combination puzzle can be viewed from two different perspectives simultaneously. However, the
suggestion above admits much room for ambiguity because a movement may be illegal from a
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Spin-Out perspective but may be legal from a Towers of Hanoi perspective or vice versa. Instead,
the right idea to keep in mind is that a piece j in the Combination puzzle can change its total ori-
entation if the total orientation change function that governs the move agrees with the allowable
configurations for moving from both the Towers configuration and the Spin-Out configuration.
Clearly then, if the movement is illegal from both the Towers and Spin-Out configurations, it is
illegal in the Combination puzzle.

Definition 5.4. If a piece j in the Combination puzzle can move, then its movement is controlled by
the total orientation change function which says that the tower of j must change to (2 · t j−1− t j
mod q) and its spin must change to s j−1⊕ s j.

We are now in position to outline in detail the rules for the Combination puzzle.
(1) The First Piece Rule: Piece 1 can always change its total orientation into any other.
(2) The Second Piece Rule : If j = 2, then the tower of piece 2 may change to 2 ·t1−t2 mod q

and its spin changes to s1⊕ s2. If t1 = t2, the second piece may only change its spin, and
the spin does not change if s1 = 0.

(3) Conditions for Movement of Piece j: Piece j, for j 6= 1,2, may move if all of the follow-
ing are true
(a) Piece 1 through piece j− 2 are all on the same tower and their spins are all 0. If we

denote their tower number by T, then this condition says T = t1 = t2 = · · ·= t j−2, and
0 = s1 = s2 = · · ·= s j−2.

(b) Piece j−1 is on tower T ; that is, t j−1 = t1 = t2 = · · ·= t j−2.
(c) If piece j is on tower T , then we can change its spin (s j) provided s j−1 6= 0. If t j = T ,

condition (1) and (2) implies that all the smaller pieces are actually stacked on top of
piece j, hence we would not be able to change towers, and this agrees with the tower
change function because 2 · t j−1− t j mod q = 2 ·T −T = T .

Spin-Out has a greater degree of influence than does Towers of Hanoi in the combined setting.
In some sense this is to be expected, but it is an important subtlety. Condition (a) in the conditions
for movement of piece j is derived from Spin-Out while condition (b) is derived from Towers.
Condition (a) ensures we have the correct spin configuration and condition (b) ensures all the
smaller pieces are stacked elsewhere away from the piece we wish to move. Condition (c) is where
Spin-Out overtakes Towers. Condition (c) says that if all the smaller pieces are actually stacked
on top of the piece we wish to move, then the spin of the previous piece must not be 0. In the
towers setting, this piece can’t change towers, but that is allowable because the change function
will always return the same tower in that case. So the only possibility is that the spin changes,
and for this to happen we have the condition made in (c) combining with condition (a) to change
the spin. So in order to move a piece, it is necessary that we are able to reach it in the Spin-Out
configuration, which is essentially what condition (a) accounts for. But the surprising subtlety is
that, in order to change the spin of a piece, we do not have to remove all the pieces smaller than it
off to a different tower. The same is not true for the reverse. That is, we cannot change the tower
of a piece if the puzzle does not have the correct spin configuration, even if the change function
leaves the spin unaffected.
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5.2. Algorithms to Solve the Combination Puzzle.

5.2.1. Recursive Algorithm. Before presenting the recursive algorithm for the Combination puz-
zle, we will begin by analyzing the skeleton of this master procedure and the major intermediate
tasks that will be needed. For the sake of clarity, we will use as a guide the dimension 6 puzzle
played with three towers and n = 5 pieces. Each piece has only two possible spins, either vertical
(lock) or horizontal (unlock). The initial set-up has all the pieces stacked on tower 0 with the spin
configuration at 11111; that is, they are all “locked.” The objective will be to move all these pieces
onto tower 2, and in the process change each of their spins to 0.

FIGURE 12. The left configuration is the input configuration, and the right config-
uration is the desired end configuration. Here, the procedure TowerSpin takes the 5
locked pieces from tower 0 to tower 2 and in the process unlocks all the pieces. The
convention is that a centered white circle represents unlocked (0), and one with a
centered black circle represents locked (1).

Let TowerSpin(i, j,n) be that master algorithm that takes us from the initial configuration to the
desired final configuration. More importantly, TowerSpin accomplishes its job all within the legal
restrictions of the game. The inputs are the initial tower i, the target tower j, and the number of
pieces n. It will be implicit that this algorithm only deals with pieces in the initial spin configuration
11 . . .1 and will transform it into 00 . . .0. Now consider the configuration just before piece n
(largest piece) is taken from (i,1) to ( j,0). The configuration represents the bottleneck stage. If
instead we choose to move piece n to the target tower and then change its spin later, we will be
adding an extra move to the mimimum solution sequence, which is not allowed. The first n− 1
pieces must be moved to some intermediate tower different from j, and the spin configuration on
that tower must be 10n−2.

The first major task will be to arrive at the stage above where we can move piece n in the desired
fashion. Denote that intermediate stage by C. To obtain configuration C, we first need to move
piece n−1 to a middle tower without changing its spin. Before that can happen, we need piece 1
through piece n−2 to be stacked elsewhere on some other tower, and the spin configuration of the
first n− 2 pieces on that other tower must be 0n−2. Once we reach that configuration, say D, we
will be in position to take piece n−1 from (i,1) to (k,1).

Observe that to reach configuration D, we call TowerSpin(i, j,n−2). Finally, to arrive at C, we
must move the first n−2 pieces back on top of piece n−1 such that the spins of those n−2 pieces
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FIGURE 13. The left configuration represents the configuration C immediately be-
fore the last piece can be moved from tower 0 to tower 2 and have its spin changed
from 1 to 0.

FIGURE 14. The left configuration represents the configuration D, and the auxiliary
tower k is tower 1. The right right configuration represents the next move after D,
where piece 4 (piece n− 1) has been taken from tower 0 to tower 1 without any
change in spin. Observe that the configuration D is obtained by calling
TowerSpin(0,2,3).

remain unchanged (stays all 0s). To accomplish this, all that is required is changing towers. The
sub-procedure that will be called on will be similar to a (modified) Hanoi procedure.

Now we can consider the second half of the algorithm TowerSpin. The first n− 1 pieces are
stacked on some middle tower k, and the spin configuration on that tower is 10n−2. Furthermore,
piece n is now on tower j and with spin 0. Let F be the sub-procedure that completes the second
half of the algorithm TowerSpin.

“Flip”(i, j,m), or F(i, j,m) for short, moves m pieces from tower i to tower j and changes the
spin of the largest piece (piece m). Let t represent the spin of piece m, where t ∈ {0,1}. Define
t̄ = t +1 mod 2. We have as the initial set up m pieces stacked on tower i with spin configuration
t 0m−1. The procedure F will move them onto tower j and take the spin into the configuration
t̄ 0m−1; that is, on the final tower, only the spin of the largest piece will change while the spins
of all the smaller pieces on top of it will remain 0s. Consider the configuration before piece m is
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FIGURE 15. The left configuration is the configuration immediately after D, and
the right configuration is the configuration after calling Modified Hanoi. Here Mod-
ified Hanoi acts on the 3 unlocked pieces on tower 2 and transfers them onto the
middle tower 1 without locking any of the pieces.

FIGURE 16. The left configuration results from the move made after Modified
Hanoi has been completed. It is the next configuration after configuration C. The
sub-procedure F completes the rest of the algorithm TowerSpin.

taken from (i, t) to ( j, t̄). The first m−1 pieces must be stacked elsewhere on some middle tower
k. Furthermore, the spin configuration of those m−1 pieces on tower k must be 10m−2.

Thus, the intermediate step in F is to call itself for one piece fewer. Once we move piece m, the
last thing to do is to take the m−1 pieces from tower k and move them on tower j and change the
spin of piece m−1. Observe that the procedure F does exactly this.
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FIGURE 17. The leftmost configuration is the input configuration for the procedure
F(0,2,4). To correctly move piece 4, F first calls itself in the form F(0,1,3).

FIGURE 18. To complete the algorithm F, the procedure calls itself in the form F(1,2,3).
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Recursive Algorithm for Combination Puzzle

PROCEDURE TowerSpin( i, j, n )
IF n = 1

THEN Move the top piece from tower i to tower j
Change its spin (rotate)

IF n = 2
THEN Move piece 1

from tower i to tower (i+ j)/2 mod q
Move piece 2 from tower i to tower j
Change its spin to s1⊕ s2
Move piece 1

from tower (i+ j)/2 mod q to tower j
Change its spin (rotate)

ELSE TowerSpin( i, j, n−2 )
Move the top piece k

from tower i to tower (i+ j)/2 mod q
Change its spin to sk−1⊕ sk
Modified Hanoi( j, (i+ j)/2 mod q, n−2 )
Move the top piece t from tower i to tower j
Change its spin to st−1⊕ st
F( (i+ j)/2 mod q, j, n−1 )

PROCEDURE Modified Hanoi( i, j, n )
IF n = 1

THEN Move the top piece from tower i to tower j
ELSE Modified Hanoi(i, (i+ j)/2 mod q, n−1 )

Move the top piece k from tower i to tower j
Change its spin to sk−1 ⊕ sk
Modified Hanoi( (i+ j)/2 mod q, j, n−1 )

PROCEDURE F( i, j, n )
IF n = 1

THEN Move the top piece from tower i to tower j
Change its spin (rotate)

ELSE F( i, (i+ j)/2 mod q, n−1 )
Move the top piece k from tower i to tower j
Change its spin to sk−1⊕ sk
F( (i+ j)/2 mod q, j, n−1 )
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Lemma 5.5. The recursive procedure Modified Hanoi(i, j, n) correctly moves n pieces with initial
spin configuration 0n from tower i to tower j without changing the spin configuration, i.e, the spin
of each piece remains 0 on tower j.

Proof. Base Case: If n = 1, then the procedure moves the top piece from tower i to tower j.
Because there is no instruction to rotate, the spin does not change and remains 0.
Induction Hypothesis: Assume that Modified Hanoi(i, j, n−1) correctly moves n−1 pieces from
tower i to tower j without changing the initial spin configuration.

Suppose that n > 1. The procedure then executes the ELSE part of the “IF” condition and calls
Modified Hanoi(i, (i+ j)/2 mod q, n−1). By our induction hypothesis, this procedure correctly
moves the first n− 1 pieces from tower i to some auxiliary tower k = (i+ j)/2 mod q without
changing the spin. Since the input spin configuration is all 0s, they end in all 0s. Next we move the
top piece (piece n) from tower i to tower j. Since all the smaller pieces are stacked on some middle
tower k, we know that we are not placing piece n on top of a smaller piece. Furthermore, the spin
of piece n remains 0 because the spins of piece 1 through piece n−1 are all 0s on tower k. Finally,
the procedure calls Modified Hanoi((i+ j)/2 mod q, j, n− 1). By our induction hypothesis this
procedure correctly stacks the n−1 pieces from the middle tower k onto the target tower j without
changing the spin configuration. Since piece n was the largest piece, we know that we are never
placing a larger piece on top of a smaller piece. Observe that the algorithm has achieved the desired
final configuration. �

Lemma 5.6. Let t represent the spin of the largest piece, where t ∈ {0,d−1}. If t = 0, then define
t̄ = d− 1. If t = d− 1, then define t̄ = 0. The procedure F(i, j, n) correctly moves n pieces with
spin configuration t 0n−1 from tower i onto tower j and into t̄ 0n−1.

Remark 5.7. For n = 1, we interpret 00 to mean that no pieces are horizontal (unlocked).

Proof. Base Case 1: If n = 1, then F moves the top piece from tower i to tower j. Since we only
have one piece, the spin of this piece is initially t. Hence, after rotation the spin changes to t̄.
Induction Hypothesis: Assume that F(i, j, n− 1) correctly moves n− 1 pieces with spin configu-
ration t 0n−2 from tower i to tower j and to the spin configuration t̄ 0n−2.

Let n > 1. The procedure F executes the ELSE part of the statement and calls itself in the form
F(i, (i+ j)/2 mod q, n− 1). By our induction hypothesis, F correctly moves n− 1 pieces from
tower i to the auxiliary tower k = (i+ j)/2 mod q and changes the spin of piece n−1. Since the
spin of piece n−1 was 0, it changes to d−1. Next, F moves the top piece (piece n) from tower i
to tower j. Since all the smaller pieces are on tower k, we know that this piece will not be placed
on top of a smaller piece. Furthermore, since the spin of piece n− 1 is d− 1, the spin of piece
n is changed from t to t̄. Finally, F calls F((i+ j)/2 mod q, j, n− 1), which by our induction
hypothesis correctly stacks the n− 1 pieces from tower k onto tower j and changes the spin of
piece n−1 from d−1 to 0. Observe that F has achieved the desired end configuration.

�

Lemma 5.8. For n pieces, the minimum number of moves needed for F (Flip) to solve its initial
input problem is 2n−1.

Proof. The algorithm F yields the following recurrence relation which can be solved:

F̃(n) = 2F̃(n−1)+1 with F̃(1) = 0
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to give F̃(n) = 2n−1. �

Theorem 5.9. The recursive procedure TowerSpin(i, j, n) correctly solves the combination puzzle.

Proof. Base Case: If n = 1 or n = 2, then observe that the procedure correctly takes the puzzle
from the initial configuration to the final configuration.
Induction Hypothesis: Assume that the procedure works correctly for n− 2 pieces. That is,
TowerSpin(i, j, n−2) correctly moves n−2 pieces with spin (d−1)n−2 from tower i to the target
tower j and changes the spin of each piece to 0.

Suppose n> 2. Then the procedure executes the ELSE statement and calls TowerSpin(i, j,n−2).
By our induction hypothesis, this procedure correctly moves the first n−2 pieces from tower i to
the target tower j, and takes the spin from (d− 1)n−2 to 0n−2. Next the procedure moves the top
piece (piece n) from tower i to the middle tower k = (i+ j)/2 mod q. Now, since the spin of piece
1 through piece n−2 are all 0s, the spin of piece n−1 does not change, that is, it remains d−1.
The algorithm then calls Modified Hanoi( j, (i+ j)/2 mod q, n− 2), which correctly moves the
n− 2 pieces from tower j onto tower k. Since piece n− 1 is bigger than piece 1 through piece
(n− 2), we know that we are not stacking those n− 2 pieces from tower j on top of a smaller
piece. Furthermore, once those n−2 pieces are stacked on tower k, their spins will be unchanged
(all 0s). Next, the procedure moves the top piece (piece n) from tower i to tower j. Since the spin
of piece (n−1) is (d−1), the spin of piece n is changed from (d−1) to 0. Finally, TowerSpin calls
F((i+ j)/2 mod q, j, n−1). The sub-procedure F correctly moves the n−1 pieces from tower k
onto the target tower j, and changes the spin configuration from (d−1)0n−2 to 0n−1. Observe that
we have achieved the desired final configuration. �

Lemma 5.10. For n pieces, the minimum number of moves needed to solve the Combination puzzle
is 2n−1.

The proof of Lemma 5.10 is similar to the proof of the optimal solution of the generalized
Towers of Hanoi. It makes use of the fact that the starting and ending configurations are corner
vertices in the complete iterated graph Kn

q and the minimum distance between two corner vertices
in such a graph is 2n−1.
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5.2.2. Iterative Algorithm. Next we present the iterative algorithm.

Iterative Algorithm for Combination Puzzle

BEGIN
TestString : = all 0s ( n bits)
Sum : = 0
STEP : = ( j)(1/2)n−1 mod q
Move the smallest piece STEP towers clockwise
TestRotate(1)

WHILE a piece i other than the smallest is able to change towers DO
change the tower of piece i
TestRotate(i)
Move the smallest piece STEP towers clockwise
TestRotate(1)

ENDWHILE
END

PROCEDURE TestRotate ( i )
IF TestString[i] = 0

THEN TestString[i] : = 1
Sum : = Sum + 1 mod 2

IF Sum = n mod 2
THEN rotate piece i

END

Conjecture 5.11. The iterative algorithm correctly solves the Combination puzzle.
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5.2.3. Count Algorithm. Finally, we give the count algorithm.

Count Algorithm for Combination Puzzle

BCount : = all 0’s (n bits)
S : = all 1s (n bits)
T : = 0
Z : = n mod 2 (Z ∈ {0,1} )
P : = (−1)(1/2)n−1 mod q
IF Z = 1 THEN Spin-Out : = ON ELSE Spin-Out : = OFF
Move piece 0 from T to T+P
IF Spin-Out = ON

THEN switch 0-th bit in S from 0 to 1 or 1 to 0
BCount : = BCount + 1
WHILE BCount does not equal 11...1 ( n 1s) DO

IF BCount = 0...01...1
THEN switch state of Spin-Out

IF Rightmost 0 is in position b in BCount
THEN Move piece b

from T - (2b−2)(P) mod q
to T + (2b−2)(P) mod q

IF Spin-Out = ON THEN switch b-th bit in S
BCount : = BCount + 1
Move piece 0 from T to T+P
T : = T + P
IF Spin-Out = ON THEN switch 0-th bit in S
BCount : = BCount + 1

ENDWHILE

The Count algorithm for the Combination puzzle is an amalgam of the Counting Algorithms
for the SF Puzzle and the 2m dimension puzzle. We first observe that when any information about
Spin-Out is deleted, we are simply left with the Counting Algorithm for the Puzzle. Lemma 5.12
is therefore not proven as it is analogous to the theorems in Section 3.3.3. We also note that, as a
consequence of 5.12, the algorithm terminates after completing 2n−1 moves.

Lemma 5.12. The tower configuration given in the Counting Algorithm for Combination Puzzle is
exactly that given in the Recursive Algorithm for the Combination Puzzle. The Counting Algorithm
for the Combination Puzzle thus gives correct tower configurations.

We are left, then, to show that the spins of pieces are manipulated correctly. The following table
illustrates the relationship between the spins of pieces and the binary counter for n = 5 with one
spinner per piece (m = 1). As discussed in Section 4, this may be easily generalized to any number
m of spinners per piece.
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Binary Count Spin Configuration Binary Count Spin Configuration
00000 11111 OFF 10000 01000 ON
00001 11110 ON 10001 01001
00010 11110 OFF 10010 01011
00011 11110 10011 01010
00100 11010 ON 10100 01110
00101 11011 10101 01111
00110 11001 10110 01101
00111 11000 10111 01100
01000 11000 OFF 11000 00100
01001 11000 11001 00101
01010 11000 11010 00111
01011 11000 11011 00110
01100 11000 11100 00010
01101 11000 11101 00011
01110 11000 11110 00001
01111 11000 11111 00000

The position of the horizontal lines between 2n− 1 and 2n show exactly where the Spin-Out
switch is turned ON and OFF. We observe that when Spin-Out is OFF, the spins of the pieces are
unaffected. It is during these moves that, in the recursive algorithm, the subprocedure Modified
Hanoi is being called. It may seem that Modified Hanoi is changing the Spin, but in fact it isn’t; the
(n− i) pieces on which it is being called all have spin 0, and therefore adding the spin of any two
consecutive pieces to obey the total orientation change function will not change their spin. Notice
that these periods of unchanging spin occur precisely for (2 j− 1)− (2 j−1− 1) moves, which is
precisely the number of moves that Modified Hanoi takes.

In the sections of the Spin Configuration table when Spin-Out is ON, we see that it is following
parts of the binary reflected Gray code. By Theorem 2.11, these are legal moves in Spin-Out and
thus for the Spin Configuration of the Combination puzzle. The reason that it is exactly the binary
reflected Gray code is that the same procedure is followed as the Counting Algorithm for Spin-Out,
which is to find the rightmost 0 in the binary counter and then switch the corresponding bit in Gray
code. The proof of Lemma 5.13 is therefore analogous to the proof of Theorem 4.16.

Lemma 5.13. The Counting Algorithm for the Combination Puzzle makes correct moves to the
spin configuration of the pieces.

Theorem 5.14. The Counting Algorithm for the Combination Puzzle correctly solves the Combi-
nation Puzzle.

The proof of Theorem 5.14 is an easy consequence of Lemmas 5.12 and 5.13.
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6. HAMILTONIAN PATHS, THE TERNARY REFLECTED GRAY CODE, AND A FINITE STATE
MACHINE

6.1. Hamiltonian Paths.

Definition 6.1. A Hamiltonian path is a path in a graph that visits each vertex in the graph exactly
once. A Hamiltonian circuit is a cycle in a graph that visits each vertex exactly once and has the
same end vertex as its beginning vertex.

We will begin with proofs that Hamiltonian paths and circuits exist.

Proposition 6.2. For any pair of corner vertices in Kn
d there is a Hamiltonian path between them.

If d > 2,Kn
d has a Hamiltonian circuit.

Proof. For n = 1, the claim is obvious because K1
d is a complete graph and thus has a Hamiltonian

path between any pair of vertices, and except when d = 2 (the straight line), there is a Hamiltonian
circuit. By its construction Kn

d is a complete graph whose vertices are d copies of Kn−1
d . Any

vertex in Kn
d can be represented as (x,C) where C is one of the copies of Kn−1

d and x is a vertex
within C. If (x,C) is a corner vertex of Kn

d , then x is also a corner vertex of C. Let v1 = (x1,C1)

and v2 = (x̂d,Cd). Use the assumed Hamiltonian path of K1
d from C1 to Cd to give an ordering

C1,C2, ...,Cd on the copies of Kn−1
d . Complete the Hamiltonian path of C1 from x1 to the corner

x̂1 which is adjacent to a corner of C2 and call this corner x2. Similarly, use the Hamiltonian path
of C2 from x2 to x̂2 where x̂2 is adjacent to a corner of C3. Continue this construction and finally
use the Hamiltonian path of Cd to end up at x̂d . For the Hamiltonian circuit, assume d > 2, so that
K1

d has a Hamiltonian circuit. Use this Hamiltonian circuit to put an ordering C1,C2, ...,Cd on the
d copies of Kn−1

d . The pick pairs of corner vertices vi and v̂i for each Ci, so that vi is adjacent to a
corner vertex v̂i−1 of Ci−1 and v̂i is adjacent to a corner vertex of Ci+1. (Of course, Cd+1 is C1 and
Cd is Ci−1.) Then use the above Hamiltonian path construction to connect the Hamiltonian paths
of the Ci’s into a Hamiltonian circuit of Kn

d . �

We will now discuss the creation of a Hamiltonian path for Kn
3 and some of its properties. We

will focus on paths between corner vertices because of their nice relation to the ternary reflected
Gray code. The construction of such a path is simple and requires tracking only the lower-order
bit of each label. Beginning at 0 . . .0, follow the pattern 0, 1, 2, 2, 1, 0 in the lower-order bits.

We may also think of such a path as being constructed recursively. Orient the graph such that
0 . . .0 is at the top of the graph. Begin with the Hamiltonian path on the top K1

3 of the graph. If n is
even, construc a path in the same pattern on each Kn−1

3 , following the subgraphs clockwise around
the graph. If n is odd, do the same but in the counterclockwise direction. Figure 20 shows the
construction for K1

3 ,K
2
3 , and K3

3 . This construction is shown in the following theorem to be unique.

Theorem 6.3. There is a unique Hamiltonian path between vertices any two corner vertices in the
complete iterated graph Kn

3 .

Proof. We will proceed by induction.
Base cases: n = 1: It is clear that there is a unique Hamiltonian path between any two corner
vertices. n = 2: We will name the 3 K1

3 subgraphs G1,G2, and G3. Assume that the endpoints are
in G1 and G3. Note that in order for the path to be Hamiltonian, it must also pass through G2. As
each subgraph is connected by only one edge to the other two, these edges must be transversed in
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FIGURE 19. The thick line represents the unique Hamiltonian path on K3
3 . Note

that the vertex labels are reflected.

FIGURE 20. The construction of the unique Hamiltonian path for K1
3 ,K

2
3 , and K3

3 .

the order G1−G2 and G2−G3. As each Gi contains a unique Hamiltonian path and the connections
between each subgraph are unique, the path is unique.
Inductive hypothesis: Assume that there exists a unique Hamiltonian path between any two corner
vertices in Kn−1

3 .
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FIGURE 21. Two possibilities for Hamiltonian paths in K2
5 . Without labelings,

these paths are the same, but with labelings, they would be distinct.

Induction step: Let G1,G2,, and G3 be the 3 Kn−1
3 subgraphs. Assume without loss of generality

that the endpoints of the Hamiltonian path are in G1 and G3. The Hamiltonian path must also pass
through G2. The Hamiltonian path must also pass along the edges G1−G2 and G2−G3. These
edges begin and end on corner vertices in the G2 subgraph, and by the induction hypothesis there is
a unique Hamiltonian path within it. The paths from the beginning corner to the edge G1−G2 and
the edge G2−G3 to the ending vertex are also Hamiltonian paths within G1 and G3 respectively.
As the connections between the subgraphs are unique, and the paths within them are unique, there
is a unique Hamiltonian path from one corner vertex to another in Kn

3 . �

It is clear that the above result does not generalize for Kn
q when q > 3. Figure 21 shows two

possible Hamiltonian paths on K2
5 . It would be an interesting combinatorial problem to investigate

the number of unique Hamiltonian paths for other odd qs and their implications for Gray code
conversion.

6.2. The Ternary Reflected Gray Code. As previously described, the Hamiltonian path on Kn
3

defines a sequence of strings (n bits) that correspond to the ternary reflected Gray code. Each string
in the sequence differs from the next in exactly one digit (in base 3). We describe the following
conversion formula for converting from ternary numbers to ternary reflected Gray code. Let t be
some ternary number. Denote the nth digit in t, which will be the leftmost or highest order digit, by
tn. We will refer to the lower order digits by n− i for some i ∈ {1, . . . ,n−1}. Given tn−i, to obtain
the (n− i)th digit in the corresponding ternary reflected Gray code, use the following conversion
formulas.

If
i

∑
j=0

tn− j = 0 mod 2 then gn−i = tn−i

If
i

∑
j=0

tn− j = 1 mod 2 then gn−i = 2− tn−i

6.3. Finite State Machine for the Towers of Hanoi.
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(0,0)

(1,0)

(0,2)(0,1)

(1,2)

Start

Error/2

2:1 0:0

1:0

0:1 2:0

1:1

1

2

0

1

2

0

(1,1)

Definition 6.4. Let A = {a,b . . .} be a finite alphabet. A finite state machine consists of:
(1) A finite non-empty set F, the set of states;
(2) A element s0 of F called the start state;
(3) Unary functions fx : F → F, one for each x ∈ A, called the transition functions.

The Finite State Machine in Figure 6.3 correctly identifies vertices in the optimal solution of the
Towers of Hanoi with three towers and returns in binary a number corresponding to their position
in the sequence of moves.

Example 6.5. Consider the vertex labels 110 and 220 in K3
3 , which corresponds to the Towers of

Hanoi with 3 towers and 3 disks. We would like to know whether or not these configurations are
a part of the minimal solution, and if they are, the binary number corresponding to their place in
the minimal solution’s unique sequence of moves. The Finite State Machine reads the strings from
lowest to highest order, or right to left. We always begin in the start state and follow the arrows.
Notice that each state has three arrows for each of the three ternary digits. The notation a : b
may be read, ”given a, output b.” Thus, when given the string 110, we travel from state (0,0) to
state (1,0), then to state (0,2), and then back to state (1,0), while being given the output 011. This
means that this configuration is legal and is the third configuration on the minimal path on the
complete iterated graph K3

3 corresponding to the correct solution of Towers of Hanoi with three
towers and three disks. When given the string 220, we travel from (0,0) to (1,2), then to (0,1), and
then to Error/2. We are given the output 112, which is not a valid binary number and therefore the
configuration is not on the minimal solution path.

The labels of the states in the finite state machine are of the form (y1,y2). This labeling was
adopted in an attempt to create an equation or system of equations that would remember perhaps
the last ternary or binary digits and the immediately previous state information and output binary
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numbers or an error. In other words, we would like to have equations that serve the purpose of the
finite state machine without the machine itself. The transition function in terms of the ternary digit
input x and state label (y1,y2) is given by f (x,y1,y2) = ((−1)y1+1x+ y2) mod 3. Attempts were
made to express y1 and y2 in terms of a small number of the previous ternary or binary numbers,
but none were successful. This is a possibility for future research.

7. CONCLUSIONS AND FUTURE RESEARCH

We successfully developed recursive, iterative, and counting algorithms for the Combination
puzzle as well as a counting algorithm for the Dimension 2m puzzle. We made slight modifications
to the older nested recursive algorithm for the Dimension 2m puzzle and introduced a mutual recur-
sive algorithm for the same puzzle. We illustrated more deeply the connection between the binary
reflected Gray code and the Dimension 2m and Combination puzzles. We explored properties of
Hamiltonian paths on the complete iterated graphs associated with all of the puzzles we studied.
We presented a ternary to ternary reflected Gray code conversion formula that has been verified
computationally with Maple, but still requires a proof. We suspect that there may be another for-
mula that takes into account only a few of the previous ternary digits and maybe the previous Gray
digit. Lastly, we hope that the finite state machine may be converted into formulae that would
indicate the presence of a vertex along a given path in a graph. Finally, we present various Maple
programs to make generating examples easier. Future research on these complete iterated graphs
would include:

(1) Exploring the connection between Hamiltonian paths, Gray codes, and perfect one-error
correcting codes in iterated complete graphs;

(2) Developing a way of generating Hamiltonian paths and circuits in complete iterated graphs
Kn

q with q > 3 and finding which paths have simple relations to a base q counter;
(3) Proving the correctness of the iterative algorithm for the Combination puzzle;
(4) Verifying the correctness of the ternary to ternary reflected Gray code conversion and per-

haps finding a formula that takes fewer inputs and is a bijection;

APPENDIX A. MAPLE PROGRAMS

A.1. Maple Programs. The following program gives a seqence of arrays corresponding to con-
figurations in the minimal solution path for Towers of Hanoi where n is the number of disks and q
is the number of towers.
Towers:= proc(n,q)
> # n is the number of disks/pieces, q is the number of towers
> # output is seq of arrays corresponding to configurations
> # in min solution path
> local T, P, counter, tower, moves, b, binarynum ;
>
> moves:= [Config(n,0)];
> tower:= Config(n,0); # all the pieces are on tower 0
> counter:=0;
> T:= 0 mod q ;
> P:= [(-1)*(1/2)ˆ(n-1)] mod q;
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>
> while (counter <> 2ˆn - 2 ) do
>
> tower[-1]:= op(T+P) mod q ;
> moves:= [op(moves),tower];
> T:= (T+P mod q) ;
> counter:= counter + 1;
>
> binarynum:=convert(counter,binary);
> b:=RightZero(convert(binarynum,string));
>
> tower[-b]:= (op(T)-(2ˆ(b-2)*(1/2)ˆ(n-1)) mod q);
> moves:=[op(moves),tower];
> counter:=counter+1;
> od;
>
> return concat([op(moves),Config(n,q-1)]);
> end:

The following program gives a sequence of arrays corresponding the the spin configuration in
the minimal solution path for the Combination Puzzle where n = 4 is the number of pieces.

Spin:= proc(n)
> # n is number of pieces
> # output is seq of arrays corresponding to SPIN config. in
> # min sol path for COMBINATION puzzle
> local moves, GrayLabel, counter, binarynum, b, k, z, spinout ;
>
> GrayLabel:= Config(n,1);
> counter:=0;
>
> moves:=[Config(n,1)];
> z:= n mod 2;
> if z = 1 then spinout:= true; else spinout:= false; fi;
> # true = ON , false = OFF
> if spinout = true then GrayLabel[-1] := GrayLabel[-1] + 1 mod 2;
> moves:= [op(moves),GrayLabel];
> else moves:= [op(moves),GrayLabel]; fi;
> counter:= counter + 1 ;
>
>
> while (counter <> 2ˆn - 1) do
>
> binarynum:= convert(counter, binary);
> k:= BinaryTest(binarynum) ;
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> b:= RightZero(convert(binarynum,string));
>
> if k > 0 then spinout:= not spinout; fi;
>
> if spinout = true then GrayLabel[-b]:= GrayLabel[-b] + 1 mod 2;
> moves:= [op(moves),GrayLabel];
> else moves:= [op(moves),GrayLabel]; fi;
>
> counter:= counter + 1;
>
> if spinout = true then GrayLabel[-1] := GrayLabel[-1] + 1 mod 2;
> moves:= [op(moves),GrayLabel];
> else moves:= [op(moves),GrayLabel]; fi;
>
> counter:= counter + 1;
> od;
> return concat(moves);
> end:

The following program gives a sequence of arrays corresponding to configurations in the min-
mum solution path of Spin-Out; that is, it gives the binary reflected Gray code beginning with all
1s and ending with all 0s where n is the number of pieces. It calls the subprocedures RightZero and
concat which look for the rightmost zero in the binary string and concatenated arrays, respectively.

Spinout:= proc(n)
> # n is the number of spinners
> # output is seq of arrays corresponding to configurations in
> #min sol path to SPINOUT
> local GrayLabel,counter,binarynum,b,moves;
> GrayLabel:= Config(n,1);
> moves:=[Config(n,1)];
> counter:= ceil( (2/3)*(2ˆn - 1) );
> while (counter <> 0) do
> counter:= counter - 1;
> binarynum:= convert(counter,binary);
> b:= RightZero(convert(binarynum,string));
> GrayLabel[-b]:= GrayLabel[-b]+1 mod 2;
> moves:= [op(moves),GrayLabel];
> od;
> return op(moves);
> end:

RightZero:=proc(b)
> # input is a binary number in string, output is the
> # position (counting from right to left) of the rightmost 0
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> local x,y;
> with(StringTools):
> y:=Reverse(b);
> x:=FirstFromLeft("0",y);
> if x=0 then x:= length(b)+1; fi;
> return x;
> end:

concat:= proc(x)
> # input is array of arrays
> # output is array of concatenation of arrays
> local z,i ;
> z:= [];
> for i from 1 to nops(x) do
> z:= [op(z),cat(op(x[i]))];
> od;
> return z;
> end:

The following program removes the last bit from a given binary string.
Chopbinary:=proc(b)
> # b is a binary number, output will chop off the last bit and
> #return the remaining binary string
> local x;
> x:= convert(floor(convert(b,decimal,binary)/2),binary);
> return x;
> end:

The following program creates an array with n entries and assigns a value m to each of them.
Config:=proc(n,m)
> # Creates an array of size n, where m is the value
> #assigned to each entry of the array
> local x ,i ;
> x:=[];
> for i from 1 to n do
> x:= [op(x),m];
> od;
> end:

The following program tests whether a binary number is of the form 0 . . .01 . . .1; that is, if it is
equal to 2i−1 for some i in decimal notation.
BinaryTest:=proc(b)
> # input is binary number
> # the procedure will test if b is of the form 00..0011..11
> # if b is of the form, return the number of 1s else return 0
> local counter,temp ;
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> counter:= 0;
> temp:= b;
> while (temp <> 0) do
> if temp mod 2 = 1 then counter:= counter + 1;
> else return (0); fi;
> temp:= Chopbinary(temp);
> od;
> return counter;
> end:

The following program generates the ternary reflected Gray code.

RTGray := proc(n)
> # n is number of bits, output is reflected Ternary gray code
> local i,z,up,mid,down,l,matr,zeros,ones,twos ;
> with(ArrayTools);
>
>
> if n = 1 then
> z:= Array([]);
> for i from 1 to 3 do
> z(i,1):=i-1;
> od; return z;
> fi;
> if n > 1 then
> up:= RTGray(n-1);
> mid:= FlipDimension(RTGray(n-1),1);
> down:= RTGray(n-1);
> z:= Concatenate(1,up,mid,down);
> zeros:= Vector(1..3ˆ(n-1));
> ones:= Vector(1..3ˆ(n-1),fill=1);
> twos:= Vector(1..3ˆ(n-1),fill=2);
> l:= Concatenate(1,zeros,ones,twos);
> matr:= Concatenate(2,l,z) ;
> return matr;fi;
> end:

The following program uses the ternary to ternary reflected Gray code conversion formula to
take an integer n with m bits to the first n+1 terms of the ternary reflected Gray code.

TG:=proc(n,m)
> # input integer n
> # input integer m for number of bits
> # output a list of the first n+1 reflected ternary gray code (starting from 0)
> # This algorithm uses the TERNARY TO TERNARY CONVERSION FORMULA
>
> local g,t,i,j,k,l,w,z;
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> with(ListTools);
> with(ArrayTools);
>
> for i from 0 to n do
>
> g[i]:= Array(1..m); #print( g[i]);
> t[i]:= Array(Reverse(convert(i,base,3))); #print(t[i]);
>
> if Size(t[i])[2] < m then
> w:= Array(1..(m-Size(t[i])[2]),fill=0);
> t[i]:= Concatenate(2,w,t[i]);
> fi; #print(t[i]);
>
> for j from 1 to Size(t[i])[2] do
> if add((t[i])[k],k=1..j) mod 2 = 0 then (g[i])[j] := (t[i])[j];
> else (g[i])[j]:= 2-(t[i])[j] mod 3; fi; od;
> od;
>
> z:= Concatenate(1,seq(g[l],l=0..n));
> return z;
> end:

The following program outputs the binary reflected Gray code.

RBGray:=proc(n)
> # input n, number of bits
> # Output reflected binary gray code
> local i,z,up,down,zeros,ones,l,matr ;
> with(ArrayTools);
> if n = 1 then
> z:= Array([]);
> for i from 1 to 2 do
> z(i,1):= i - 1;
> od; return z;
>
> fi;
>
> if n > 1 then
> up:= RBGray(n-1);
> down:= FlipDimension(RBGray(n-1),1);
> z:= Concatenate(1, up, down);
> zeros:= Vector(1..2ˆ(n-1));
> ones:= Vector(1..2ˆ(n-1),fill=1);
> l:= Concatenate(1,zeros,ones);
> matr:= Concatenate(2,l,z) ;
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> return matr;
> fi;
> end:
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