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ABSTRACT. In many simple one dimensional population models, loaiity implies global sta-
bility. We look at population models that are locally stablg not globally stable. We also examine
why different classes of functions behave in different measne.g. while some models have initial
populations that go to zero, other models have initial patoihs that map to stable and/or unstable
cycles. We also investigate how complex a model has to bedéistability arises. In particular,
we determine why the cubic is always globally stable if Ibcatable, while this does not hold for
the quartic. We also look at modifying other commonly stddp@pulation models to see when
instabilities arise. Finally, we use fractals as a tool ttedmine where instabilities occur.

1. INTRODUCTION

Biological populations vary, displaying both periods obgth and decay. These seemingly
complex populations can be described using relatively kmpe dimensional nonlinear differ-
ence equations with a single positive equilibrium pointll@as shown that in the seven standard
biological models local stability implies global stahbylitThis idea was originally noted by biolo-
gists, who could tell if a model was globally stable if logadtable but lacked a way of analytically
showing it. Mathematicians have come up with several wagxpdain this behavior. One method
of determining global stability is through the process ofedaping by a simple self-inverse func-
tion (e.g. a straight line or a ratio of linear functions).ig hot only shows global stability, but it
also easily verified both visually and analytically.

This paper will focus primarily on why certain functions aglbally stable if locally stable
while others are not. Can we control when a period two osmteoccurs? What simple changes
to the seven population models preserve local stabilityyimg global stability? We will examine
these questions to determine what conditions need to beorhet/e local without global stability.

After providing background information, we will maniputeseveral population models that we
know have local stability implying global stability and enane the affects of the manipulations.
The changes in these models, we feel, will be minute, allgwisto hopefully gain insight as to
why these seven population models behave as they do.

We will also create a simple piecewise population model kizet a period three cycle (a cy-
cle whose existence implies the existence of cycles of hroperiods). This simple model with
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existence of complex period cycles will serve as a contagité simple models implying global
stability.

Finally, material will be presented analytically, when pib¢e, along with various visual aids.
These include sequence plots, webplots, and fractals, quothvers. We will use these as tools to
helping us better understand how population models chahga altered.

2. BACKGROUND INFORMATION

The following definitions will help the reader to better unstand what a population model is
and what it means for that model to be locally stable, glgtstthble, or chaotic:

Definition 2.1. [6] A ONE-DIMENSIONAL POPULATION MODEL is a difference equation of the
form

X1 = f(x)

where f if a continuous function that maps non-negativesréahon-negative reals with a unique
positive equilibrium points > 0, such that:

(1) f(0)=0

(2) f(x) >x forO<x<x

() f(x)=x forx=x

(4) f(x) <x for x>x

and if f'(xm) = O where X, is a maximum point andx< x then

(5) f/(x) >0 for0<x<Xn

(6) f/(x) < 0for x > xm such that fx) > 0

(7) f(x) > 0forx e (0,%x)

(8) f(x) =0for x> X, where .

Definition 2.2. [6] A population model iSLOBALLY STABLE if and only if for all Xy such that

f(%0) >0
lim 0 (x0) =X

k— o0

where 1% is the value of x after k iterations of f.

Definition 2.3. [6] A population model iSOCALLY STABLE if and only if there exists & such
that
lim £ (x) = X for all xp € (X— &,X+ ).

k—s 00

Theorem 2.4.[3] A population model is locally stable|if’(X)| < 1 and if a population is locally
stable then f'(x)| < 1.

Definition 2.5. [3] A function iscHAOTIC if it has cycles of every length.

The following theorem provides us with a way of seeing whettrenot a function is locally
stable by looking for period oscillations:
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Theorem 2.6.[17] TWO RESULTS FROMSARKOVSKII'S THEOREM: A continuous population
model is globally stable if and only if it has no cycle of pér or in other words, if there is no
other point excepx and 0 such that (ff (x)) = x. If a continuous population model has a period
three cycle, then it has cycles of every other integer length

The next set of definitions and theorems provide the backgranformation necessary to un-
derstand the process of enveloping and what it means doblely positive

Definition 2.7. [6] ALINEAR FRACTIONAL FUNCTION, @(X), is a function of the form:

o) 1—ax

=————— wh 1
T (1= 200 where a € [0,1)

with the following properties:
(1) o1)=1
2 ¢(1=-1
(3) @(e(x)) =x
(4) ¢(x) <O0.

Theorem 2.8.[6] If f(x) is enveloped by a linear fractional function then)fixglobally stable.

Definition 2.9. [6] A function h(z) iDouBLY POSITIVE if and only if

(1) h(z) hasa power series;> o hZ

2) ho=1,h; =2

(3) foralln <1, hy > hpig

(4) foralln <2, hy—2hy 1+ b2 <0

Theorem 2.10.[6] Let %1 = f(x) and f(x) = xh(1 —x) where KHz) is doubly positive, then f is
enveloped by the linear fractional function

(X) = 1—ax
P =G (1—20)x
wherea = flj—[‘é < % and %41 = f(x) is globally stable.

Theorem 2.11.[6] If f1(x) is enveloped by>fx) and k(x) is globally stable, then;fx) is globally
stable.

3. INSTABILITY AND STABILITY IN GENERAL FORM POLYNOMIALS

In polynomials of degree four it is possible to have locahwiit global stability. This was first
introduced in Cull, with the exampl&(x) = x(x— 3/2)(—2— (x— 1) — 6(x— 1)?) [6]. The graph
of this function is seen in Figure 1.

A cobweb plot is an easy way to visualize how a given poputatimdel behaves over a series
of iterations given an initial population value. In thesetp] we draw a vertical line from our
initial population value on the x-axis to the point wherestiaalue gets mapped (i.e. frofrg,0)
to (xo, f(X0))). Then, we draw a horizontal line to the liye= x, i.e. to the point f(xp), f(xo).
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FIGURE 1. Graph off(x) = x(x — 3/2)(—2x— (x— 1) — 6(x — 1)?) plotted with
y = X. The point where the two curves cross is the equilibrium fxin

Then, a vertical line to the functiop= f(x), the pointf (Xp), f(f(xp))). Sincef(xg) = X1, this is
the same as drawing a line to the pofri, f(x1)). We continue this pattern—alternating vertical
and horizontal lines going betwegn= x andy = f(X).

An example of a cobweb plot using the previously defirfi¢x) with initial population of .7 is
shown in Figure 2. Here we can see that wikgr- .7, the population ends up at the equilibrium
point,x = 1.
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FIGURE 2. Cobweb Plot forf (x) with xog = .7 we see that the cobweb spirals in to
the point(1,1), our equilibrium point.

To see where different initial population values tend t@afhany iterations, we can look at
sequence plotsin a sequence plotthe initial population values are along the x-axis, andthe
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evaluated for 300 iterations (discarding the first 100) dreoh {plotted.
Figure 3 is the sequence plot for our previously defified.
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FIGURE 3. Sequence Plot fof(x) = x(x — 3/2)(—2— (x— 1) — 6(x— 1)?). The
x-values that map to 1 are points that, after a large numbée@itions, tend to our
equilibrium point. Since not ak-values tend to the equilibrium point, this model
is not globally stable.

From this plot, we can see that there are various intervaésevimitial population values do not
go to 1 after multiple iterations. Since 1 is our equilibriygpmint, we can see that this is not a
globally stable model.

Another way to visualize instabilities in a model is througbk application of Sarkovskii's The-
orem. According to the theorem, if a function is globallytdén then it has no period-two cycles.
In other words, if it has any cycles of any length, then it rssegily has a cycle two point. To easily
check for cycle two points, we can grapk- f(f(x)) and the liney = x. Any points of intersection
between these two lines are either equilibrium points oleciwgo points. If there are other points
of intersection besides the equilibrium, then the functsomot globally stable. Figure 4 shows the
graph of f (f(x)) for f(x) = x(x—3/2)(—2— (x—1) —6(x—1)?).

From the graph of (f(x)) we can see thdt(x) has two cycles of period two, one that oscillates
between approximately .25 and 1.45 and another that aesllzetween approximately .625 and
1.35. Since these cycles do not show up in our sequence patamwconjecture that they are both
unstable cycles, that is, there is no small neighborhoodratrthese points such that the points in
the interval map to the cycles.

In order to see where points between the different regions nva look at the cobweb plots for
different initial populations values. A few cobweb plots thfferent starting values are shown in
Figures 5, 6, 7, and 8.
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FIGURE 4. Graph off (f(x)) againstf(x) = x. Since the functiorf (f(x)) crosses
the functionf (x) = x at more points than just O andthis model is not globally
stable.
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FIGURE 5. Cobweb plot withxg = .75. When our initial valuexg is .75, the func-
tion tends to the equilibrium point after a large number efations.
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FIGURE 6. Cobweb plot withxg = 1.25. When our initial valueyg is 1.25, the
function tends to the equilibrium point after a large numisigterations.

From Figures 5 and 6, we can see that 1 is a locally stable,pgirde values slightly above
and slightly below 1 tend towards 1. On the other hand, botlogéwo cycles are unstable since
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FIGURE 7. Cobweb plot withg = .1. When our initial valuexg is .1, the function
tends to the equilibrium point after a large number of itierzs.
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FIGURE 8. Cobweb plot withkg = 1.45. This initial value is near to the period two
point detected by plotting f(f(x)) against x. Notice howeéntls to 1. This means
that the period two cycle is unstable.
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FIGURE 9. Cobweb plot withxg = 1.35. This, like our cobweb plot fop = 1.45, is
a cobweb plot for an initial value close to a detected penaal point. Notice how
the cobweb forms a dark box, showing that the function maista period two
cycle for a short while. However, after a large number ofatens, this function
tends to O.

for values slightly above or below the points that map to §y@ectwo tend towards 1 after many
iterations. In Figure 9, we can see that the population stegs the cycle two point for a short
while, but does end up going to 1 after several iterations.
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This quartic raises some interesting questions. If a pewodscillation can occur in the quatrtic,
can it arise in lower degree polynomials as well? The claithepaper by Cull [6] was that this
was not the case.

CLAIM : A continuous polynomialf (x), must have degree 4 for local stability to not imply
global stability.

PROOF. We want to show that a polynomial of degree less than or équakee has the property
that if it is a population model displaying local stabilityen it must be globally stable. In other
words, we want to show that ff(x) = ax® +bx? +cx+d is a locally stable population model, then
it must be globally stable. Since lower degree polynomialslze obtained by settirag b, ¢, ord

to zero, it is sufficient to show that these claims hold truly éor the cubic.

By the definition of a population model, we know thfgD) = 0. For our cubic,

f(x) = ax® 4 bX%+cx+d. This means that(0) = a(0)3+b(0)2+¢(0) +d = d. Thereforef (0) =0
impliesd = 0.
This leaves our general cubic in the forfrtx) = ax® 4 bx® +cx.

To place even more constraints on our function, let's asghateour population model has been
normalized. This is a reasonable assumption since for aoylaton model that is not normalized,
(i.e. f(X) = x, wherex # 1), we can dividef by xto normalizef (x). Thus, without loss of general-
ity, we assumd is normalized (i.ef (1) = 1 andx= 1). Thereforef (1) = a(1)3+b(1)24c(1) =
a+b+c=1.

The third condition for population models gives us tfi&t) > x for 0 < x < 1. Thus, between
0 and 1,ax +bx? 4 cx > x. Sincex > 0, dividing both sides by yields f(x) = ax® +bx+c > 1
for 0 < x < 1. Similarly, the conditionf (x) < x for 1 < x gives us thatx? 4 bx+c < 1 for 1 < x.
From this, we notice that > 1.

Further, since we are looking at a locally stable populatradel,
|3a+2b+c| < 1. Sincea+b+c=1

|3a+2b+1—a—bj=|2a+b+1| <1
Splitting the inequality and rearranging terms gives us
Q) —2—2a<b<-2a
CLAIM: If b= —2—2athenf is globally stable.

f/(1)] < 1. Thus|f'(1)] =

PROOF. We have thab = —2a— 2 and thus = a+ 3. We know that iff (x) = x(ax? + bx+c)

has the formf (x) = xh(1 — x) whereh(z) is doubly positive therf (x) is globally stable.
f(x) = x(a? + bx+c)

= x(a + (—2—2a)x+ (a+3))
=x(1+2(1-x)+a(1—x)?)
CLAaM: a<1
PROOF If a> 0, thenf(x) = x(1+2(1—x) +a(1—x)?) > 0 for largex. And, if a < 0, then
f(x) = x(1+2(1—x) +a(1—x)?) < 0 for largex. Either way, in order forf (x) to be a population
model, we need (x,) to be zero (since (x) doesn’t approach zero asapproaches infinity).
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This means thaf (x) must have a real root. Solving for the roots of the equatiothefequation
f(x) =1+2(1—x) +a(1—x)?, we get

244 Za
N 2a
—1+yI-a

a

1—-Xx

Therefore, for a real root to exist,da > 0. And so,a <1 Sincea <1< 2, f(x) = xh(1—Xx),
whereh(z) = 1+ 2z+aZ is doubly positive. Therefore, with= —2a—2 andc = a+ 3, f(x) is
globally stable by Theorem 2.10.

Now we look at the case whdn> —2a—aandc > a+ 3.
CLAIM :If b > —2a—aandc > a+ 3, thenf(x) is enveloped by

g(x) = axd — (2a+2)x% + (a+3)x.

PrROOF. To show thatf(x) is enveloped by(x), we show thatf (x) < g(x) for 0 < x < 1 and
f(x) > g(x) for x > 1. First we will deal with the case where< 1. Sinceb > —2a— 2,

b+2a+2> 0,
multiplying both sides ok < 1 by b+ 2a+ 2 yields
(b+2a+2)x < (b+2a+2).
Now, sincex > 0, we can multiply both sides by giving us:
(b+2a+2)x? < (b+2a+2)x,

through multiplication and rearrangement of terms we obtai

b+ (1—a—b)x < —(2a+2)x*+ (a+3)x
and we can substitutefor 1 —a— b giving us

bX +cx < —(2a+2)x% + (a+ 3)x,

addingax to both sides we are left with

a4+ bxe +cx < ax — (2a+2)x2 + (a+ 3)x

which is what we wanted to show. Beginning wikb- 1, we can go through the same process, just
reversing all the inequalities to obtain thigix) > g(x) for x > 1. Thus f(x) is enveloped by(X)
whenb < —2a—a.

We saw earlier thab > —2a— 2 when f is locally stable . We have just shown that when
b=-2a—2orb>—-2a—2, f is globally stable. Thus we can conclude that in a generad thi
degree polynomial, local stability implies global statyili
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4. THE EXPONENTIAL FUNCTION AS A POPULATION MODEL

It is also possible to have an exponential function thatldisplocal but not global stability. One
such function, which we will examine next, is the expondritiaction f (x) = e 9% where

q(x) = 1.9(x—1) — (7.6 —8In3)(x— 1)3).

The graph of the function is in Figure 10
Since this function does not go to zero, as the last one didyilvenot have the same type of
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FIGURE 10. Plot off(x) = e 9™ whereq(x) = 1.9(x— 1) — (7.6 — 8In3)(x— 1)°).

instabilities as the previous function. This function, lewer, is also not globally stable. We can
easily see this from looking at a sequence plot.

In Figure 11, we see that not only is this graph not globabypkt (i.e. not every initial population
value tends to 1), but also that there is a stable period tivee look at the plot ofy = f(f(x)) and
y = X, we can see that in fact this function has two period two c/dlene of these cycles is stable,
while the other is not. In Figures 13-16, we can see whererdifit initial population values tend
to by looking at the different cobweb plots.

Again, there was a claim in Cull [6] that the functidiix) = xe 9% has the property that local
stability implies global stability for all polynomialg(x) of degree less than three. Below is the
proof of this claim.

CLAIM: If q(x) is a polynomial with real coefficients less than degree thifeen if xe 9™ is
locally stable it is globally stable.

PROOF. According to Definition 1.10, we know that all functions etoped by a globally stable
function are globally stable. Therefore, if we can show tbathe set of locally stable functions
in the formxe~9%, whereq(x) is a polynomial with degree less than three, there existsniyfa
of globally stable functions that envelop all other localtgble functions then we know that local
stability implies global stability in all models of this fior.

According to the definition of a population modé[x) needs to satisfy the following properties:
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FIGURE 11. Sequence plot df(x). Notice how in addition to the places that tend
to 1 after several iterations, there are initial values tkad to two values after
several iterations. These are period two cycles.
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FIGURE 12. Plot of f(f(x)) againstf(x) = x. Since the graph of (f(x)) crosses
the graph off (x) = x in places other than 0 and the equilibrium point, we can tell
that f(x) is not globally stable.

(1) (1)
(2) 1(0) =
(3) f(x) >xif0<x<1
(4) f(x) <xifl<x

Let’s look at the restrictions this places qfx) for our functionf (x) = xe 9% :

1
0
X

(1) f(1) = (1)e"@V*+bD)+0) — 1 Therefore, Ie~(@P+0) = a+b+c=1In(1) = 0. This yields
a+b+c=0.
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FIGURE 13. Cobweb Plot forf (x) with xo = .25. This initial value was in the
region of the sequence plot that mapped to two values. Nboteeit gives us a
period two cycle.
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FIGURE 14. Cobweb Plot forf (x) with xo = .80. This initial value was in the
region of the sequence that mapped to 1. Notice how it spirdtsone equilibrium
point.

(2) f(0) = (0)e"%® =0, which places no more constraints q(x)
(3) If f(x) >xwhen 0< x < 1, thenxe~ @+bx+0) 5 x \Which yieldse™ > 1. Taking
the natural log yields-(ax? + bx+c) > 0. This impliesax? + bx+ ¢ < 0 when 0< x < 1.
(4) If f(X) < xwhen 1< X < o, thenxe™ @°+bx+¢)  x This yieldse~(@+bxtc) ~ 1. Taking
the natural log yields-(ax? +bx+c) < 0. This impliesax® + bx+ ¢ < 0 when 1< x < .
From (3) and (4), we can show thak 0 anda > 0.

al+bx+c)
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FIGURE 15. Cobweb Plot forf (x) with xo = .50. This is an initial value for a
value slightly before the part of the sequence plot wheregsgrom tending to two
points to tending toward one point.
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FIGURE 16. Cobweb Plot forf(x) with xo = .52. This initial value is slightly
after the part of the sequence plot where it changes fronirigridward two points
to tending toward one. The above cobweb plot shows that dstéawards the
equilibrium, but the darkness of the plot indicates it ta&késng time to converge.

CLAIM: ¢ <O0.

PROOFR Assumec is positive. Since|(x) = ax? + bx+cis continuous and(x) < 0 for all 0 < x <
1, we know that there exists ap € (0,1). Therefore, since we hawg0) = ¢ > 0 andq(xp) < O,
we know by the Intermediate Value Theorem that there must ex; such thaiy(x;) = 0, with
0 < X1 < Xp. This is a contradiction. Therefotecannot be positive.

CLAIM: a> 0.
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PROOFE We know from (4) that the function(x) must be greater than zero for all valuesxof
greater than the equilibrium point 1. Sing) is a parabola, this forcesto be nonnegative.

We now know that in order fof (x) = xe 9% to be a population model, we must haye) =
ax’ 4 bx+ c wherea > 0 andc < 0 anda+b+c = 0.

Let's assume thaf(x) is locally stable. In order to be locally stable, we know thidfx)| <1
by Theorem 1.12.

Using the chain rule, we gét(x) = e~ (@ +bx+c) | yeg-(@+bx+¢)(_pay_ b) = (1—2ax2 — bx)e~(@¢+bxt0)

Therefore, sinc& = 1 when normalizedf’(X) = /(1) = (1— 2a(1)2 — b(1))e~ @D*b(1)+c) —
(1—2a—b)e~(@b+C) However, since we know this is a population model, a+b+&s substi-
tution gives usf’(1) = (1—2a—b)e’ = (1-2a—b).

This gives us the constraint thidt (x)| = |1 —2a—b| < 1. Which can be rewritten as
-1<1-2a-b<1
—2<-2a-b<o0
2>2a+b>0
Which, by our condition thaa+ b+ c =0, is equivalent to
0<2a+(-a-c)=a—c<?2
c<a<?2+c

Sincea > 0, we know that < a < 2+ c. Sincec < 0, the largest can be is 0. This means that
0<a< 2. The smallesa can be is 0, this means tha 0 < 2+ c. This implies that-2 < ¢ <O0.

This gives us the triangle of potential solutions, which \&e see in Figure 17, wheees plotted
along the x-axis.

Before we proceed, we know that-b+c =0, let’s rewrite our general form equatioeT,(aX2+bX+C).

e—(ax2+bx+c) e(—axz—(—a—c)x—c)

_ e—ax2+ax+cx—c
_ eax(—x+1)—c(—x+1)
_ e(l—x)(ax—c)

Now, we claim that wher = 2 — a, i.e. along the bottom diagonal of the triangle, we have a
globally stable model. We see this by looking at a 3-dimemgj@ph ofy = f(f(x)) andy = x.,
which is in Figure 18. As displayed in this figurg(f (x)) is greater thax for all x € (0,1), thus
by using Sarkovskii’'s Theorem, we have a globally stable ehadowever, we have not been able
to prove this given any of the other theorems that prove dlstadility. We will look at where
these theorems fail, but first we will look at why proving tiia¢ bottom diagonal of the triangle
is globally stable is sufficient.

CLAIM : For a given value of, any function with ac value in the triangle is enveloped by the
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FIGURE 17. Potential values faa andc such that the modéf(x) is locally stable.
The values fom are plotted along the x-axis, while the valuesdare plotted along
the y-axis.

FIGURE 18. 3-D Plot ofy = f(f(x)) andy = x

function withc value along the lower diagonal.
PrROOF. First we will deal with O< x < 1. For a fixeda, letc* = a— 2 thusc* is the value along
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the diagonal. We need to show that tor c*, fo > fe.
c> ct=a-2
—a+2> —C
ax—a+2> ax—c
(1-x)(ax—a+2) > (1—x)(ax—c)
e(l—x)(ax—a+2) > gll-x)(ax—c)

e(lfx)(axfc*) > gl1-x)(ax—c)

Now, for the case whex> 1, (1—X) < 0, the inequality in step 4 will change and we will get that
fe < f¢, which is the second condition we need for enveloping.

So if we show the lower diagonal is globally stable, sincecfioms along this line envelop the
remainder of these functions, we will be able to concludé fhafunctions of the forme a4,
whereq(x) is at most a third degree polynomial, local stability implgobal stability.

Now we will look at different methods for proving global stkitly, and why they fail.

4.1. Cull's Enveloping Method. We know from Theorem 2.10 that ff(x) is of the formf(x) =
xh(x— 1), whereh(z) is doubly positive, theri (x) can be enveloped by a linear fractional. We will
haveh(z) be a general exponential with a second degree power. Thus,

h(z) = /%P,

Before we begin to look at the conditions for doubly positiwee will look at the relationship
betweern andf and thea, b, andc we used in our previous general equatfgw) = ex X -bx—c,
If h(z) = €9%tP), then

f(x) = xg 1) (a(1=x)+B)
_ Xea—Zax+ax2+Bfo

— x¥H(—2a-2)x+(0+2)

Thus,a= —a,b=2a+2 andc= —a — 2.

Now we will look at the conditions for doubly positive. Wherewexpand(z) through power
series expansion we obtain:

(2(az+p) , (2az+B)’
2! 3!
When we expand this to find the coefficients, we obtain:
1+ Bz+0aZ
+B%Z +2apZ + o’z
+B32 4 3ap?Z +30%B2+ a3 + ...

1+z(az+B)+ +...
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Since we wanh(z) to be doubly positive} = 2, soh; = 2. Also, sinceh, > h,;1, when we let
n=1, we get 2> a+2, thusa > 0.

Now in order to determine if is doubly positive, we need to make sure conditions three and
four for doubly positive hold. To do this we come up with a getieg function for the coefficients
of X"in h.
CLAIM : The generating function for the coefficientsxfis:

13 on-2igi

PrROOE We want to find the coefficient & in

> (a2 +B2)"
Hozp) _ 2)(0‘7
& n!

— 14 (a4 P2+ (0(22+BZ)(0(22+BZ) (G22+Bz)(azz+Bz)(azz+Bz)

2! 3!
We look at how we can getto have a power ofi. If there arel az? terms, and we ward’, then
there must b& — 2i B terms. Since there are— 2i +i = n—i terms total, we divide byn—i)!.

(We can see in the generating function &1°Z®) | for a set value o, we haven terms in our
expansion, then divide bygl). Now we look at the number of different ways to choose which

1(n—2i)!
can be anywhere from 0 ta/2| aZ terms that contribute to ouf, thus the coefficient af” is
B"Zal(n—i)!
i;(n—i)!i!(n—Zi)!’

which, after cancelation aih—i)! is the same as originally claimed.

terms will beaZ out of our(n—i) total terms. There aréni_ ') — =l ways to do this. There

In order forh to be doubly positive,

18] on-2igi L") oni1-2igi

2201 2y iz =

for all a andn. This is not true however. In Figure 19, we can see the geteradl of the
coefficients folx = —.25, plotted versus the correspondimgalues. As we can see, the coefficients
decrease aften = 2, but then once they go negative, they begin to increase eXample, take
a=-—.25andn=7, then

3 »7— 2| {
2 25)
- — —.017882
X =2 im—2) 7 20)
and .
2872i ) i
X8 = (=:25) —.004812

ins—2)
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Thus,x® > x’, and we can see thatis not doubly positive. Sinch is not doubly positive, we

=
3
|

1.0

0.5

+

o
o

I I s e
2 4 6 8 10

FIGURE 19. Coefficients ok" for a = —.25

cannot use this method to determine whethex enveloped by a linear fractional. However, since
doubly positive is not a necessary condition, this does reamthatf is enveloped. In fact, we
observed that fon values where the doubly positive condition failédyas still enveloped by the
linear fraction in Theorem 2.10.

4.2. Therorem A.

Theorem 4.1. [4] If a population model has a maximunyn (0,x) and satisfies additional
conditions:

(1) g(x) has no change of concavity {ru, X)
(2) if g has a change of concavity atthen d(x) is nondecreasing ifixy, x| )

thenx is globally stable if and only if it is locally stable.

Again, we will look at the general polynomiaé{1 (@€ wherea= c— 2. Here we will show
that we can’t use this theorem for alkQa < 2 by showing the conditions don’t hold far= .25.
Figure 20 shows the plot df, f’ and f”. We can see that betwegj andx, i.e. between wheré¢’
crosses the x-axis and 1] goes from negative to positive, thus there is a change inasaycin
(xm,X), and therefore the conditions of Theorem A do not hold.

4.3. Theorem B.

Theorem 4.2.[5] A population model with’fx) = —1 is globally stable if
(1) K (x) <2o0n[xu,X) where Kx) = x/f(x)
(2) g(x) > 0on[xu, f(xv)] where Kx) /K (x) = g(x) + Bx and B is a constant chosen to make
g(x) nonnegative.
(3) g'(x) <0on[xu, f(xw)]
(4) g"(x) = 0onxu, f(xu)]
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FIGURE 20. Plots off, f’and f’

Since we want’(x) = —1, we will look at the case whea= a— 2, again the bottom diagonal
of the triangle. So our general equatiorxé! > (@-2+2) |n order to show the conditions for this
theorem do not hold for all that give a locally stable population model, we will looklae specific
casea = 1. First, we get

X _ _
KOO =X/ 10 = e =€ VO

and
K (x) = (2ax—2a—2)e —(1-x)(ax-a+2)

So
ef(lfx)(axfa+2) 1

g(x) = k(x) /K (x) — Bx= = + (—B)x.

(2ax—2a—2)e-(I-x)(ax-at2)  2ax—2a—2
Since(—B) is added to make(x) positive,B needs to be negative. Since we wahix) to be
negative, that mearg{x) needs to be deceasing, so we wirb have the smallest absolute value
possible (IfB were larger, then we mould be adding more for larger values eb our function
would be more likely to be increasing). To find what the snsil@lue possible foB is, we look

at Wherew is the most negative. Figure 21 shows the graph of this fanciiVe can see that
this is most negative at the left most point, which igyt=1/2/2. At this pointk(x) /K (x) = %—4

we letB = %, theng(x) = 2ax—12a—2 \/\[X4 We then look ag(x) to make sure it is decreasing.

Figure 22 shows the plot @f(x) which we can see is not decreasing. Thus, we can’t use Theorem
B.
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FIGURE 22. The Plot ofg(x). Notice that it is not decreasing.

4.4. Modified Theorem S.

Theorem 4.3.[1] Let G be the set of all endomorphisms which satisfy:
(1) £(0)=1(1)=0;
(2) f has a unique critcal point ifi0, 1]; and
(3) S(f,x) < 0forxe [xm, f(xm)],

i) 7
where $f,x)_: f/()(())0 — f/((;:))

namely{x,X,x; ...}

)2. Then for any f in G there is at most one stable orbit@1),

We can use this theorem to show that local stability impliedal stability, because we know
since we have local stability, we have the stable fixed pqiaind this theorem says there are no
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other stable orbits, so there are no period two cycles. Tlwas;an attempt to use Sarkovskii’s
Theorem to show that this is a globally stable model.

In order to use this theorem, we have to re-scale our genamatibn so thatf (0) = f(1) = 0.
Since our function never goes to 0, we assf@ffi(xu)) = f(X») = 0 Then we scale ouf such
thatx. = 1. In order to skew f, we will multiply eack in our equation by.. Our scaledf, which
we will call wis

W(X) — XX e(l—xxw)(axxnc) )

We need the first second and third derivative to compute thev&zian Derivative. We have

W (X) = Xoo€l 170 (@00 =C) Ly (—Xeo (@XK0 — ) + (L — KXo ) Ao )LL) (B0 =C)

W (X) = 2Xeo (—Xen (8X%0 — €) + (1 — XXeo ) Ao ) €100 (2K =C)
— 2% gl ) (806 —¢) | X¥eo ( (—Xeo (XK — €) + (1 — Xxoo>axoo>)2e(1—x>c,o)(ax>eo—c)

W (x) = —6:x3 ad (170) (@06—0))
+ 3X°°((—Xoo(aX)%o — C) + (1 — x)(oo)a)%»ze(l—xx,o)(ax%o—c)
— B0 A —Xeo (X0 — €) 4 (L — X¥eo ) Ao )61 (@%0—C)

X% ( (e (0% — €) + (1 — Xkeo ) Ao ) ) Sl 17200 ) (XK —C)
Now, S(w,x) = W\A(/S)f(x) — %("‘m///((:)))z. Theell %) (@%~C) tarms will cancel out, but what we have
left is still really complicated and we cannot easily deter@the sign of S(w,x), thus this theorem
does not help us to determine if our functidn,s globally stable.

5. LOGARITHMIC FUNCTION

After investigating the polynomial and exponential funas, we looked into another one of the
population models, the logarithmic model. [13] This modebf the formx(1—rInx). For this
function, we decided to alter it by adding on terms of the fa(inx)" wherec is a constant and
is a natural number. Altering the original function by adglon a quadratic term, gave us a model
in the formx(1 —rInx+ a(Inx)?). However, this model, it is nonzero, is not even a population
model.

CLAIM : X(1—rInx+a(Inx)?), wherea is nonzero, is not a population model.

PROOF OFCLAIM : To be a population modef,(x) > x for 0 < x < 1. This implies, since Ir< 0
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for 0 < x < 1 anda is nonzero, that
X(1—rinx+a(Inx)?) > x
1—rinx+a(nx)?>1
—rinx+a(lnx)2>0
(Inx)(—r +a(lnx)) >0
—alnx+r>0

r
InXx < —
a

Also, in order to be a population modélx) < x for 1 < x. This implies, since In > 0 for 1 < x
anda is nonzero, that

X(1—rInx+a(lnx)?) < x
1—-rinx+a(inx)? <1
—rinx4a(nx)?2>0
(InX)(—r +a(lnx)) >0
—ainx+r>0

;
InXx < —
a

However, Irnx is not bounded either above or below by a constant y, for aitpe x. Therefore,
X(1—rlInx-+a(Inx)?) is not a population model.

6. PECEWISE

From the previous sections, the question arose as to howesanmodel has to be in order to
show local stability but not global stability. An attempt svanade to make a piecewise function
displaying a period three cycle.

From Sarkovskii’'s Theorem [17], we know that if we have a amnbus function that is a pop-
ulation model with a period three cycle, then it has cycleswary other integer length. Here, we
look at creating a piecewise population model that has aayicperiod three and then see where
the periods of other lengths appear. Our function, whicthaa in Figure 23, is
(

2X if0 <x<.25
3x—.25 if . 25<x<.75
(2) h(x) =< 1/2x+ 1.5 if . 75<x<1.15
—6.75x+8.6875 if 115<x<1.25
e% if x<1.25.

This equation was created such théb) = 1.25,h(1.25) = .25 and h(.25) = .5. Figure 24 shows
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FIGURE 23. Plot of the piecewise functiog= h(x).
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FIGURE 24. Cobweb plot forg = .5. When the initial value ig = .5, the function
has a period three cycle, which can be through the threeguwinére the cobweb
meets the graph d¢f(x).

We can look for that location of other cycles by plotting: x andy = h(h(h(...h(x)...))) where
the number ofi's is equal to the cycle that was are looking for. For examiplee wanted to find
a cycle two, we would ploy = x andy = h(h(x)). This plot is in Figure 25. In Figure 26, we can
see the location of the cycle of length 5.
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FIGURE 25. Plot ofy = h(h(x)). There are intersection points besides 0 and 1.
Therefore, there is a period 2 cycle.
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FIGURE 26. Plot ofy = h(h(h(h(h(x))))). Since there are points where the graph
crosses the lindé(x) = x, we can conclude that there are cycles with period 5.

7. FRACTALS

Another way of visualizing how models will behave is througk use of fractals. These plots
are made by varying initial values along the x-axis and @tean imaginary component on the
y. Colors are assigned according to the time it takes to gezeDark red means it never diverges.
By plotting in this manner, when a convergent region de@g&s size with respect to a changing
parameter, we will be able to see it. This allows us to furieerwhen a possible cycle might arise.
(The figures for this section are located in the Appendix,tduechnical difficulties. They are best
viewed in full color.)

First we examine the fractals for the quartigx) = x(x — 3/2)(—2x— (x— 1) —a(x— 1)2. In
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Figure 27 we see that when= 1, there is a large region that converges, i.e. a large redmegio
between 0 and.B on the real axis. Whea= 3, however, the convergent region starts to pinch in
on the left hand side of the real axis, as we can see in Figuréli8 tells us that we are possibly
approaching ama value that is not stable. As we continue to increasge see that this pinch
point gets closer to the real axis. At=4.705 we get a series of touch points, as we can see in
Figure 29, which tells us that the model has developed iflgiab at these initial values. As we
further increasa, we obtain nonconvergent regions within the region of cogeece, as in Fig-
ure 30. This model corresponds with the unstable perioddolynomial that we discussed earlier.

Next, we examine the fractals for the exponential functiéx) = e 9% whereq(x) = 1.9(x —
1) —a(x— 1)3. We start witha = 1. In Figure 31 and Figure 32, we can see that there is a region
of convergence all along the real axis. Aslecreses te-2, pictured in Figure 33 and Figure 34,
we can see that there are numerous touch points along thexisalWVhera = —3, as in Figure 35
and Figure 36, we see convergent regions seperated by na@rgein regions, implying that this
model is not globally stable.

Finally, we look at another standard population modiét) = xx (1+a(1—x)) [10] [18]. When
a=1, you can see a large convergent region, as in Figure 37.ig&igected since we know that
this model is globally stable for & a < 2. Whena = 2.1 we can see touch points, as we see in
Figure 38, which is in agreeance with the fact that we knosdhalue does not resultin a globally
stable model. Foa = 2.5 anda = 3, which are in Figure 39 and 40, the convergent region gets
closer to the real axis and there are more touch pointstriditisg the fact that the model becomes
less and less stable as we increase

Overall, fractals gives a way to see where instabilies witto before they acually occur in a
real model.

8. CONCLUSION

Throughout the course of this paper, we studied the affdcidt@rations to some of the seven
standard population models where local implied globaliBtgbOccasionally, this resulted in a
population model that preserved local implying global, ivlether times modifications resulted in
a model no longer being globally stable. For example, geépatgnomials of degree three or less
had the property of local implying global stability. This svehown through enveloping by linear
fractionals. However, local did not imply global for the gti@amodel.

For the exponential function with polynomial exponentdbienplied global for all models with
polynomial exponents of degree two or less. However, théiagin of Theorem A, Theorem
B, and doubly positive conditions all failed to show this.eblhem S also proved impractical to
use due to the complexity of the Schwaritzan Derivative., Bytgraphing and the application of
Sarkovskii’'s Theorem, we can see that local stability doggly global stability, despite the fail-
ures at showing so analytically.
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The logarithimic function, with powers dh(x) added, failed to be a population model for all
functions of the formk(1—rInx+a(Inx)?). Different modifications to this model may yield dif-
ferent results, but our method of alteration did not preséweal stability implying global stability.

We created a simple piecewise function with an unstableodehree cycle. This shows that
even “simple” population models can have complex behasgiocg the existence of a period three
cycle implies the existence of cycles of all other integagths).

In addition to making alterations and studying these fumdianalytically, we created webplots,
sequence plots, plots of iterated functions, and fractalsstualize how these functions behaved. It
was through these that we could see whether a model was lyigkatble and if not where a cycle
should appear. These tools and visual tactics for analyniodels are of note due to their simple
nature. Since biologists forming the major models were tblsee” when a model was globally
stable if locally stable, this fusion of mathematics andriggus exciting. It allows for a visual way
to check a model in a manner that is founded in rigorous madhiem

We also began work on, though drew no major conclusions angtlotient of polynomials,
examining when that quotient resulted in a population moaébcally stable population model,
and a globally stable population. Further research coulddye on this, as well as working
more in depth with the fractals, and determining what therattons that preserve the property of
local implying global stability have in common. Finally,rtight be worth trying to manipulate
the Schwarzian for the exponential function, with the tldetjree polynomial as its exponent, to
prove analytically that functions of this form have localstity imply global stability only when
the exponent is of degree three or less.
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9. APPENDIX: MAPLE CODE FORCOBWEBS, SEQUENCEPLOTS AND FRACTALS
9.1. Cobwebs.

POPS := proc(n::nonnegint) ... end;;
s := seq(POPS(n), n = 50 .. 75);
for j to 25 do L1 := [[a, s[i]]]; L := [op(L), op(L1)]; od;
od;
print();

> fi=x->x*exp(-1.9%(x-1)+(7.6-8.788898)*(x-1)"3

> print();

> a =07

> pop0 = 0.3

> POP := proc(n::nonnegint) ... end;; POPS := proc(n::nonne gint) .. end;
> s = seq(POPS(n), n = 0 .. 500)

> L == [[sf1], O] [s[1], f(s[1])]]

> for i to 500 do L1 := [[f(s[i]), f(s[iD], [f(s[]]), f(s[i + 1 DIk
> L = [op(L), op(L1)]

> od;

> with(plots);

> pl := plot(f, 0 .. 2, y = 0 .. 2);

> p2 := plot(d, 0 .. 2, y = 0 .. 2);

> p3 := plot(L);

> display(p1, p2, p3);

9.2. Sequence Plots.

> restart;

> /

> f = x -> piecewise|0 <= x and x <= 0.25, 2 x, 0.25 < x and x <= 0.5,
> \

> 1

> 3 x-025 05<xand x <=115, - -x + 15 115 < x and x <= 1.25,
> 2

> /(-1) In(0.2) (1 - x)\

> (1) 6.75 x + 8.6875, 1.25 < X, X €Xp|---------mnnmmmmne- | l;
> \ 0.25 Il

> print();

> pop0 = a

> L=

> 1

> forito 400 do a := --- i

> 200

> POP := proc(n::nonnegint) ... end;

>

>

>

>

>

>

plot(L, style = point)
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9.3. Oprea’s Fractals [14].

> restart; with(plots):
Julia sets

written by John Oprea, oprea@math.csuohio.edu

> julia := proc(c,x, Y)

> local z, m;

> z = evalf(x+y*I);

> for m from 0 to 30 while abs(z) < 3 do
> z=272+c

> od;

> m

> end:

> J := proc(d)

> global phonyvar;

> phonyvar := d;

> (X, y) -> julia(phonyvar, X, Y)

> end:

> plot3d(0, -2 .. 2, -1.3 ..1.3, style=patchnogrid,
> orientation=[-90,0], grid=[250, 250],

> scaling=constrained, color=J(-1.25));
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10. APPENDIX:FRACTAL PICTURES

FIGURE 27. Fractal forf (x) = x(x— 3/2)(—2x— (x—1) —a(x— 1)?> wherea = 1.
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FIGURE 28. Fractal forf (x) = x(x— 3/2)(—2x— (x—1) —a(x— 1)®> wherea = 3.

FIGURE 29. Fractal forf (x) = x(x— 3/2)(—2x— (x— 1) — a(x— 1)®> wherea = 4.705.
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FIGURE 30. Fractal forf (x) = x(x— 3/2)(—2x— (x—1) —a(x— 1)®> wherea = 6.

FIGURE 31. Fractal fore9®) whereq(x) = 1.9(x— 1) —a(x— 1)3 wherea = —1.
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FIGURE 32. Fractal fore 9% whereq(x) = 1.9(x— 1) —a(x— 1)3 wherea = —1,
zoomed in.

FIGURE 33. Fractal fore 9% whereq(x) = 1.9(x— 1) — a(x— 1) wherea = —2.
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FIGURE 34. Fractal fore 9% whereq(x) = 1.9(x— 1) — a(x— 1)3 wherea = —2,
zoomed in.

FIGURE 35. Fractal fore 9% whereq(x) = 1.9(x— 1) — a(x— 1) wherea = —3.
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FIGURE 36. Fractal fore"9% whereq(x) = 1.9(x— 1) — a(x— 1)3 wherea = —3,
zoomed in.
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FIGURE 37. Fractal forf (x) = x* (1+a(1—x)) wherea= 1.
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FIGURE 38. Fractal forf (x) = x* (1+a(1—x)) wherea=2.1.
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FIGURE 39. Fractal forf (x) = x* (1+a(1—x)) wherea= 2.5.
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FIGURE 40. Fractal forf(x) = x* (1+a(1—x)) wherea= 3.



