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ABSTRACT. Fibonacci numbers and difference equations show up in many counting prob-
lems. Zeckendorf showed how to represent natural numbers in “binary” Fibonacci bases.
Capocelli counted the number of 0 bits and 1 bits in such representation. Here we use the
theory of difference equations to try to provide proofs for Capocelli’s claims. We also inves-
tigate generalization of the Fibonacci difference equation which may show behavior similar
to that observed by Capocelli. In particular, we conjecture that “doubly non-negative”
difference equations will have solutions whose ratios monotonically approach a limit.

1. INTRODUCTION

Eight hundred years ago, Fibonacci used difference equations to count rabbits. Since then,
Fibonacci numbers and their generalizations have shown up in a wide variety of counting
problems. As Zeckendorf [Z] observed, the Fibonacci numbers can be used to give “binary”
representation of natural numbers. In the “limit” there representations lead to the standard
binary representation. As Capocelli [C][Cp][Ca] observed, these Zeckendorf representations
have additional properties which may make them more suitable than the standard binary for
certain computational and communication applications. Capocelli observed, in particular,
that the ratio of the number of 0’s to the number of bits in the Zeckendorf representation
monotonically increased to a limit. Here we attempt to verify and prove that this observation
is correct. Further, we try to find a general class of difference equations which display this
sort of monotonic convergence. In section 2, we recall some well known results on Fibonacci
numbers and difference equations. In section 3, we look specifically at Capocelli’s counting
problem. In section 4, we analyze the classical (k = 2) Fibonacci case. In section 5, we look
at convergence of ratios of solutions to difference equations. In section 6, we look at doubly
non-negative difference equations. We close with some brief conclusions in section 7.

2. USErFUL FACTS AND DEFINITIONS

The following are some useful facts and definitions that will help in understanding the rest
of this paper. First of all, we shall be analyzing a counting problem that utilizes k* order
generalized Fibonacci numbers.
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Definition 2.1. The n'* Fibonacci number of order k can be found using the following
recurrence relation:

S = B2 1 e 12,
with the initial conditions: f\" =0, ' =1, and £ =272 for 2 < n < k.[Ca)
As Zeckendorf showed, these Fibonacci numbers can be used to represent natural numbers.

Theorem 2.2 (Zeckendorf). Any natural number can be represented as
Z aif, i(k)
i=2

where fi(k) is the k'™ order generalized Fibonacci number and a; € {0,1}. This representation
is unique if no k consecutive 1’s are allowed. Numbers smaller than 2*~ can be represented
using their standard binary expansions which have no k consecutive 1’s. [Z][Zt]

Proof. Let j = n— f; where by inductive hypothesis j has a unique Zeckendorf representation.
Represent n by 1 followed by the Zeckendorf representation of 7 with an appropriate number
of leading 0’s. This representation of n has no k consecutive 1’s because the representation

of 7 does not and if n’s representation had k leading 1’s then n > f,-(k). O

Counting problems can often be represented by difference equations. The counting prob-
lems discussed in this paper will be represented as non-negative difference equations. In fact,
we shall only be concerned with non-negative difference equations throughout this paper.

Definition 2.3. A non-negative difference equation is a difference equation of the form
Ty = C1Tp—1 + CoTp—_o + ... + CLTp—_1
where ¢; > 0, ¢o > 0,..., ¢ > 0, with positive initial conditions. [Cu]
Throughout this paper, we shall make use of the linear operator L.
Definition 2.4. The linear operator, L{x,]| can be defined as
Lz, =2, — 1@y 1 — CoXpy9 — ... — CpTp_g

Therefore, a k™ order linear constant coefficient difference equation

Ty — C1Tp_1 — CoTp_9 — .. — Chpln_ = g(n)
can be written in a compact form by using the linear operator, L[ ]. This compact form
would be [Cl][Cu]:
Llz,] = g(n)

When we write L{x,] = 0, this would correspond to
Tp = C1Tp—1 + C2Tp—2 + ... + CkTp—k

When discussing difference equations it is often helpful to look at their characteristic
polynomial.
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Definition 2.5. The polynomial
Ch()\) = )\k — Cl)\k_l — ...Ck_l)\ — Ck.
1s called the characteristic polynomial of the difference equation. The polynomial is non-

negative if ¢y > 0,...,cx_1 > 0, and ¢ > 0.

We need to introduce a new characterization of difference equations called doubly non-
negative, which will be used later as a condition in conjectures.

Definition 2.6. A difference equation is doubly non-negative if it is non-negative and
[ch(\)]2/ (X = Xo) is also non-negative, where ch()\) is the characteristic polynomial of the
difference equation and \g is the positive real Toot of ch(\).

It is well known that if ch()) is non-negative, then ch(A) has a unique positive real root
Ao, and ch(z) < 0 for 0 < x < A\g and ch(x) > 0 for = > A,.

Theorem 2.7. The Fibonacci operators
R A A A
are doubly non-negative.
Proof. The characteristic polynomial for the £ order generalized Fibonacci operator is
ch(A) = XF = =1 - 1
which has positive real root A\g < 2, since ch(2) =1 > 0. Then,
ch(A)/(A=Xo) = N+ g N2 gy
where g1 = Ao — 1, ¢ix1 = Mg — 1, and each 0 < ¢g; < 1. So,
[chNP/ (A= Xo) = V4 g N 24 g )N = A — 1) =

A (g0 = DX 4t (—geea)
Each ¢g; > 0 because the g;’s are the terms in the partial evaluation of a non-negative
polynomial, and if any one of the ¢’s were non-positive, then subsequent g’s would also be
non-positive. But, A\ggr_1 — 1 = 0 and g_; must be positive. Each ¢g; < 1; g1 < 1 since
g1 =X —1<2—1=1Dbecause \g < 2. Since ¢g;11 = A\gi—1 <2x1—1=1, g;41 < 1. From
earlier calculations, the coefficients (except for the leading coefficient) of [ch(A)]?/(XA — Ao)
are all negative. If any coefficient could be positive, it would be a sum of the single positive
term ¢g; and one or more negative terms which must include —1. But, this sum of terms
would be less than g; — 1 which is negative because g; < 1. Hence, for the k" order Fibonacci
operator
[Ch()\)]2/()\ — )\0) = )\2k_1 — él)\2k_2 — .. — égk_l
with each ¢; > 0, and for example,
61291—1:)\0—1—1:>\0—2.
O

The following are theorems and examples involving the L operator and non-negative dif-
ference equations.
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Theorem 2.8 (Uniqueness). The equation L{z,| = g(n) with initial conditions xo, 1, ..., Tp—_1
has a unique solution.

Theorem 2.9. The solution of L{x,| = g(n) with initial conditions xo, 1, ..., Tx—1 can be

written as
Tp = Uy + Z a;h;(n)

where vy, is any solution to L[x,] = g(n) and hy(n), .., hx(n) are k linearly independent solu-
tions to L[x,| = 0, and the coefficients a, ..., ax depend on v, and on the initial conditions.

Theorem 2.10 (Increasing). If zo < x1 < ... <z , then x, is an increasing function for
n > 0, where x,, is a solution to the non-negative difference equation x, = c1x,_1+ CoXp_o+
e T CR T -

Proof. Assume that x, p 1 <z, < ..< T, o<z, 1. By taking these equations,
Ty = C1Tp—1 + CoTp—_o9 + ... + CLTp—_1
Tpo1 = C1Tp_9 + CoTp_3+ ... + CLTp_1_1
you can subtract them to get:
(X —xp1) = c1(Tp1 — xp2) + Co(Tpn2— Tp_3) + ... + k(Top — Tp_r_1)

Then, each of (z,-1 — p_2)...(Tp_r — Tu_x—_1) > 0 and at least one ¢; > 0. So, x, —x,_1 >0
and z, > x,,_1. Therefore, x,, will always be an increasing function. O

Theorem 2.11. If L[X,] is an order k operator whose characteristic polynomial has k
distinct roots Ao, .., Ak—1, then the solutions to L[X,]| =0 can be written as

Xn = Oé())\g + Oél)\rll + ...+ O‘k—l)\z_l

where each «; is a constant. The solutions to the double operator L?[X,] = 0 (where the L
operator is taken twice) can be written as

X = (agn + Bo)Ag + (aan + Bi)AT + ... + (p—1n + Br—1) Ny
where the a’s and [3’s are constants. [Cu]

Example 2.12. In the Fibonacci case, L[f,| = fn — fn-1 — fu—2. So, L[f,] = 0 has solutions
of the form

fn = ao)\g + &1)\?
where \g and \; are the distinct roots of A2 —\—1. For the equation, f, = fu_1+ fa_2+9g(n)
where g(n) = g(n — 1) + g(n — 2), L*[f,] = 0 and the solution will be of the form
fo = (aon + bo) Ay + (a1m + b1) AT
Example 2.13. The difference equation
Xp=Xp1+2X,0
is non-negative, assuming it has positive initial conditions, and has the characteristic equa-
tion
ch(AN) =X =X —=2=(A—=2)*x(A+1).
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The solutions to this difference equation has the form

Xn = a0(2)" + al(—l)"
For example, if Xy =0, X; = 1, then

X,=1/3%x(2" - (=1)")
while if Xy =1, X; = 2, then

X, =2".
For the first set of initial conditions Xy < X; = X5, so X,, is not always increasing. For the
second set of initial conditions, X, < X; < X, and obviously X,, is always increasing. If
LIX,] =X, —Xn1 — 22X,
then the characteristic polynomial for L? is
[(A=2)(A+ 1)

and is

AP =20 3N+ AN+ 4
So,

L*[X,]) = X, —2X,, 1 —3X, 2 +4X, 3+4X, 4
and L? is not a non-negative operator. The solution to L?*[X,] = 0 can be written in the
form
Xn = (aon + 60)2” + (aln + bl)(—l)n
For example, if X; =2, Xy =4, X3 =15, X; =50 then
Xp,=Mn—-1)2"+ (n—-2)(-1)".

While it is easy to see that this X, is increasing for n > 1, this increasing does not follow
from Theorem 2.9 because L? is not non-negative If you take [ch()\)]?/(A — \) you get

(A=2)x A+ DPP/(A=2)=(A—=2)x (A +1)* =X —3)\2 -2

which is the characteristic polynomial for the non-negative difference equation

Xp =3X,0+ X, 3.
Therefore, X,, = X,,_1 + 2X,,_5 is a doubly non-negative difference equation. The solution
* Xn=3X,2+ X,_3
has the form

Xp = ag2" + (ayn + by)(=1)"
For initial conditions Xy = 0, X; =1, X5 = 2 the solution is
X, =1/9[4%2"+ (3n —4)(—1)"].

By checking that X3 = 3, this solution satisfies the hypotheses of Theorem 2.9 and is always
increasing.

For the next theorem, we make use of the condition that the operator is aperiodic.

Definition 2.14. A non-negative difference equation is aperiodic if ged{i|c; > 0} = 1.
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Theorem 2.15. If p(\) is the characteristic polynomial of a non-negative operator L, then
p(A\) has a unique positive real root Ao and the solution to L[X,] = 0 with positive initial
conditions obeys X,, = O(Ay). If, in addition, the operator is aperiodic, then there is an
ap > 0 such that

lim Xn/)\g =

or similarly
lim X,,/ap\y =1

3. A COUNTING PROBLEM

We are now ready to discuss a counting problem involving the ratio of 0’s in Zeckendorf
strings. Let’s consider binary strings of length n that have no k consecutive 1’s. These
strings represent a unique Zeckendorf representation of a natural number. Because of our
restrictions, these strings must start with either 0, 10, 110, ...,or £ — 1 ones followed by a
zero. So, in the k = 2 case, the string can only start with 0 or 10. The rest of the string
will follow the same rules until there are n characters in the string. The first few strings of
length n for k = 2 can be found in Figure 1.

n=1 n=2 n=3 n=4
0 00 000 0000

1 01 001 0001
10 010 0010

100 0010

101 0100

0101

1000

1001

1010

FIGURE 1. Binary Strings of length n with k=2

Let us now define S to be the number of n character strings with no k£ consecutive 1’s.
For the k = 2 case, Sy =2, S, = 3, S3 =5, and S; = 8. In this example, it looks like S
is related to the Fibonacci numbers, and this would be a good guess to make. S¥) satisfies
the difference equation

k k k
SP = S0 + 5 + .+ 5,

with the initial conditions S =27 if 1 <n < k — 1 and S,gk) = k-1

because an allowed length n string consists of 0 followed by an allowed length (n — 1) string
or of 10 followed by an allowed length (n — 2) string ...or of 1...10 followed by an allowed
length (n — k) string. The order k& Fibonacci numbers satisfy the same difference equation

as Sf(Lk), but have different initial conditions. Recall that,

k k k
FO = W B
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with the initial conditions: fék) =0, fP =1, and fF =2n 2 for 2 < n < k.
Note that: .
fy(H_)Q _ 2n+2—2 — 9n

So, the relationship between S% and the Fibonacci numbers is:

S = 1Y

Now, let W be the total number of bits in the binary strings of length n with no k
consecutive 1’s. Then,

k
W =n 1§+)2

since each string of length n has exactly n bits and there are f /o strings of length n.

The ratio of 0’s to the number of bits in our strings will now be the focus of our attention.
If our binary strings had no restrictions it would be correct to assume that 1/2 of the bits
would be 0’s. However, since the number of 1’s has been restricted, we expect that there are
more 0’s than 1’s. Therefore, the ratio should be greater than 1/2.

Let NV signify the total number of 0’s in strings of length n with no consecutive k 1’s.
Then, NP / W) will be the proportion of 0’s in our strings of length n for order k. As
was stated earlier, each string of length n starts with either a 0, 10, or £k — 1 one’s with a
0. Consider the strings which start with a 0 to be of length n — 1 with a 0 in front. The
number of 0’s in these strings will be N, N )1, which represents the number of 0’s in the strings
of length n — 1, plus the number of strmgs which start with 0. The strings which begin with
10 have n — 2 characters remaining in the string, so the number of 0’s in these strings is
Nflk 5, the number of 0’s in strings of length n — 2, plus the number of strings which start
with a 10. The same principle applies to all of the strings until you have only those strings
left that begin with £ — 1 ones and then a 0. The number of 0’s in these strings is N( i, the
number of 0’s in strings of length n — k, plus the number of strings which start Wlth k—1
ones followed by a zero. Recall that there are f /o total strings of length n.

So, N, ) can be computed by using the following dlfference equatlon

k

n

Now, these equations can be used to calculate Nr(Lk / W for strings of length n of order k.
The program used to compute the values in Figure 2 can be found in the appendix. Figure
3 demonstrates pictorially the fact that as k goes to infinity, Zeckendorf representation
approaches binary representation. If you look at Figures 2 and 3, there is evidence that

N / Wik s always a monotonically increasing ratio.
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k
2 3 4 5 6 7 8 9 10
.5000 | .5000 | .5000 | .5000 | .5000 [ .5000 [ .5000 [ .5000 | .5000
.6667 | .5000 | .5000 | .5000 | .5000 [ .5000 [ .5000 [ .5000 [ .5000
.6667 | .5714 | .5000 | .5000 | .5000 [ .5000 [ .5000 [ .5000 | .5000
6875 | .5769 | .5333 | .5000 | .5000 [ .5000 [ .5000 [ .5000 [ .5000
.6923 | .5833 | .5379 | .5161 | .5000 | .5000 [ .5000 [ .5000 | .5000
.6984 | .5909 | .5417 | .5191 | .5079 | .5000 | .5000 [ .5000 | .5000
7017 | .5944 | .5450 | .5214 | .5097 | .5039 | .5000 [ .5000 | .5000
7045 | .5973 | .5481 | .5233 | .5111 | .5049 | .5020 | .5000 | .5000
7066 | .5998 | .5500 | .5249 | .5122 | .5057 | .5025 | .5010 | .5000
10 | .7083 | .6016 | .5516 | .5263 | .5131 | .5064 | .5030 | .5013 | .5005
11 | .7097 | .6031 | .5530 | .5274 | .5139 | .5069 | .5033 | .5015 | .5006
12 | .7109 | .6044 | .5541 | .5282 | .5146 | .5074 | .5036 | .5017 | .5008
13 | .7119 | .6055 | .5550 | .5289 | .5151 | .5078 | .5039 | .5019 | .5009
14 | .7127 | .6064 | .5558 | .5296 | .5156 | .5081 | .5041 | .5020 | .5010
15 | .7134 | .6072 | .5565 | .5302 | .5160 | .5084 | .5043 | .5022 | .5011
16 | .7141 | .6079 | .5571 | .5307 | .5164 | .5086 | .5045 | .5023 | .5011
17 | .7146 | .6085 | .5577 | .5311 | .5167 | .5089 | .5046 | .5024 | .5012
18 | .7151 | .6091 | .5582 | .5315 | .5170 | .5091 | .5048 | .5025 | .5013
19 | .7156 | .6096 | .5586 | .5318 | .5172 | .5092 | .5049 | .5025 | .5013
20 | .7160 | .6100 | .5590 | .5321 | .5175 | .5094 | .5050 | .5026 | .5014

QO URA WN =S

FIGURE 2. Proportion of 0’s

0.72

0.7
0.68—
0.66
0.64—
0.62—

0.6
0.58
0.56
0.54—

0.52—

0.5

F1GURE 3. Ratio of N}Lk)/W,gk) for k = 2 to k = 10 (the top graph is k = 2,
the next k = 3, etc.)

4. ANALYZING THE COUNTING PROBLEM

We have shown that
NE =N+ + N+ fr(zlj-)2

n n—
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but
e = Fa s+ o+ fn+2 K
so if we let
LIXo] = Xy — Xt — oo — X
which is the k™ order Fibonacci operator, then L] fn +2] = 0 and L[Nr(f)] = ,(LI_?Q So,

L2[NP) = LIf%),] = 0. Further,

n

LW = Linfit)
k k
= n r(z+)2 (n— l)fr(z-i-)Q T (e k‘)ff(wr)z—k
k k
= fT(H-)Q—l +2fr(z+)2—2 + o kfY nt2—k

Note : ff(zlj-)2 = ff(zlj-)2—1 + Tt fn+2 k
So,
Lz[Wr(Lk)] = L[fr(z-i-)2 1] + QL[f +2— 2] +..+ kL[fn+2 k]

and since L[f(li)z_i] = 0 for every i, L? [Wék)] = 0.

It has already been pointed out that graphically and numerically the evidence suggests

that N, / Wi is a monotonically increasing ratio. We are now able to state this observation
and prove it for the case k = 2.

Conjecture 4.1. If L[Z,)=Zn — Zn1— Zno— .. — Zp_y, and L[Nr(zk)] = f(lj-)Q and

n

LW, ] fnJr1 t o+ kP then N,(Lk)/W,gk) is increasing in n for k > 2.

Theorem 4 2 IfL[Z,) = Zp — Znr = Zny — .. — Zn_y, and LINP] = f%, and
+..+k ,(Lk), then N /W) is an increasing ratio for k = 2.
n—l—l

Proof. For any solution to L?[Z,] = 0, it can be shown that if f,, is a “full” solution of L[f,],
then

Zn = n[a'l.fn + a'2.fn—l + ...+ a'k.fn-l—l—k] + [blfn + b2fn—1 + ..+ bkfn—i—l—k]-
For example, if L[X,,] = X,, — X,,—1 — X,,_2 (the Fibonacci operator), then
Zn = n[alfn + a2fn—1] + [blfn + b2fn—1]’

Taking the counting problem Ny =0, Ny =1, Ny =4, N3 = 10. Therefore,
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No: 0 = 0+4bifo+baf

Ni: 1 = [aifi +asfo] +b1fi
= a —l—bl

Ny: 4 = 2lafoa+asfi] +bifo

= 2a1 +2a2+b1

N3 : 10 = 3layfs + asfo] + b1 fs
= 3[2&1 + 0,2] + 2b1
= 6&1 +3a2+261

Using by = 1 — aq, we get:

Ngl 4 = 2a1+2a2—|—(1—a1)
3 = ay + 20,2
9 = 3&1 + 6&2

Ngi 10 = 6a1+3a2—|—2—2a1
8 = 4da; + 3as
16 = 8aj + 6as

Now, we can get
7 = 5a.
So,
a; =T7/5.
And from this,
as =1/2(3—ay) =1/2(15/5—7/5) =4/5
and
by=1-7/5=-2/5
We can plug these values in to get a general equation of N,,:
Now = 1/5[0(Tf + 4fu-1) — 2f2].

Now, we want to show that

Ny /Wiy = 1/5[n(Tfn +4fn-1) = 2fnl/nfnre < 1/5[(n + 1)(7fag1 +4fn) — 2fns1]/nfrss.
By cross multiplication, the equation becomes:

n(n + 1)fn+3(7fn + 4fn—1) - 2fn.fn+3(n + 1) < n(n + 1)fn+2(7fn+l + 4fn) - 2fn+lfn+2(n)
The equation can be re-arranged to:

n(n + 1)[fn+3f7H-1 - fn+2fn+2 < 2n[fn+2fn - fn-l—lfn—i—l] + 2fnfn+3
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n __ 1 1 " . fn—l—l fn
A= [1 0} - [ 2 fn_l}
A" = [A" = (=1)" = fos1fa1 — fafn

So, the equation becomes
n(n+1)(=1)""? < 2n(=1)"" + 2f, furs

which can be reduced to

Note that:

n(n + 3)(_1)n+2 < 2fnfn+3
Certainly, this inequality holds for n > 5 because then f, > n. For n =0 to 5 we get

n=0 — 0<0
n=1 — —4 <6
n=2 — 10<10
n=3 — —18<32
n=4 — 28<78
n=5 — —40< 210
Therefore, N,,/W,, is an increasing function for all n > 3 for the case of k = 2. O

5. APPLYING RESULT TO NON-NEGATIVE DIFFERENCE EQUATIONS

The ratio of 0’s in Zeckendorf strips of length n makes a counting problem that can leads
to a nice result involving the k' general Fibonacci difference equation. Sometimes what
can be said of Fibonacci numbers can be generalized to apply to larger sets of difference
equations [Cc]. We tried to generalize this result to come up with conditions to make the
ratio of solutions to non-negative difference equations monotonically increasing.

Conjecture 5.1 (First Attempt). The ratio of two solutions to a non-negative difference
equation gives an increasing ratio.

Refutation of Conjecture 5.1: Fibonacci numbers and Lucas numbers are solutions to
the same difference equation

Zn = Zn—l + Zn—2
with different initial conditions. The ratio of Fibonacci numbers to Lucas numbers is:
fo/la=0, 1, 1/3, 1/2, 3/7, 5/11, 4/9, 13/29....

This ratio is not monotonically increasing. In fact, it is not increasing at all. The ratio is
oscillating above and below its asymptotic value of 1/+/5 (Figure 4). Note: f, /I, is increasing
for odd n’s and decreasing for even n’s. This occurs because )\ is negative. More complicated
oscillations should be possible, for example, when there are complex eigenvalues.

Conjecture 5.2 (Second Attempt). If L[ | is a non-negative operator that has order k and
L?[N,] = L*[W,] = 0, then if N,,/W,, is increasing for k consecutive values of n, N, /W,.
In particular if N1/W1 < Ny/Wy < ... < Ny /Wy, then N, /W, is increasing for n > 0
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OO T T TTTTTITT TTTT[TITI{TTTT]TT7T]
0 1 2 3 4 5 6 7

FIGURE 4. Ratio of f,/l,

Refutation of Conjecture 5.2: Let
N, =3N,_2+2N,,_3+2"+ (2n)(-1)"

with the initial conditions
No=1, Ny=2, N, =3
and
W, =3W,_a+2W,_3+2" + (4n+6)(—1)"
with the initial conditions
W=7 Wy =9, Wy=11.
Therefore, L[Xn| = X,, — 3X,,_2 + 2Xn — 3 with order k¥ = 3 and L?*[N,] = L*[W,] = 0.
Then,

N, /W, = 0.1428571429, 0.2222222222, (0.2727272727, 0.3225806452, 0.4157303371,

0.4793388430, 0.4893617021, 0.5700787402, 0.5590027701, 0.6190624030, 0.6183107672, ...

The ratio increases for the first k terms. In fact, it increases for the first 2k + 1 = 7 terms;
however, it does not have monotonic increasing because the eighth term is less than the
seventh term. Figure 5 has this result demonstrated pictorially. Although L[X,] is non-
negative, it is not doubly non-negative. Perhaps, using doubly non-negativity as a criteria
will make a difference. Note: This example also shows that A\g > 2|\;| is not sufficient for
monotonic increasing.

Conjecture 5.3 (Third Attempt). If L] | is a doubly non-negative operator that has order
k and L?|N,| = L*[W,] = 0, then if N,,/W, is increasing for 2k — 1 consecutive values of n,
N, /W,. In particular if Ny/Wy < No/Wy < ... < Noj_1/Way_1, then N, /W, is increasing
forn >0
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FIGURE 5. N, /W, Increases for the 15" Seven Terms

Example 5.4. Let
N, =3N,_1 +4N, o+ 4" +2(-1)"
with the initial conditions
No=0, Ny =1
and
W, =3W,_1 +4W,_ o +4" 4+ (=1)"
with the initial conditions
W() - 1, Wl = 2.
Therefore, L[X,] = X,, — 3X,,_1 — 4X,,_» with order k = 2 and L?|N,,| = L*[W,,| = 0. The
characteristic polynomial ch(\) for L[X,] is
ch(A) =X =3\ —4=(A+1)(\—4).
Taking [ch(A)]?/(X — X\o) gives
A=A +1)> =X —-2X2 —7A—4
which is the characteristic polynomial for the non-negative difference equation
Xn == 2Xn_1 + 7Xn_2 + 4Xn_3.
Therefore, L[X,] is a doubly non-negative operator. So,
N,,/W,, = 0.5000000000, 0.9130434783, 0.9214285714, 0.9479843953, 0.9575835476,
0.9652921509, 0.9703522018, 0.9741979942, 0.9771417641, 0.9794874491.

This ratio increases for the first 2k — 1 terms and continues to increase. Figure 6 has this
result represented pictorially.

The example shows evidence that the last conjecture could be true. We have been unable
to produce a counter example or a proof of this conjecture.
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FIGURE 6. N, /W, is Increasing

6. OTHER OBSERVATIONS

While trying to determine conditions for monotonic increasing, other observations were
made and should be mentioned. First, the ratio N,,/W,, approaches an asymptotic value.
This value depends on N,, and W,,. However, N,,/W,, can approach this asymptotic value
in many ways. Stated is a conjecture that says that NV, /W, will approach the asymptotic
value from below that value if certain conditions are met.

Conjecture 6.1. Let N, and W,, be two solutions to a doubly non-negative difference equa-
tion of order k. If N,,/W,, < a/c where a/c is the asymptotic value for 2k — 1 n’s in a row,

then N,sk)/Wy(Lk) < a/c for all larger n.
Example 6.2. Let
Xn=Xpn1+6X,0.

Then, X, is a non-negative difference equation. However, it is not doubly non-negative.
Now, N, and W, are two solutions to X,,. Let

Ny = (3/5n)(3") + (2/5n)(=2)"
and
W, = (6/5n + 127/125)(3") + (1/5n? + 41/25n — 127/125)(—2)"
Take N,,/W,, and you get:
N,./W,, = 0.2000000000, 0.3255813953, 0.4936708861, 0.3600654664, 0.5057034221,

0.3960085531, 0.4904161342, 0.4250069054, 0.4807749847, 0.4453073066, ...

The asymptotic value of N, /W, = 0.5. Therefore, N,,/W,, < a/c for the first 2k — 1 n’s,
since k = 2 and 2k — 1 = 3. However, N,,/W, is not less than the asymptotic value for all
larger n’s.
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Secondly, an asymptotic increasing result should be mentioned.
Conjecture 6.3. If
N, = (an +b)A\y + O(Np),
W, = (en+ d)\j + O(X)
and
ad — be > 0,
then N,,/W,, is increasing for all big enough n.
Double non-negativity is a condition for monotonic increasing in the stated conjecture.
So, it would be nice to have an algorithm to determine double non-negativity by a simple
means, such as a condition on the coefficients. In attempts to develop such an algorithm

conditions for an 2"¢ order non-negative difference equation to be doubly non-negative were
found.

Theorem 6.4. A second order non-negative difference equation has the characteristic poly-
nomial ch(\) = A2 —ci\—co. If ey < 2¢3 (this is equivalent to g > 2|\1]), then the difference
equation will be doubly non-negative.

Proof. Take a second order non-negative difference equation. It will have the characteristic
polynomial
Ch()\) = )\2 — Cl)\ — Cy = ()\ — )\0)()\ — )\1)
where \g > 0, \; <0, ¢; > 0, and ¢ > 0. Then,
[ch(MVP /(X = Xo) = (A = M)eh(N) =
)\3 - (Cl + )\1))\2 — (02 — Cl)\l))\ + 02)\1.
For double non-negativity, the coefficients need to be < 0.
02)\1 <0

is true because ¢y > 0 and A\ < 0.

—(02 — Cl)\l) <0
is true because ¢3 > 0, ¢; > 0, and Ay < 0. So, the only one left to show is

—(Cl + )\1) S 0
which can be rewritten
c1 + >\1 Z 0.

Since ¢; = Ag + A1,

)\0 + )\1 + >\1 > 0.

So,
Ao > 2|\

By taking ¢; + A1 > 0 and multiplying by Ay gives
Cl)\() + )\1)\0 Z 0.

Since A\ A\g = —ca,
Cl)\ — C9 Z 0
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and

Ao > ca/cr.
Note: If ¢; = 0, then double non-negativity is not possible. Ay > ¢o/cy if and only if
ch(cz/c1) < 0. So,

(c2/c1)? = er(ea/er) — 1 <0
cafci—cy— ey <0
cafcl —2<0
cy < 267

Therefore, a non-negative second order difference equation will be doubly non-negative if
and only if ¢y < 2¢2.

Example 6.5. The non-negative difference equation
X, =3X,1+4X,
was shown to be doubly non-negative in Example 5.4. Here ¢; = 3 and ¢y = 4, so
4<2%3°<18.

And double non-negative follows from Theorem 6.4. In this example, \g = 4 and \; = Ay =
—1, and as expected \g > 2|\|.

7. CONCLUSION

Capocelli observed that the ratios of two solutions to a generalized Fibonacci difference
equation were increasing for some test data and claimed that these ratios always increased.
We tried to determine what properties these special equations had that accounted for these
increasing ratios. We showed by counterexample that non-negativity and increasing for &
n’s in a row was not enough. We claim that doubly non-negativity and increasing 2k — 1 n’s
in a row may be enough, but we have been unable to prove this conjecture. We have also
been unable to produce an efficient algorithm to determine double non-negativity, although
we have conditions for second order non-negative difference equations.
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APPENDIX A. MAPLE PROGRAM FOR CALCULATING Nﬁk)/W,Sk)

kfib:= proc(k,n)
local a,b,i,j;
al[0]:=0;
al1]:=1;
for i from 2 to k - 1 do
ali]l:=2" (i - 2)
end do;
if n<1 then
RETURN (0)
elif n=1 then
RETURN (1)
else
for j from k to n do
aljl:=add(alj - x],x=1..k)
end do
end if;
RETURN (a[n])
end proc;

kNn:= proc(k,n)
local a,b,i,j,c;
al[0]:=0;
al1]:=1;
al2]:=4;
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c:=k - 1;
for i from 3 to k - 1 do
alil:=add(ali - x],x=1..i)+kfib(i,i+2)
end do;
if n=0 then
RETURN (0)
elif n=1 then
RETURN (1)
elif n=2 then
RETURN (4)
else
for j from k to n do
aljl:=add(alj - x],x=1..k)+kfib(k, j+2)
end do;
RETURN(a[n]);
end if;
end proc;

kWn:= proc(k, n)
local a;
a := nxkfib(k, n+2);
RETURN (a)

end proc;

kNnWn:= proc (k, n)
local a;
a := evalf(kNn(k, n)/kWn(k, n));
RETURN (a)

end proc;
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