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ABSTRACT. A dominating feature of knot theory is the problem of knatsdification. In this
paper, we hope to simplify the task of classification throsghng connections between Arnold’s
work with knot invariants and that of Xiao-Song Lin and Zhbag Wang. We show that the defect
of a plane curve associated with a flattened alternating kmat be considered an invariant for
alternating knots. We also give simple method of computingréain Vassiliev knot invariant from
Arnold’s plane curve invariants and signed crossings.

1. INTRODUCTION

The goal of this paper is to further pursue the connectiohsd®n knots and plane curves. By a
knot, we mean a smooth mappifig S' — R3 and by a plane curve we mean a smooth mapping
P : St — R2. Shortly, we will define these terms more rigorously, but phevided definitions
will suit our introductory purposes.

Integral to this study is the previous work in plane curveotiyeby Whitney [W], Arnold [Ar],
and Aicardi [Ai]. Furthermore, the research of Luo [Lu] anthland Wang [L-W] provided an
impetus for our own methods and subsequent results.

Lin and Wang [L-W] use integral geometry to create an intefgiran for a known knot invariant.
We suggest possible extensions of their work that might ycechew invariants or at least new
forms for known invariants.

A key idea native to the work of [Lu] and [L-W] involves thetiifig of curves to knots and the
flattening of knots onto the plane. We introduce a new natat@haracterize both knots and plane
curves, which is invariant under liftings from or flatteniogto the plane. Using this notation, we
are able to construct a new combinatorial form for a premgstassiliev knot invariant.

Following the work of Aicardi [Ai] we consider plane curvesiose defect is 0. These curves
are studied because their Arnold invariants may be easitypeved from formulas in [Lu]. We
suggest a possible form for the Gauss diagrams of defechv@sur

From results in [L-W], we provide a simple proof of the facathf two plane curves have
the same Gauss diagram, then they have the same defect. Mpoetantly, we show that the
nonintersecting chords in a Gauss diagram have no effecti@atd

We also consider the effect of knot moves on defect of a plameecthat has been lifted to a
knot. We are able to show that the creation of simple loopskimod corresponds to nonintersecting
chords in a Gauss diagrams and thus does not affect the ddféee plane curve created by
flattening the knot. Also, we show that the flipping of a tanigle knot, known as a flype, has
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no effect on the defect of the associated plane curve. Thas#tons show that any plane curves
created by flattening a projection of the same alternatirg lrnll have the same defect. Thus,
defect may be considered an invariant for alternating knots

Finally, we begin consider possible restrictions for Galiagram to correspond to a valid plane
curve. We show that each intersecting chord in the diagrarmst mtersect other chords an even
number of times.

2. ABRIEF INTRODUCTION TO PLANE CURVES
2.1. Basics of plane curves.We will begin with a few basic definitions.
Definition 2.1. A plane curvds an immersion of Sinto R? with only transversal double points.

Definition 2.2. Theindex of a plane curve is the number of complete turns made by tloeitel
vector[W].

To compute the index of a curve, choose a starting point orctinee and imagine a tangent
line to it. As the curve loops about, count the number of titlestangent line makes a complete
rotation.

Example 2.3. A simple circle has index 1.

Whitney showed that two plane curves may be regularly hopiethinto each other if they have
the same index [W].

Jt—=Jt 42

J—=J -2

St— St+1

FIGURE 1. Arnold’s plane curve moves perestroikas

Arnold defined three invariants of homotopy classes of ptamges: Strangeness, abbreviated
St, J*, andJ™ [Ar]. Arnold computed these invariants for a plane cu@/éy assigning values
for the invariants to a standard set of plane curves (seed¢-guwith indices 0, 1, 2,.... The
curve from the standard set with the same inde& &sselected and then homotopied by a series
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FIGURE 2. The standard set of plane curves.

of moves intaC. We will refer to these moves by the name of the invariant tfégct, as shown

in Figure 2.1. Each move is associated with one of the Arnoldriants and so as the curve is
transformed intcC, the invariants oC are being computed. For a more complete description of
the calculation, the reader is referred to Arnold’s papet.[A

FIGURE 3. The connected sum of two plane curves.

Definition 2.4. [Ar] Theconnected surof two plane curves is the plane curve formed by placing
the curves beside each other in the plane, taking a smalisefiom the outside edges of each
curve and joining the curves with two line segments as showgure 3

One property of the Arnold invariants is that they are additinder the connected sum. One
must be careful, however, because the connected sum is fioedld¢or all plane curves. For
example, two simple circles with opposite orientationsrbe joined using a connected sum.

2.2. Gauss Diagrams.We may associate a simple diagram with each plane curve vgnes
another way of studying them.

Definition 2.5. Let C be a plane curve. ThBauss diagramr chord diagranof C is the set of
chords on a round circle formed by connecting the preimagesch double point of C.

See Figure 3 for an example of a plane curve and its assocksess diagram.

3. TREE-LIKE PLANE CURVES

Aicardi [Ai] studied a subset of plane curves, called tieslifor which the Arnold invariants
are easily calculated. Later, Luo [Lu] simplified the cadtidns for these curves and generalized
Aicardi’s results ford* andJ~.

3.1. When is a Curve Tree-like? The first definition of tree-like is due to Aicardi:

Definition 3.1. [Ai] A tree-likecurve is one in which every double point separates the cumee i
two closed curves that do not intersect.

See Figure 4. If any double point on the tree-like curve is the curve is separated into two
disjoint curves. However, if the non-tree-like curve is ati double point, the remaining curves
may still be connected at another double point.
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FIGURE 4. Tree-like (left) and non-tree-like (right) curves.

3.2. Properties of Tree-like Curves. Aicardi noted several interesting properties of tree-like
curves.

Definition 3.2. [Ai] A planarGauss diagram consists of only non-intersecting chords.

Theorem 3.3.[Ai] A curve is tree-like if and only if its Gauss diagram is planar

The above theorem provides an easy way of telling whetheoa curve is tree-like.

FIGURE 5. A tree-like curve and its associated Gauss diagram.

Example 3.4.In Figure 5 the Gauss diagram associated with the tree-likeve has only non-
intersecting chords

Definition 3.5. Thedefectof a plane curve, denoted here by D, is the quarifiy+ J ™.
Theorem 3.6.[Ai] The defect of a tree-like plane curve is 0.

The converse of this theorem is not true: if the defect of aeus O, it is not necessarily a
treelike curve, as seen in the following example. Aicarthisorem was later extended by Lin and
Wang [L-W] to describe all curves with the propeiy= 0.

Example 3.7. See Figure 6. The plane curve is non-treelike, as seen bysgsceated chord
diagram, but has defect 0.
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FIGURE 6. A non-treelike curve with defect 0.
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FIGURE 7. Seifert splitting.

3.3. Associating Seifert Cycles with a Plane Curve.

Definition 3.8. [Lu] A Seifert splittingseparates a plane curve at its double points as shown in
Figure 7.

Definition 3.9. [Lu] Seifert Cyclesare the closed, oriented curves that remain after all theldeu
points in a plane curve have been split (see Figure 3.3).

(@

FIGURE 8. A plane curve and its associated Seifert cycles.

Luo simplified Aicardi’s methods of computing Arnold invanits by using Seifert cycles instead

of graphs. The following function was first defined by Aicatulit was redefined in terms of Seifert
cycles by Luo.

Definition 3.10. [Lu] Thet functionis defined as follows on a set of Seifert cycles:
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(1) t; = O for any cycle i whose boundary is exterior;
(2) tj=ti+1ifcyclesiand ] are adjacent and j is inside i;
(3) tj = —tj if cycles i and j are adjacent and outside each other.

Theorem 3.11.[Lu] There exists one and only one t function on a set of Seifelexyc
Using the t function, we can compute all the Arnold invarsagasily for tree-like curves.
Theorem 3.12.[Lu] Let C be a tree-like plane curve with n double points. Then

(1) SKC) = 3 4(C),
(2) J*(C) = —-2St(C),
(3) J7(C) = -2St(C) —n,
where i is over all Seifert cycles associated with C.

For any plane curvel™ andJ™ are also easily computed using the t function and the agsdcia
set of Seifert cycles.

Theorem 3.13.[Lu] Let C be a plane curve with n double points. Let s be the numb8eifert
cycles associated with C. Then

(1) IJ"(C)=1+n—-s-23t,

(2)J7(C)=1-s-23t.
Here i is over all Seifert cycles.

Luo’s paper lacks a formula in terms of the t function for thesgeness of any plane curve.
Using defect, however, we can easily compute the valugt.dfater in this paper, we will discuss
these alternate methods for this computation.

4. A BRIEF INTRODUCTION TO KNOT THEORY

4.1. Basics of knot theory.

Definition 4.1. A knot, K, is an embedding of the unit circle into three-space by rttagping
¢: St— RS

We can describe a knot as a closed, non-self-intersectorgjntious curve, which the term
embedding implies. This mapping would define a knot of onk Vithereas multiple mappings

of the unit circle into the same space would define knots otiplallinks. In this paper, we will
examine knots of one link.

s L g3
o | Ly

Sl i) ]RS
FIGURE 9. Diagram for knot equivalence.

Definition 4.2. [D] Two knots, f and g, are equivalent if there is a commutatiggmim, as shown
in Figure 4.1, wherg) and are orientation preserving diffeomorphisms of the circleaBd R?,
respectively.
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By this definition, the composition of functiong,o f andgo ¢ lead to an equivalent embed-
ding in R3. With small changes to this definition, we can reach one thtisfies embeddings
from one space into any Euclidean space. In 1926, howev@eReister [R] refined the more
generic definition of equivalent embeddings to knots. Hitniteon allows us to visually consider
a diffeomorphism of a knot. But we must first understand knagsally before we can consider
Reidemeister’s theorem. We can do so with knot projections.

Definition 4.3. A knot projection is a projection of a knot onto the plane timaticates its over-
under crossings.

For instance, we have such a projection in Figure 10.

FIGURE 10. A projection of the trefoil knot.

In describing these projections or the knots themselvesyivaise the terms overstrand and
understrand to designate portions of a knot at each crgsamigwve will understand these terms in
their most literal sense. In this way, the overstrand is tritign of the knot that passes over the
understrand at a particular crossing. One should note, Vewhat these terms only address those
overlapping strands at a crossing.

For our work, itis necessary to understand the manner inlwlé&may describe these crossings.

Definition 4.4. Let i correspond to a crossing of a knot. Thaign(i) will be either+1 or —1, as
defined in Figure 11.

To compute the sign of a crossing, first choose an orientdétiothe knot (i.e. give the knot a
direction by which one might trace the figure). Then, a cragbias sigfi) = 1 if one can rotate the
understrand of the knot clockwise to align it with the oragidn of the overstrand. Alternatively,
one must rotate the understand counterclockwise if a ergdsis sigfi) = —1.

4.2. Characterizing and identifying knots. Suppose that we have two different projections of
the same knot. With the knowledge that they are the same tw®otan deform one projection
into the other. Generically, an isotopy is a homotopy of omdedding where its properties are
preserved throughout the mapping. Specifically, to knoéshawve the following definition.

Definition 4.5. [Ad] Ambient isotopyis the deformation of the knot iR?.

Consider the knot as composed of an infinitely flexible rub@é¢ren we can bend and stretch
the knot in any fashion, but it is not possible to shrink pord of the knot to singular points
(see Figure 12). We can discuss two types of ambient isadpreknots: planar isotopy and
Reidemeister moves.
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FIGURE 11. Types of crossings.

8\/6 *@/\_/6’ ~@/7
FIGURE 12. Portions of a knot may not be shrunk to single points.

Definition 4.6. Planar isotopyis a deformation of a knot projection that leaves every drass
intact.

Definition 4.7. A Reidemeister movis one of three ways in which to change a knot projection as
defined in Figure 13.

We will refer to these deformations as type I, Il, and 11l msve

FIGURE 13. The Reidemeister moves.

When Reidemeister first studied these moves, he proved ltberfiog theorem:

Theorem 4.8.[R] Two knots are equivalent (as in Definition 4.2) if and only frajection of
the first knot can be deformed into a projection of the secgnd finite number of Reidemeister

moves.
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This theorem is somewhat analogous to Whitney’s result fang curves with the distinction
that a knot’s index (or winding number) is not invariant un&eidemeister moves. The type |
move will alter a knot projection’s index by1. Thus the classification of knots is more difficult
than for plane curves and continues to be studied. Theseifsirgave taken the form of several
different invariants for knots.

Definition 4.9. Aknot invariants a property of a knot that does not change under ambientjisot

Alternatively, a knot invariant is independent of the pobiens of the same knot. Hence, if
we compute an invariang, for two different knotsK; andKy. If a; # ap, thenKjy # Ko, The
inverse, however, is not generally true, and two knots withat invariants need not necessarily
be equivalent. In other words, proving that a given invariamquely classifies all knots is still an
open question. Currently, the most effective known invasare knot polynomials and Vassiliev
invariants.

Definition 4.10. A knot polynomialis an invariant for a knot in the form of a polynomial whose
coefficients encode properties of the given knot and areaireedor equivalent knots.

Some polynomial invariants are the Jones, Alexander, HO¥IEbnway, and Kauffman poly-
nomials. Each has its strengths and weaknesses in itsyabiltharacterize knots. For instance,
every prime knot of nine or fewer crossings has a unique Joolgsomial. Finding a knot invari-
ant, however, that uniquely classifies all knotswafrossings is still an open problem. We will not
detail the derivation of these polynomials; should a fulteatment be desired, one may consult
[Ad], chapter 6.

5. INTEGRAL GEOMETRY OFPLANE CURVES AND KNOT INVARIANTS

Knot invariants may be formed from integrals. Lin and WangWll give two integrals such
that the difference between them is a Vassiliev knot invdigé second order. This quantity is also
related to the second coefficient of the Conway polynomiattineed in the preceding section.
One of the integrals produced by Lin and Wang may be congidegeneralized form of Crofton’s
Formula [S] for convex plane curves. This integral, dend{eanay be used to create plane curve
invariants that are related to Arnold’s invariants for gaurves.

5.1. Integral knot invariants. To begin, we need some basic definitions from differentiainge
etry.

Definition 5.1. [NE] A differential form w, on R", denotedw € A(R"), is a combination ob-
tained by adding and multiplying real-valued functions aheé differentials dx dx,...,dx,,
where dx,dx,...,dx, are the differentials of the natural coordinate functiorfsR' and mul-
tiplication is defined so that gokx; = —dxjdx for any i, j € {1,2,...n}. If each summand ab
has p differentials, thewis called ap-form. If wis an n-form, themw is called atop-dimensional
form and denoted € A"(R").

A differential form can be thought of as a combination fornigdadding and multiplying €
R" and differentialsdx;,dx,...,dX,. Two forms may be multiplied together using thedge
product which is the usual associative or distributive multiptioa with the added condition of
antisymmetry. Notice the antisymmetry restriction in Degfam 5.1 implies that if i = j, then
dxdx = 0. Thus ifwis a g-form inR" andq > n thenw = 0.
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Example 5.2. Letw = dxdy+ dxdz+ dydz, where (x,y,2 R3. Thenwis a 2-form onR2.

We can compute the wedge product, denoted byunderstood to be the operation between two
differentials, of two forms by carrying out the usual opematof multiplication with the condition
of antisymmetry.

Example 5.3. Supposaw = dxdy+ dxdz andt = dx+ dy are 2 and 1-forms, respectively, in
R3. ThenwA T is (dxdy+ dxd2 A (dx+ dy) which after usual multiplication becomes dxdyex
dxdzdx-dydzdx+ dxdydy. Each term with a repeated differential in it is O spinoduct becomes
dydzdx which under the antisymmetry condition is dxdydz.

Notice that when a-form is wedged with g-form, a(q+ p)-form results.

We can compute derivatives of forms using the exterior ddixie.

Definition 5.4. [NE] If wy = fidxdx...dxy is @ summand of the p-form € A(R") and f{ is a
mapping fromR" then theexterior derivativef w, dw, is ¥ dwy where do = d fi Adxdx. .. dXp.

Here d f denotes the differential of,fgiven by d f= §—Xf1dxl +- %dxn-

Example 5.5. Let w = x?Z2dxdy-+ zdydzt x22dxdz Then o = d(x°Z%) A dxdy+ d(z) A dydz+
d(xZ®) Adxdz. Performing the differentiation, we ha{@Zdx -+ 2x°zd2 A dxdy+ dzA dydz+
(Z2dx+ 3xZdz) A dxdz. Next we compute the wedge products and find that allstexoept
2x2zdzdxdy cancel, which under antisymmetrgx&dxdydz.

Our definition for a differential form holds for Euclideanagges; however, forms may also be
defined for surfaces and, more generally, for manifolds. Weneed the following definition for
forms on manifolds.

Definition 5.6. [NE] A formw is exactif w = dt for some fornt.

Differential forms are useful for describing geometry hesmthey may be moved from one
manifold to another by a mapping known apualback If F is a mapping between manifolds,
then we denote the pullback Bf asF*. Pullbacks may be used to change variables in integrals.
A simple example from calculus is the change of variablemfeartesian coordinates to polar
coordinates used to compute an integral. In generbd,ahdN are surfaces; is a mapping from
M to N, andw € A(N) then f¢ ) @= [y F*(0).

The following is a special case of Stokes Theorem.

Theorem 5.7.1f M is a compact manifold ande A(M), then f,, dt = 0.

Suppose that M and N are compact, orientable manifolds(Nljra- n, and thatk is a 1-
parameter family of mappings froi to N. Let w € A"(N). Using a theorem from De Rham
cohomology, we see thi{ (w) — F; (w) is an exact form. Using Theorem 5.7 we hgyeF;* (w) =
Jm F& (w). Suppose for a plane curve C we associate a magfjngth its image in N and choose
we A"(N). Definelc = [y F(w). Ic will be an invariant under isotopy of C if we can constrBgt
so that ifCy andC, are two homotopic curves, thég, andFc, are also homotopic. It would then
follow thatlc, = Ic, andlc, if nontrivial, would be an invariant of curves.

Lin and Wang use the method described above to construct aikvariant and relate it to
Arnold’s plane curve invariants.
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We will use the permutation symbol summed over all permantetof its indices to denote forms
in R",
Definition 5.8. Thepermutation symboldenoted b¥;j. , is defined by
—1 ifijk...lis a odd permutation of1,2,...,n};
k.l =4 1 ifijk ...lis an even permutation df1,2,...,n};
0 if any two indices of1,2,...,n}arerepeated

Example 5.9. We can denote the cross product between two vectors v aad®RWby vx w =
&ijkVIWK where v= (v1,v2,v3) and w= (w!, w?, w3) because w w= (V2w3 —w?v3, w3 —viws, viw? —
wiv?).
Definition 5.10. (Lin and Wang) Let x R3\{0}. Let
o) = 1 Siijided)J(
4 X3

denote the unit area form ofS Suppose thay: St — R3 is a smooth imbedding, wheré &
identified withR /Z. Denote

Ay ={(t1,t2,13,14);0< 1 <tp < tg <ty < 1}

and
Ag(y) = {(tl,tz,tg,Z) O<ti<th<tz<l ze R3\{y(t1),y(t2),y(t3)}}
Define
Ix(1) = [ @¥its) - Vitw) Aw(¥(ta) - ¥(t2)
and

(y) = /A " W(Z—Y(t)) Aw(Z—Y(t2)) A w(Z—V(ta))

Throughout the paper we will assume the above definition wieerefer tolx or ly.
Proposition 5.11. [L-W] We have

1yt Yt Wit Vi) v(t) ~Y(t). Vi), V()]
A R TH Nk T
Let
_ oyt <
R T
Then 1
IﬂWz—E?AME@h%E@Q%HL@N%%mﬂ@

Proof. Both formulas follow from computing the wedge productslinandly from Definition
5.10 and noting that the triple scalar product, denoted [&],ds equal toe;jca'b’ ckfora, b, c
cR3, QED

Theorem 5.12. (Lin and Wang) Ley: S' — R3 be a smooth imbedding and let(y) = Ix(y) —
ly(y). Theny is invariant under isotopy of.
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Lin and Wang [L-W] computed that if is a simple closed plane curve théqy) is 0. By
Theorem 5.12ly (y) is invariant under deformation gfbecausey; is invariant under deformation
of y. The following theorem gives the value of a multiplelpfy) evaluated on the round circle.

Theorem 5.13. (Lin and Wang) (Generalized Crofton’s Formula for conveana curves) Let
y(t) : St — R? be a simple closed plane curvelk?. Then

/ / 3 v 3dSZd'[ldtzd'[?, = f
Jng JzeRS [N |2—y(t)| 6

where V is the oriented volume of the parallelepiped spatygd — y(t;)) x y(ti), i =1, 2, 3.

Notice that if a singularity, such as a double point, occurthe image of is deformed inR3,
thenly may change in value. If we limi to a plane curve, we may thus reldteto Arnold’s
invariants, which also describe how curves will change ugdstition of double points.

Proposition 5.14. [L-W] vo(unknoy = —5;.

5.2. New Invariants. We may create new invariants by defining integrals as in Oiedim.10.
Lin and Wang [L-W] choosg to be an embedding @' into R3; we will consider cases where
yis an embedding of? into RY, q € N. Alternatively one might consider embeddifig, or any
compact 2-manifold, int@®9,

el

FIGURE 14. |g| < |p|

Note. Suppose pg € . We will use a stereographic projection of. SThus|q| < |p| if when p
and q are projected onto the plane by a chord from the nortle @l centered at the origin of
RR3, as shown in Figure 14, then the distance from the origin te lgss than the distance from the
origin to p. Notice that points near the top of the sphere arestconsidered larger than points on
the bottom of the sphere.

We will first consider the case whe® is embedded ifR3.
Definition 5.15. Lety: &> — R3 be a smooth embedding. Leex®3/{0}. Let

. 1 Siijided)é(

wp(X) = E[T
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be the unit area form of S LetAg = {(ty,t2,13) 1 t1,tp,t3 € S, 0 < |t1] < |t2] < |ta|}. Define
la= /A w(Y(t2) — Y(t1)) A oa((ts) — Y(t2)) Awa(Y(ts) —¥(t3))
6

Notice thatw, is a 2-form sowy A wp A wy is a 6-form, which is a top-dimensional form on
Fx xS

Next we will consider the case whest is embedded ifR*. We found two possible integral
invariants.

Definition 5.16. Lety: > — R* be a smooth embedding. LeexR*/{0}. Let

ieijm X dx dx¢dx
21 x|4

wWg(X) =

be the unit area form of$S LetAg be as in Definition 5.15 anfiy) = {(t1,t2,t3,14,2) 1 tg, to, t3, 11 €
&, 0< |ta] < Jtz] < [ta] < [ta, z€ R*\ {y(ta), Y(t2), (ts), Y(ta) } } Define

Ip, = /A oa(yits) ~Y()) Acs(y(ts) ~¥it2)
and

5, = /A w3(Z—Y(t1)) A ws(z—Y(t2)) A ws(z—Y(ts)) A ws(z—Y(ta))

Proposition 5.17. Lety: S — R* be a smooth embedding. Then
| 9 Vo
B :
10 /g [(V(8a, @3) — v(O1, @1)[*- [(V(Ba, @3) — V(02 @2) |

where
Vo = Siljlkllleizjgkglg(Vil(e& ®3) — \/1(91,(91))(\/2(93, @) — ¥2(02,¢2))
K YIL V22 VaLvi2 d¥16,d' gy 020,211 B3dl 2
- 91\/% V2 V2 Vi daB1d% g a1 0,0 o265 1 ),

Proof. Suppose thatt, t,,t3 € S are denoted by the coordinats, @), (82, ¢2) and (83, @s) re-
spectively. Note that faa, b € {1, 2,3}, d(y(ta) — Y(tp)) = d(Y(Ba, ®1) — Y(Bp, @) ), Wwhich becomes

Yo,d0a + Y, dPa — Yo, d6p — Yo, @y

whereyg andy, denote the partial derivatives pivith respect t® and respectively.
Now

3 Eijul (Y (Ba, @a) — Y (B, @) (N)

w4 (V(ta) —Y(to)) = — V(0a, @a) — Y(Bp, @) 4

where
N = —Y}. ¥, Vo, 00a0pacB — v, VE, Vip, A8ad@adan + V5. VA, Vi, 0020860, + ), V&, Vip, d0adBudiey,
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Consider wedging togethen (y(t3) —y(t1)) andwa(y(t3) —y(t1)). Both of these forms will have
a=tzinthe above form. Thus the summands in N with two a’s will e;drowit when the two forms
are wedged. What remains from multiplyihlg andN is thus

9\/311\/1\/32\/2yélsy('édkleld'lcpldkzezd'chzdjlegdjchg
—OVALYIL VYR V2 Vi a1 gy 126,02 o260l 1 p3)

and our result follows.
QED

Finally we considef? embedded ifR®.
Definition 5.18. Lety: > — R® be a smooth embedding. LeexR®/{0}. Let
EijkmX dXI dXdX dX™
x>

(,04(X) =

be the area form of5 Let
Ng = {(t,to,t3,t4) 111, to ta,ts € S, 0 < [t1] < |t2] < [ta] < [ta]}
and
Mgy = {(tutat3,21,22) oo t3 € §, 0< [t < Jto] < Jtal, 21,22 € R\ {y(t), ¥(t2), V(ta) }}
Define

Ic, = A ws(Y(t2) — Y(t1)) A wa(y(ta) —Y(t3))

and
lc, = /A wa(z1 —Y(t1)) Awa(ze —y(t2)) Awa(zo —y(t2)) A ws(z2 — Y(t3))
16(y)

Proposition 5.19. Lety: S — R be a smooth embedding. Then
\Z1
ng |V(82, @2) —Y(61,@1)[° - [V(0a, @) — V(O3, 93) [°

I, = (24)2

where _ _ _ _
Va = &iyjskylsm Eigjokolamy (Y (02, @2) — Y1(01, @1)) (V2(8a, @u) — Y2(83,93))

(Vi VAL VL2 Vo212 11 cpy 820 po B sy

Proof. Note that in the computation abs(y(0a,@a) — Y(6p, ®)) the only terms remaining af-
ter computing the wedge products betwediiy(8a, @) — Y(8p, ®)), d“(Y(Ba, @) — Y(Bp, @),
d' (y(Ba, @a) — Y(Bp, @) ) andd™(y(Ba, @) — Y(Bp, @) are those that have one of eachdéf, des,
d6, anddg,. By exchanging indices and using the antisymmetry propafrthe wedge product
we obtain

24 jkim(Y (82, §a) — ¥ (Bb, @) ) Yo, Var Verdebd(Podead(Pa

[V(Ba, @a) — Y(6p, @) |°
Noting that the two wedge productslig share no common variables, our result followsQED

W4(Y(Ba, a) — Y(6p, @) =

It remains to be seen if the integrals defined in this sectieluyan invariant.
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5.3. Knot Invariants in the Plane. From the computation that(unknoy = —1/24, Lin and
Wang develop some interesting limiting forms of the intégret invariants)y andly. Forly, we
will consider the computation on a projectionkfonto the plane. We cannot calculdjein the
plane because the integral blows up when double pointsiartbe projection. For this reason, we
will employ the following notion of a limiting plane curve.

Definition 5.20. Let K¢ be the knot whose crossings are over-passes of radingl whose remain-
ing parts lie completely within the plane.

Alternatively, we can first consider flattening a kni§t,onto the plane except at crossings. The
crossings are projected by placing the understrand of easiag in the plane and the overstrand
on a half-circle of radius that lies perpendicular to the plane, as shown in Figure flellet e
approach zero, we refer to the resulting diagrankKbythe limiting plane curve oK¢. To avoid
confusion, this definition foKq is not related to the generic plane curkg,of index 0. Should we
need to reference that plane curve, we will make a special i@therwise, we will us&g to refer
to the limiting plane curve of a knot.

4

FIGURE 15. A local picture oK at a crossing

Given a knotK, we can create a signed chord diagram. To each chord in the chegram
of K, we associate the sign of the corresponding crossing giyeheoknot projection. For each
pair of intersecting chords in the chord diagrankgfwe will give the appropriate sign, which is
the product of the respective signs of the two chords. Weenmilploy this notion of signing when
consideringKo.

Definition 5.21. Let ¢, (respectively c) be sum of intersecting chords in the chord diagram gf K
whose products are positive (respectively, negative).

Example 5.22.In Figure 16, ¢c. =0and c. =4.

Theorem 5.23.[L-W] (4.3) Let K be a knot diagram with n crossings with&hd Ky defined as
above. Then the limit

e—0
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: c(f* ™
=7 UV

a~———">

FIGURE 16. A figure-eight knot and its associated Gauss diagram

exists (see Figure 15), and
n (cy—c-
Ix(Ko) = e+ &2,

16 4
where ¢. and c_ are as in Definition 5.21.

Using merely chord diagrams, however, the computatiarn.afan become cumbersome. Thus,
to simplify the process, we will define a new value that cartaegc_.. But first, we will have to
address some intermediate ideas and new notation.

First, we will define the mathematical meaning of an alphalpetwords. Let an alphabet be a
set oflettersfrom which we can draw a subset. Then, a sequence of letteesléesl a word. In
each knot (or plane curve), allcrossings (or double points) are letters in our alphabet.

Definition 5.24. Given an orientation and base point for a signed plane cukeg et P define a
word onto which the preimages of all double points are mapped

By this definition, we can formr2ary words of length &.

Remark. This definition is identical for knots, and we will use words lhoth knots and plane
curves interchangeably. Keeping a base point and oriemtattact, this permutation is an invari-
ant under projection onto the plane and lifting from the mantoR3.

Example 5.25.Given K in Figure 16, we have this alphabét b ¢ d). And from our alphabet,
we can form the following word:
a b c d b a dc
P(K)_<+ + - - + + - —)‘

Note that we have incorporated the sign of each crossiRgHr). Although this step is optional,
it can speed up computations that employ this notation. Weuge this notation to define a new
function on our knots or plane curves. Given a double poiKo, there are exactly two instances
of i € P(Kp). Then, thebetweenneskinction oni gives all preimages of double pointski that
lie between both instancesiofif we considem in Figure 16, the following preimages of crossings
are between both instancesao P(K) : {b c d b}.

Definition 5.26. Define i) as thebetweenness functiowhich maps i to the set of all single
instances of double point preimages betweenH. For two generic double points,, @ € Ko,



Knot Invariants and Their Implications for Closed Plane\@gr 17
Example 5.27.For K in Figure 16, {a) = {c d}.

Definition 5.28. Define ¢ by

di = sign(i) ¥ sign(b(i))
where the summation is computed over all the signed crossihthe double points in the output
of b(i).

Note that the computation df is invariant under both orientation of the curve and plaagtoé
a base point. For a given double pointhere are two entries farin P. And between eachin P,
there exists the same number of singularly appearing srdsalo outside eadhn P because of
the manner in which the permutation is defined. For this reabe base point will not affedi(i).
Similarly, the orientation of the curve will not affect theraputation as the betweenness for each
i in Pis equal to that of in P~1,

Lemma 5.29. Given K,

di

5

Proof. Consider two double points &, m andn with associated chordd andN in the chord di-
agramD of Kq. Without loss of generality, let the base pointkgbe placed just befone with ori-
entation moving towards this intersectionMfandN do not intersect, the curve must pass through
mtwice before reaching. In the permutation form dfo, this path is(m---m---n---n---). From
our previous definition ob(i), b(m) # n. Thus in the computation of bothd;/2 andc, —c_ are
invariant under non-intersection of any two chord®iof Ko. To complete this proof, assume that

Cr—C_=

FIGURE 17. Kg and its associated chord diagram illustrate the case of non-
intersecting chords.

we have counted every non-intersecting chor®iof Kg. Then,

di
cy—c.=) =-=0.
* 2
By way of contradiction, assume that there exists at leastpair of double pointp, g € Kg with
associated chord3 Q € D such thaP intersectQ impliesc, —c_ # ¥ d; /2. Before the inclusion
of p,q in our computation, let; —c_ = 5 di/2 = k for somek € Z. ThenP intersectQ implies

sign(p)sign(q) = +1. First consider the positive case. Then—c_ = k+ 1. By our earlier
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argument, the associated permutatiorkgfmust be(---p---q---p---q---), which implies the
following equality:
d 1
- = 5(2k+sign(p)sign(a)-+sign(a)sign(p)),
where sigiip)sign(q) = +1 by our designation. Ther}, di/2 = k+ 1 which is a contradiction.
The case for which sidip)sign(q) = —1 follows by an identical argument.
Therefore, given any two pairs of double pointKi c; —c_ = 5 d;/2. QED

Note. From this result, we can writelin an alternative form:

n (cy—c) > di
x(Ko) =16+ 2 1esJr 8

Just as we can flatten knots into the plane by the limitingomotif K¢, we can also raise plane
curves by arbitrating crossings with the usual notion ofigig with a-+1. In this manner, we can
move at will from the plane into three-space, and if we mamtiae original crossing indices of a
knot, we can consider a knot as a plane curve with signediogss-urthermore, we can lift that
plane curve back t&3 with additional information as to its formation. The followg corollary of
[L-W] follows from this understanding and Definition 5.21.

Corollary 5.30. [L-W] (4.4) Let C be an immersed circle in the plane with only tramsg double
points.

(1) If C is resolved to two knots¥and K? of the same knot type, thea(K}) and I (K2) have
the same limit.

(2) Iv(C) isinvariant when C is deformed in the plane without changisghord diagram.

(3) If C is resolved to an unknot'Kthen

1.0, 36
ly(C) = 24—|— 16+ g
where ¢. are computed using the signed chord diagram &f K

Corollary 5.30(3) provides a method of computikgwithout having to compute an integral.
However, the plane curve must be raised to an unknot to dashwthin and Wang [L-W] note can
always be done by the following method: chose a base poinhercarve and proceed around
it. The first time a double point is encountered, chose thadbr&urrently being travelled to be
the overstrand. For a plane curve with many double pointgeker, this method is somewhat
laborious.

Definition 5.31. [L-W] (5.4) Let K be a plane curve. Then we define

1
a(Ko) = ly(Ko) + 1_6 %

where n is the number of double points @f K

Drawing from 5.30 (3), we can rewrite this formula in termsandy d;:



Knot Invariants and Their Implications for Closed Plane\@gr 19

Once again, we must calculayed; (Kg) on an unknot projection. This approach may seem at first
cumbersome, but [L-W] define this this invariant to note thargges om (Kg) by each Reidemeis-
ter move in the plane. In the following theorem, there is dimiision placed upon type Il moves.
The distinction involves a superscript #f indicating its similarity to aJ* move based upon the
orientation of the curve.

Theorem 5.32.[L-W] (5.5) The invarianti of plane curves has the following properties:

(1) a equals 0O for every simple closed plane curve;

(2) a decreases by 1/8 when a type | move is performed;

(3) a is unchanged when a typelimove is performed;

(4) a increases by 1/4 when a type Imove is performed,;

(5) a decreases by 1/4 if a type Ill move is performed, which cpoads to the perestroika
for which St— St— 1,

(6) |a(C)| < n?/8, where n is the number of double points af K

(7) a(C) is independent of the orientation oK

The next corollary allows us to construct our new formygar
Corollary 5.33. [L-W] (5.6) We have

_2St+J7
g
By rearranging 5.31, we can defiiein terms ofa:

n 1
ly (Ko) = a(Ko) — EJrﬂ’

and by further substitution from 5.33, we arrive at the egpien
25t+J- n 1

VK== et o
which we can write as 2StL I+ 1
t+ n
Vo)== Y 167 2

by the equality thad* —J~ =n.

Theorem 5.34.Given a knot K, the invariant,oy can be expressed in terms of Arnold’s plane
curve invariants and combinatorics of its signed crossings

Proof. We will first derivev,, and secondly, we will show that it is invariant under plaisatopy
and all three Reidemeister moves.
By substitution intors = Ix — Iy, we have

2St+J7 yd 1
N 8 8 24

Next, we will show that this form fow, is invariant under each Reidemeister move and planar
isotopy. But planar isotopy only changKstrivially. Therefore, it will not affect our form ofr,,
and we may move immediately to examining the variationkcadndly after each Reidemeister
transformation. We will designate the variables and irarag of K after a given Reidemeister

transformation with a prime. For instance, we can expresmndly after a given move by, =

V2
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Ix +aandly = ly +bfor somea,b € Q. Then, ifa=b, I{ — I, = Ix — Iy andV, = v,.
(1) Type I: We know from (5.32) that’ = o — 1/8. And with this move, we also lose one double

point in the projection onto the plane Kt Thus

It follows that
Iy =1 1
AT
For Ix, our immediate concern involves the computatioryaf. Under a type | move, however,

¥ di does not change because the representation for that dowibleirpKg is (---pp---). Thus,
this point does not contribute $d;, and therefore, its removal will leayed; unchanged. Then,

3G n-1
x="% T 16
and by simplifying, we have
1
! R —
lX - IX 16

Thereforey, is invariant under a type | move.

(2) Type II: we know thain’ = n+ 2 anda’ = a. Thus,

N
e .
- ~
S
~
.~
.
.
.
.
e am="
N}
-
mmm .
- ~o

~ -
............

_____

FIGURE 18. Type Il moves upon a generic krét
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% n+2 1 | 1

Y=O07 g T 0 =Ty
For 5 di, we can examine the isolated portionkfat which the move occurred. In performing
the type II' move, we create two new crossings: andn, (see Figure 18). Let us consider the
remainder of the knot as two loopls: andl,. After the type II move, we have this permutation
word, P, for K: (n1 nz I1 ng n2 12). For any crossing exclusive to eitHgror |, we have no change
in 5 d; by definition of our betweenness function. So let us congieenontrivial case. Lef be a

generic crossing that is shared betwégeandl,. Thus,b(n;) = b(ny) = g. But
sign(ny)sign(q) + sign(n)sign(q) =
becaus@; andn; are oppositely signed crossingsin But we must still account for thg(n; ) = np
andb(nz) = nz. Thus, we have
sign(ny)sign(nz) + sign(nz)sign(n) = —2,
and therefore,
S di — n+2 , 1

Ix 8 + 16 5 SO Ilex—é.

Thereforey; is invariant under type 1l transformations.

(3) Type II": For a type I move,a’ = a +1/4, andn’ =n+2. Thus,

1 n+2 1 1
! - e I -
IY_O(+4 16 +24 so Iy Iy+8.
By inspection (see Figure 18), we know that the wdedof K following the transformation is
(np n2 l2 np ng 17). As with our proof of invariance for type 1l moves, no crossings shared
betweerl; andl, may affecty d; because of the opposite signsmfandn,. So we have
>di  n+2 1

=29 e
x="g T 15> x=Ixtg

Thereforey, is invariant under type 1l transformations.

(4) Type llI: As we examine the type lll transformations, wélwonsider those moves that
correspond to a deformation in the plane for whigth= St— 1. Thus, by Arnold’s conventions,
we will move from a positively signed triangle to one thatigned negatively. Thus, we can refer
to Theorem 5.32 and note that = a + 1/4 for every move of this type. This move does not
change n, leaving

1 1 ,

1
N — 1 =1yt
=0tz 16 200 SO =ity

For I, we must consider two cases (see Figure 19) because theweoaneique orderings on the
three crossings associated with the transformatidf.dfet ny, np, andns be the crossings before
this transformation. After the transformation, we haXen,, nz. We will note thatnz remains
unchanged under the type Il move and therefore isot
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Case 1: r \ |

4
4
’ . nl/
] 1 PO n.
: .. 'ﬁ ===
¢ (Y
Izl & |3 | ’ 1
L) 0 2y HE
%o ¢ s ’ s
am ‘/nz amms® . - 4

Case 2:

FIGURE 19. Two cases of the type Il move.

Case i: by examination, we have the following worBsandP’, which correspond t& before
and after the transformation:

p_( M l1 m2 n3 Iz np n2 I3 n3
- - -+ =+ )

- -+ o+ + 4+

We have noted the sign of each crossing below its instanBe While we tabulates d;, we will
shorten our notation in the following manner: lebe the sum of the signs of all single instances

of a crossing irj. And letn; = sign(n;). We will notify the reader when we return to our original
notation.

By this designation, we have

P’:(nll lo np n, I3 n, ng Iy ng)

> i =ny(23+n2+n3) +np(22+ N1 +N3) +N3(21+ N+ n2)
and

Z di/ = n’1(2I2) -+ n’2(2I3) + n3(2|1).
By simplification, we find

Ydi=21-2+23-2 and d =21-2+2l.
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By subtraction, we findy d; = 2, leaving

d+2 n 1
i =20 — . s0 li=Ix+-=.
X 8 + 16’ X = Ix+ Z
And we have shown, invariant in this case.

Case ii: We will now return to our original notation to defiR@ndP’ for K in the same manner.

P_(nl |2 ng N3 |3 N2 N3 |1 nz)
- b

P’:(nll i n, g 12 ng ny I3 ng)

We will use our shorthand once more to tabulated;. First, we have

z di = n1(2l2) + (211 + n3g) + nz(2l3+ ny)
and
> df = (21 +n5) + (22 + Ny +ng) +ng(23+ ).
By simplification, we see that
Zdi =-211-2,-23+2 and Zdi’ =-211—-2,—-23+4.
And therefore, we find thak § di = 2 once again, allowing us to make the following substitution

d+2 n 1
= 29 —, s0 ly=Ix+-=.
x="g Tig x=Ixtg
Thereforeys is invariant under all Reidemeister moves. QED

Corollary 5.35. Defect is invariant when is deformed in the plane without changing its chord
diagram.

Proof. From (5.3), we know that

2St+J+ N n N 1
8 16 24’

Iy (Ko) = —

where defect is t+J". It follows that

n 1
D= -8ly(Ko)+ =+ =.
8ly (Ko) + > + 3
By 5.30(2), we know thaky (Kop) is invariant under deformations & that do not alter its chord
diagram. Furthermore, those deformations under whi€Kp) is invariant will keepn constant.

QED

Corollary 5.35 shows that if two curves have the same chagdrdm, then they have the same
defect. The following corollary is an extension of this fact

Lemma 5.36. Let C be a plane curve. Let.(respectively c) be the number of positive (respec-

tively negative) products of signed crossings in the Gaumsgrdm corresponding to an unknot
projection of C. Then BC) = —2(cy —c_).
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Proof. Let n be the number of double points of C. From [L-W], equadi¢br1) and (5.3) yield
n c.+c. D) n n

8 4 8 8

Thus
D(C)=—-2(cy —c-)
QED

Corollary 5.37. Let G and G be two plane curves whose Gauss diagrams have the same set of
intersecting chords. Then(B1) = D(Cy).

Proof. Let G andG’ be the Gauss diagrams associated WittandC,. Using Lemma 5.36, we
know thatD(C;) = —2(c; — ¢ ) wherec,. andc_ are computed fron® as defined in Lemma 5.36.
This implies that the defect of a plane curve depends onhhenrtersecting chords in its Gauss
diagram. By inserting or deleting nonintersecting chomls,may transfornG into G’ without
changingD(C;). Using Corollary 5.35C, has the same defect as any other plane curve associated
with G'. ThusD(C;) = D(Cy). QED

& &

b &

FIGURE 20. Two plane curves with defect 2.

Example 5.38. Two plane curves with Gauss diagrams that have the same Seintdérsecting
chords both have defect 2. See Figure 20.

Note that corollary 5.37, in addition to Luo’s formulas fbf andJ~ in Theorem 3.13, gives a
relatively simple way of computing the Arnold invariantsaoplane curve if the defect associated
with a set of intersecting chords is known or calculated gittire Definition 5.28.

6. SOME UNFINISHED THOUGHTS ON PLANE CURVES ANDOGAUSS DIAGRAMS

As mentioned previously, the set of treelike curves is nyeaetubset of all plane curves with
defect 0. The following corollary from Lin and Wang gives tywmperties of defect O curves.

Corollary 6.1. [L-W] Let C be a plane curve with n double points. ThefCP= 0 if and only
if a(C) =n/8, and if and only if the signed chord diagram associated wifting C to an unknot
resolution of C hasc=c_.
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This section extends results involving chord interse&ionGauss diagrams and the work of
Andrew Barker and lan Biringer [B-B] from the REU program ae@on State University, Summer
2003. They introducedushyGauss diagrams which may correspond only to defect O planesu
Here, we give a revision of their definition, which shouldode greater workability.

Definition 6.2. A Gauss diagram ibushyif the intersecting chords of the Gauss diagram partition

into k pairs of chord sets such that given one pair of chord 8&tand N and a chord set Q from
another pair, we have

(1) [M],IN| € 22;

(2) Forevery me M and np € N, m intersects g,

(3) For every mm; € M, m does not intersect

(4) Forevery me M, nj € N, and g € Q, gk does not intersect nor n;.

P | mp———
1
AN
Y
\‘
I
~
N

===
\
\
~
~
~
\
Y
N

FIGURE 21. DiagramA is bushy whileB is not.

n pairs

m pairs \ /
NI

_/

FIGURE 22. G’ contains only the set of intersecting chord<zof
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FIGURE 23. Construction of a plane curve associated with a bustgraia.

2n-2
- — \2n-1

FIGURE 24. Construction of a plane curve associated W@th

Example 6.3. See Figure 21. The Gauss diagram in A is bushy because thé sgéisecting
chords may be partitioned into three pairs of adjacent csordny two of the pairs are either
parallel or perpendicular to each other. Diagram B is not hydecause the circled pair of chords
cannot be drawn either parallel or perpendicular to the attweo pairs.

When we examine a Gauss diagram for bushiness, we can dig@behords that are noninter-
secting. Any chords with this quality will not be in a paritied set. Furthermore, we know these
chords will not contribute to the defect of the plane curviijol is an important reminder as we
introduce the conjecture in [B-B].

Conjecture 6.4. [B-B] A curve has defect O if and only if its Gauss diagram is bushy.
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In this section, we will provide a proof showing that buslsisénplies defect 0; however, we
have not proved that O defect implies bushiness. In our weekhave not found any examples to
invalidate this conjecture.

Theorem 6.5.Let C be a plane curve. If the Gauss diagram of C is bushy, thé&) B 0.

Proof. Let G be the Gauss diagram associated v@th SupposeG is bushy and that n pairs of
intersecting chords d& may be drawn vertically and m pairs horizontally. By Corpll&.37 we
may compute the defect 6fby computing the defect of any curve associated with a Gaagsain

that has the same set of intersecting chord&.aket G’ be the Gauss diagram that contains only
the intersecting chords @, as in Figure 22 As shown in Figure 23, we may construct a curve
from the simple circle using only— moves that has the bushy diagram shown with four chords.
By performingm— 1 andn— 1 J~ moves in region® andN, respectively, as shown in Figure 24,
we can construct m and n pairs of chords to ob@inBecause the simple circle hBs= 0, and

J~ moves do not affedD, the defect of the plane curves associated @ithand thus also witl,
have defect 0. QED

We will now provide a summary of our results, which we had ltbp®uld lead to a proof of
second half of the conjecture.

6.1. Characterizing Arnold’s invariants with Seifert decomposition. First, we studied oriented
Seifert cycles to characterize the allowable self-tanganoves for plane curves. We define a
function that measures tlesidenes®f a Seifert cycle. This idea slightly resembles tHanction
defined in [Lu], but we define insideness for all cycles in tkeamposition of a plane curve and
not over the plane curve entirely.

Definition 6.6. A bounding cyclas an oriented cycle in a Seifert decomposition, which esedo
at least one other cycle within itself.

FIGURE 25. A Seifert decomposition illustrating bounding cycles.

Example 6.7.In Figure 25, 1 is a bounding cycle of 2, and 2 is a bounding eyfl 3. We can
also refer to cycle 3 (or 2) as being bound within 2 (or 1). Nesaily, 3 is also bounded by 1;
however, it is more important to consider the bounding iesad outside a cycle to which it was
formerly connected.
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Definition 6.8. Given a Seifert decomposition of a closed plane curve, lg Jdefine thedegree
of insidenes®f a given cycle, dy the following:

(1) Given one cycle,¢let In(cg) = x for some x Z.

(2) For any cycle(s), ¢ connected to and bounded hy tn(cj) =x— 1.

(3) For any cycle(s), & connected to and bounded outsideln(cj) = x+ 1.
With this relation, we can define all cycles of a Seifert dgmosition relative to one another.

The orientation of Seifert cycles will be useful in providieriteria for Arnold’s plane curve
moves on a Seifert decomposition. In the proof of the follmgviemma, we will refer to the
generic plane curve of index 0 I, not, as in previous sections, the limiting plane curve.

Lemma 6.9. Given two Seifert cycles, p and g from a series of exteriadipeent Seifert cycles,
the orientations of p and q will be equivalent if(l;) = In(q) +2n for ne Z.

Proof. The curveKq is composed of two connected Seifert cycles, and its ind€x iBherefore,
one cycle’s orientation must oppose the other. By composiage cycles onto one another, we
perform a connected sum K§ plane curves. To perform this operation we must combine itves |
oriented cycles. Thus, the next cycle must be oriented afghpsBYy continuing this operation,
every other cycle will have the same orientation. QED

Theorem 6.10.Given two Seifert cycles, p and g, a dnove may be performed between them if
In(p) = In(g) £ 2n for n€ Z and no bounding cycle separates them.

Proof. Let p andq be two oriented cycles bounded within the same cychijth In(p) = In(q)
for n € Z (see Figure 26). Let us perform a self tangency move on batlesyand by way of
contradiction, let us assume that the only possible setfdaay is direct. By this assumption, we
can force an orientation on the respective cycles, whichegersthe Figure 26. But becaupand
g are connected to the same cycle, we can continue to followatigeent vectors. By inspection,
we will see that this continuation places opposing vectoestaer end ofl, which contains the
remaining portion of the oriented bounding cycle, which ocaly have one direction, giving us our
desired contradiction. Thus, we know that the legal trams&tion between the two cycles must
be aJ™ move. Furthermore, we can extend this result to apply to tyabes, p andq for which
In(p) = In(qg) + 2n with no bounding cycle between them by appealing to Lemn{3 (6.

In Figure 26, we have illustrated the case wheindq are bounded within a cycle. The same
argument will allow us to prove the case for whiplandq are two names for the same cycle and
for which they are both bounded outside another cycle. QED

Corollary 6.11. Given two Seifert cycles, p and g, & éhove may be performed between them if
In(p) = In(q) £ (14 2n) for n € Z and no bounding cycle separates them.

Proof. From (6.10), we have conditions by which we can perfordn anove between two cycles.
Using those conditions, lgtandr be two cycles, which satisfy those conditions. Consideird th
cycle,q, which is exteriorly connected tobut is not bounded frorp. By definition, we know that
In(q) = In(r) £1. From Lemma (6.9), we know thatandq are oriented oppositely. Therefore,
the self-tangency move that we perform betwpemdg must be direct, corresponding, therefore,
to aJ™ move. QED
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FIGURE 26. Two Seifert cycles and the forced direct self tangency.

6.2. Some final thoughts on Gauss diagramsBy Lemma (5.36), curves of defect O have the
quality thatc, —c_ = 0. Alternatively, we have; di = 0. By definition, we can consider the
explicit summation of all intersecting chords in the Gausghm. By Definition (6.2), there is
a partition on the chords of the diagram. Therefore, we canpetey d;/2 for a bushy Gauss
diagram by considering only a subshit, of all chords in the diagram. Givem € N, let g (b,
respectively) be all positive (negative, respectivelyjrals that interseat;. Then

Z % = Sigr(n1>(al - bl) + Sigl‘(nz) (az — b2> 4. +Sigr\(nn)(an . bn)

By showing that all defect O plane curves satisfy this idgritr 5 d; /2, we will show that there
must be a partition on the chords of a Gauss diagram that weedef(6.2).

Another idea for a proof to show that defect 0 implies busésrnavolves inductively construct-
ing all Gauss diagrams that satisfes— c_ = 0. Ideally, all of these diagrams would satisfy the
criteria for bushiness. However, we can construct Gauggalias with pairs of oppositely signed
chords that do not correspond to valid plane curves (seerd-igt). Therefore, this method of
proof would first involve defining characteristics of Gaussgdams that provide for valid plane
curves, which could easily involve those results conngcHaifert cycles and perestroikas.

P
A7)
N

FIGURE 27. A defect 0 Gauss diagram from an impossible plane curve.

7. TwWO-COLORABILITY OF PLANE CURVES

The contents of this section came about as a result of atiegtptprove every chord in a Gauss
diagram that has an associated plane curve crosses an ewbemof chords. The proof printed
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here shows that every plane curve is two-colorable, whielgjisvalent to what was intended to be
proved. It turns out a simpler proof of the statement abootalliagrams is outlined in a paper
by Luo.[Lu] Yet a third proof is outlined here using the Oried Intersection Number.

7.1. Two-Colorability.

Definition 7.1. A connected complement region (CC&)a plane curve, C, is a connected set in
{R2\C}.
Definition 7.2. A plane curve igwo-colorablef every CCR can be assigned one of two colors in

a way such that if a curve segment of the plane curve boardey<ICRs then those regions are
assigned different colors.

Theorem 7.3. Both Ky and K; are two-colorable.
Proof. By inspection of Figure 7.3.

Ki
Ko
FIGURE 28. Proof of Theorem (7.3)

QED

Theorem 7.4.1f Cq is a two-colorable plane curve corresponding to the altéimgknot Ny and
C; is a plane curve corresponding to an alternating kngtwhere N can be obtained from N
through one type | Reidemeister move, thgensGwo-colorable.

Proof. The only difference betweeni@nd G is there is an extra loop inside (fully enclosed by)
one of G’s CCRs. This loop creates another CCR. Singen@s two-colorable it only remains
to color the new CCR the opposite color from the enclosing G&FC; to be two-colored, as in
Figure 29

/ \ y \
/ 1 \ / 1 \
/ \ I \
‘ I= ~ l
/ \ /
/ /

7 /

7 2

// //

FIGURE 29. Reidemeister type | move two-colorable

QED
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Corollary 7.5. K, is two-colorable.

Proof. Ko and K; are both two-colorable. ForanN such that &2, K, is K,_; after a type |
Reidemeister move. Thus by the previous theorem and ir@uoti n, K, is two-colorable. QED

Theorem 7.6.If Cq is a two-colorable plane curve andy@an be obtained from £through one
self-tangency perestroika or one vanishing triangle peo#lsa move, then €is two-colorable.

Proof. By inspection of Figure 7.6.

e

1 21 4
212 *—’121

12“\ 2

FIGURE 30. Proof of Theorem (7.6).

QED
Corollary 7.7. All plane curves are two-colorable.

Proof. Any plane curve can be obtained frony, Kwhere n is the Whitney index of the curve)
through a series of perestroika moves and ambient homatopiie plane, which do not change
the colorability of the curve. QED

7.2. Oriented Intersection Number.

Definition 7.8. The Oriented Intersection Numbés defined as the sum over every intersection
between two manifolds, each assignetih

Theorem 7.9. The Oriented Intersection Number is invariant under smdatimotopies of either
manifold.

Theorem 7.10.The Oriented Intersection Number of two plane curves is gédna

Proof. A translation of one of the plane curves is a smooth homotdtg. possible to translate
one of the plane curves so that there are no intersectiongbetthe two plane curves.
QED

Theorem 7.11.Two plane curves intersect an even number of times.
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Proof. The Oriented Intersection Number of two plane curves is Oorlier for a sequence of
positive and negative 1's to sum to 0 there must be an even euimkhe sequence.
QED

Theorem 7.12.Every chord in a Gauss diagram that corresponds to a plangeuntersects an
even number of chords.

Proof. Choosing an arbitrary chord on a Guass diagram correspgmalia plane curve, begin the
Seifert decomposition of the corresponding curve at thergeiction that corresponds to that chord.
The first Seifert splitting yields two plane curves, and gvstersection between them corresponds
to a chord that intersects the chosen chord. There must beeamember of intersections, there-
fore there must be an even number of chords intersectingibsea chord.

QED

8. DEFECTINVARIANT FOR ALL PLANE CURVES CORRESPONDING TO THE SAMKNOT
8.1. Defect Invariant under type | Reidemeister move.

Definition 8.1. Loopingon a plane curve is the analogue to a Type | Reidemeister moaeaot
projection as seen in Figure 31.

FIGURE 31. Effect of a Type | move.

Definition 8.2. Thelooping numbeis obtained by drawing a path from the CCR bounded by the
(oriented) plane curve in which the loop is to appear to theR@&terior to the plane curve without
intersecting any of the plane curve’s intersections. Qirtbe path so it begins where the loop will
appear and ends exterior to the plane curve. Extend the path fvhere the loop will appear
through the line segment which will be looped, this will atithe path as right (left) handed. At
every other intersection between the path and the planeecasgign the intersection +1 if it is
right (left) handed and -1 otherwise. Sum along the path taiolithe looping number.
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Example 8.3. Calculating the Looping Number:

5 A

FIGURE 32. Drawing a path from the disc in which the loop will appearthe
exterior of the plane curve.

& &

FIGURE 33. Extending the path through the line segment that wilbloo

FIGURE 35. The looping number for this path is -2.
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Theorem 8.4.When introducing a loop into a plane curve the Arnold invateachange according
to:

(1) St decreases hy;

(2) J* increases byq;

(3) J~ decreases bga + 1;
wherea is the looping number.

Proof. Extend the line segment which will contain the loop alongghéh until it extends into the
exterior. As it passes each +1 (-1) intersection on the pattsdive direct (inverse) self-tangency
perestroika occurs, thug dncreases (J decreases) by 2.

Once the line segment is pushed to the exterior of the plamnve take the direct sum of the plane
curve with Ky to obtain the desired loop, this causedd decrease by 1. Note that the loop changes
the orientation of the line segment (see Figure 8.4). Thhagnwetracting the looped line segment
back to the original position, each +1 (-1) intersection e path signifies a negative inverse
(direct) self-tangency perestroika, thusisicreases (J decreases) by 2. Thus, a +1 intersection
cancels a -1 intersection with respect ta Summing the intersections along the path, we will
obtaina. J* will increase by 2, and J will decrease by & + 1.

1. A

FIGURE 36. Looping changes the orientation of the line segment.

Because of the loop in the line segment, a vanishing triapgtestroika will also occur at each
intersection when returning the line segment. Since Stigriant we may choose base point and
orientation of the plane curve arbitrarily. Let us arrangethe loop to provide sides 1 and 2
of the triangle and the intersecting line segment providés 8 as in Figure 29. Thus a +1 (-
1) intersection creates a negative (positive) vanishiiagpgle and decreases (increases) St by 1.
Therefore St will decrease loy

QED

Corollary 8.5. The looping number is invariant of the path used to calcuiate

Proof. No matter which path is used, the final plane curve obtaingddéssame. Since™Jand
St are plane curve invariants, they will be the same for th@ ftarve no matter which path is
used. QED

Corollary 8.6. The defect is invariant under inclusion of loops.

Proof. Prior to looping, the Arnold invariants of the plane curveravé™, J-, and St, so the defect
was 2St+J. After looping, the Arnold invariants of the resulting p&aourve are Stt, J*+2a, and
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-1 +1

2
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1 Q
[ 3
FIGURE 37. The loop leads to vanishing triangle perestroikas.

J -2a-1. The new defect is

2(St—a)+J" +2a = 2St+J" — 20 + 2a
=2St+J"

QED
8.2. Defect Invariant under Flype.

Definition 8.7. A plane curve and a knot projecti@orrespondf the knot projection is alternating
and the knot projection’s shadow on the plane is the plangeur

Theorem 8.8. If plane curve @ corresponds to the alternating knot projectiory Knd plane
curve G corresponds to the alternating knot projection, kvhere K can be obtained from by
performing one flype, theng@nd G have the same defect.

Proof. In terms of the Gauss diagram, a flype move has the effect ofrg@ne chord, as shown
in Figure 38. It is impossible for any chord in the Gauss diagto anchor both in a tangle arc
and a non-tangle arc. We indicate a tangle (respectivelytaogle) arc in Figure 40 with a T
(respectively, a dashed-line). After the flype the dispdlackeord still intersects a second chord if
and only if it intersected the secondary chord prior to thpdlyThus all intersections in the Gauss
diagram remain unchanged under a flype. If the Gauss diagraigried, then the sign of the chord
that is moved, as well as the signs of the chords in the taagéepreserved under the flype (see
Figures 39 and 40).
Since the intersections and the signs of the chords areiamtarnder a flype, c and c_ will
both be invariant. Thus,,c- c_ is invariant under a flype. From Theorem 5.12, we have
D c.—c. 1
e=gtT g T
where v is a knot invariantD is the defect of the plane curve formed by the knot projectmu
C, - Cc_ is obtained from the sign of the intersections on the Gawagrdim of the knot projection.
Since a flype does not change the knettemains the same, as does-a_. Thus, the defect must
remain the same for the plane curves formed from the knoeption before and after the flype.
QED
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FIGURE 38. The arcs on the Gauss diagrams labelled T correspond tarnfles.
No chord can anchor both inside and outside the tangle. Ttwrskchord is the
only one changed, it always anchors on the edge of the tangle.

8.3. All Plane Curves corresponding to the same Knot have the sani@efect.

Definition 8.9. An alternating knot projection isminimal if there is no type | Reidemeister move
that will reduce the number of crossings in the projection.

Theorem 8.10.[Ad] (Tait Flyping Conjecture, proved by Menasco and Thistletitevin 1990)
All minimal projections of an alternating knot can be obtdihby a series of flypes and ambient
homotopies of the knot on the sphere.

Theorem 8.11. The defect of all plane curves corresponding to the samenatieg knot is the
same.

Proof. A flype is a defect preserving move. If a knot projection ongtame is transferred into part
of the sphere, then an ambient homotopy is performed, firtalynew projection is transferred
back into part of the plane, the resulting plane curve wildhtne same Gauss diagram as the orig-
inal, thus the new corresponding plane curve will have timesdefect as the original. Therefore
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FIGURE 40. The altered chord in the Gauss diagram retains the atigign.

all plane curves corresponding to minimal alternating getpns of the same knot have the same
defect. All non-minimal alternating projections of a knaincbe obtained through a finite number
of type | Reidemeister moves that each increase the numieossings by 1, and defect is invari-
ant under type | moves. Therefore, all plane curves corredipg to alternating projections of the

same knot have the same defect.
QED

What follows from this result is a facile proof that defechishes for all tree-like curves.

Corollary 8.12. [Ai] All tree-like curves have defect 0.

Proof. Tree-like curves all have Gauss diagrams without intersgathords. Therefore all tree
like curves correspond to alternating knot projections thduce to the unknot when minimized.

The unknot corresponds to;Kvhich has defect 0.
QED
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9. CONCLUSION

We found numerous connections between knots, plane cunge$sauss diagrams, however,
some work remains.

Based on the work done in [L-W] we suggest several integhalsright lead to the discovery
of new invariants, or at least, new forms of known invariafisrther work is needed to determine
whether any of these integrals are actually invariants.

We found one condition that every Gauss diagram that cooretsgpto valid plane curve must
fulfill: each intersecting chord must pass through an evenbrar of other such chords. While this
condition eliminates a large number of possible Gauss dmagifrom valid Gauss diagrams, it is
not a sufficient condition. We suggest that future reseascimght be interested in finding other
conditions for valid Gauss diagrams.

We were able to prove one direction of a conjecture stateB-B]f however, the converse, that
all defect O plane curves have bushy diagrams, remains thdvers
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