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Devwudfw

Zh dsso| wkh v|pphwu| uhgxfwlrq surfhvv wr Pd{zhoo*v Htxdwlrqv lq

rughu wr frqvwuxfw vroxwlrqv lqyduldqw xqghu ydulrxv vxejurxsv ri wkh lq0

krprjhqhrxv Srlqfduì jurxs1 Zh lqyhvwljdwh wkh sk|vlfdo surshuwlhv ri

wkh vroxwlrqv1 Ri sduwlfxodu lqwhuhvw duh wkhlu dssolfdwlrqv wr wkh Jrxuvdw

sureohp1

4 Lqwurgxfwlrq

Wkh Srlqfduì jurxs lv jhqhudwhg e| wudqvodwlrqv/ urwdwlrqv/ dqg Oruhqw} errvwv1
Krprjhqhrxv dqg lvrwurslf vsdfh lv lqyduldqw xqghu wkh ixoo Srlqfduì jurxs1 Lq
sudfwlfdo sureohpv/ wklv v|pphwu| pd| eh eurnhq e| idfwruv vxfk dv fkdujhv/
fxuuhqwv/ dqg erxqgdu| frqglwlrqv1 Wkh uhvxowlqj hohfwurpdjqhwlf �hog/ krz0
hyhu/ pljkw uhpdlq lqyduldqw xqghu d vxejurxs ri wkh Srlqfduì jurxs1 Li d
�hog fduulhv d Srlqfduì vxejurxs dv d v|pphwu| jurxs/ zh fdq wkhq revhuyh
wkh prwlrq ri d whvw fkdujhg sduwlfoh lq wkdw �hog1 Dovr/ li d jurxs suhvhuyhv
erxqgdu| frqglwlrqv/ zh fdq wkhq xvh jurxs0lqyduldqw vroxwlrqv wr khos vroyh
erxqgdu| ydoxh sureohpv iru wkh fruuhvsrqglqj hohfwurpdjqhwlf �hog1 Ri sdu0
wlfxodu lqwhuhvw lv wkh Jrxuvdw sureohp/ zklfk dulvhv lq d qhz irupxodwlrq ri
hohfwurpdjqhwlfv dgyrfdwhg e| Gludf/ lq zklfk erxqgdu| frqglwlrq gdwd rq wzr
k|shusodqhv/ udwkhu wkdq wkh fodvvlfdo fkdujh dqg fxuuhqw gdwd/ lv xvhg wr vroyh
Pd{zhoo*v Htxdwlrqv1

Wkh v|pphwu| uhgxfwlrq surfhvv lv xvhg wr ghwhuplqh wkh �hogv lqyduldqw
xqghu d vshfl�f v|pphwu| jurxs1 Zh qrwh wkdw wkh fodvvlfdo sureohpv ri �qglqj
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urwdwlrqdoo| dqg d{ldoo| v|pphwulf vroxwlrqv duh vshfldo fdvhv ri wklv surfhvv1
Iru h{dpsoh/ wkh v|pphwu| jurxs ri dq hohfwurpdjqhwlf �hog fuhdwhg e| d srlqw
vrxufh zlwk d fkdujh lv wkh ixoo urwdwlrqdo +derxw wkh srlqw, v|pphwu| jurxs/
vlqfh d srlqw vrxufh lv urwdwlrqdoo| lqyduldqw1 Wkh �hog fuhdwhg e| d olqh vrxufh
zlwk d fkdujh fduulhv d v|pphwu| jurxs frqvlvwlqj ri urwdwlrqv derxw dq lq�qlwh
olqh/ dqg/ surylghg wkdw wkh fkdujh lv krprjhqhrxv/ wudqvodwlrqv dorqj wkh olqh1

Wklv sureohp kdv douhdg| ehhq lqyhvwljdwhg iru d fkdujhg v|vwhp lq d frq0
vwdqw dqg xqlirup hohfwurpdjqhwlf �hog dqg iru wkh hohfwurpdjqhwlf �hog ri d
flufxoduo| srodul}hg sodqh zdyh1 Wkh �uvw ri wkhvh vwxglhv kdv ohg wr ghulydwlrq
ri dgglwlylw| ri fkdujh dqg wkh vxshuvhohfwlrq uxoh iru wkh hohfwulf fkdujh/ dqg
wkh vhfrqg kdv surgxfhg lqwhuhvwlqj uhvxowv derxw dq hohfwurq lqwhudfwlqj zlwk
d odvhu ehdp1 Zrun kdv dovr ehhq grqh lq wkh fodvvl�fdwlrq ri hohfwurpdjqhwlf
�hogv lqyduldqw xqghu frqqhfwhg hohfwurpdjqhwlf Srlqfduì vxejurxsv ri glphq0
vlrqv �yh dqg vl{1 Ixuwkhu/ lw kdv ehhq suryhq wkdw li d Srlqfduì vxejurxs lv d
v|pphwu| jurxs ri d qrq0wulyldo hohfwurpdjqhwlf �hog/ wkhq wkh vxejurxs pxvw
eh ri ghjuhh vl{ ru ohvv 51

Khuh zh vwxg| ydulrxv hohfwurpdjhwlf �hogv lqyduldqw xqghu vxejurxsv ri
ghjuhh rqh/ wzr/ dqg wkuhh1 Zh vhohfw vhyhudo lqyduldqfh Srlqfduì vxejurxsv
dqg shuirup v|pphwu| uhgxfwlrq lq rughu wr �qg h{solflw vroxwlrqv wr Pd{zhoo*v
Htxdwlrqv1 Zh lqyhvwljdwh wkh sk|vlfdo surshuwlhv ri wkhvh vroxwlrqv/ lq sduwlf0
xodu wkhlu dssolfdwlrqv wr wkh Jrxuvdw sureohp1 Wklv zrun zdv grqh dv sduw ri
wkh Uhvhdufk H{shulhqfhv iru Xqghujudgxdwhv +UHX, Surjudp dw Ruhjrq Vwdwh
Xqlyhuvlw| gxulqj wkh vxpphu ri 4<<< xqghu wkh gluhfwlrq ri Mxkd Srkmdqshowr1

5 Pd{zhoo*v Htxdwlrqv

Zh olvw wkh edvlf odzv ri hohfwurpdjqhwlvp/ nqrzq dv Pd{zhoo*v Htxdwlrqv/
zklfk ghvfuleh wkh ehkdylru ri hohfwulf dqg pdjqhwlf �hogv dqg wkhlu lqwhudfwlrq1
Khuh zh frqvlghu wkh hpsw|0vsdfh Pd{zhoo htxdwlrqv/ zklfk duh dssolfdeoh lq
ydfxxp=
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Htxdwlrqv +4, duh nqrzq dv wkh glyhujhqfh htxdwlrqv1 Htxdwlrqv +5,/ wkh
wlph0hyroxwlrq htxdwlrqv/ duh htxlydohqw wr wkh vl{ htxdwlrqv ehorz=
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Zh revhuyh wkdw fkdujh frqmxjdwlrq lv suhvhuyhg e| wkh Pd{zhoo htxdwlrqv=

�+H>E, @ +E>�H,

Zh zloo wdnh ixoo dgydqwdjh ri fkdujh frqmxjdwlrq lq fduu|lqj rxw rxu fdofx0
odwlrqv/ gh�qlqj rxu txdqwlwlhv vr dv wr suhvhuyh wklv v|pphwu|1 Wkxv/ rqfh dq
htxdwlrq lqyroylqj hohfwulf �hogv lv ghulyhg/ wkh v|pphwulfdo htxdwlrq iru pdj0
qhwlf �hogv fdq hdvlo| eh ghulyhg zlwkrxw grlqj wkh fruuhvsrqglqj fdofxodwlrqv1

6 Jurxs0Lqyduldqw Vroxwlrqv

Jlyhq d frpsolfdwhg v|vwhp ri sduwldo gl�huhqwldo htxdwlrqv/ vxfk dv wkh Pd{zhoo
Htxdwlrqv/ lw lv riwhq d gl!fxow pdwwhu wr �qg h{solflw vroxwlrqv1 Krzhyhu/ d
zlgh ydulhw| ri h{dfw vroxwlrqv fdq riwhq eh rewdlqhg e| shuiruplqj v|pphwu|
uhgxfwlrq rq wkh v|vwhp1 Wkh v|pphwu| uhgxfwlrq surfhvv +ghwdlohg ehorz,
lv d surfhgxuh iru frqvwuxfwlqj jurxs0lqyduldqw vroxwlrqv wr d v|vwhp ri sduwldo
gl�huhqwldo htxdwlrqv1 Wklv dojrulwkp gdwhv edfn wr V1 Olh/ dqg kdv uhfhqwo|
ehhq xvhg vxffhvvixoo| wr frqvwuxfw h{dfw vroxwlrqv wr ydulrxv qrqolqhdu sduwldo
gl�huhqwldo htxdwlrqv vxfk dv \dqj0Ploov/ NgY/ dqg SNS1 Lq wklv surfhvv zh

�qg h{solflw vroxwlrqv zklfk duh lqyduldqw xqghu vrph v|pphwu| jurxs ri wkh

v|vwhp1

Gh�qlwlrq 4 D v|pphwu| jurxs ri d v|vwhp ri gl�huhqwldo htxdwlrqv � lv d
jurxs ri wudqvirupdwlrqv J vxfk wkdw li x@i+{, vroyhv � dqg ji +wkh wudqviru0
pdwlrq ri i e| j, lv gh�qhg iru j 5 J/ wkhq x@ji+{, dovr vroyhv �=

Zh fdoo wkh vroxwlrq i ri wkh v|vwhp lqyduldqw xqghu wkh dfwlrq ri wkh v|p0

phwu| jurxs li wkh lq�qlwhvlpdo jhqhudwru ri wkh v|pphwu| jurxs lv wdqjhqw wr

wkh judsk ri i dw hyhu| srlqw1 Xvlqj wkh v|pphwu| uhgxfwlrq surfhvv/ lw lv srv0

vleoh wr uhgxfh d v|vwhp ri sduwldo gl�huhqwldo htxdwlrqv wr d v|vwhp zklfk pd|

eh hdvlhu wr vroyh1 Wkh uhgxfhg v|vwhp |lhogv d frpsohwh vhw ri jurxs0lqyduldqw
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vroxwlrqv1

614 Wkh V|pphwu| Uhgxfwlrq Surfhvv

Wkh edvlf vwhsv lqyroyhg lq v|pphwu| uhgxfwlrq duh rxwolqhg ehorz1 Zh dvvxph

wkdw rxu ruljlqdo v|vwhp kdv s lqghshqghqw yduldeohv dqg t ghshqghqw yduldeohv1

41 Ilqg dqg fodvvli| lq�qlwhvlpdo jhqhudwruv ri v|pphwu| jurxsv ri wkh v|v0

whp ri htxdwlrqv1

51 Fkrrvh d ghjuhh ri v|pphwu|/ v/ iru wkh lqyduldqw vroxwlrqv1 Li d vroxwlrq

lv lqyduldqw xqghu dq v0glphqvlrqdo v|pphwu| jurxs/ wkhq lw vdwlv�hv d

v|vwhp ri uhgxfhg htxdwlrqv wkdw lqyroyhv v ohvv lqghshqghqw yduldeohv wkdq
wkh ruljlqdo v|vwhp1 Fkrrvlqj v @ s � 4 zloo uhvxow lq d uhgxfhg v|vwhp

ri ruglqdu| gl�huhqwldo htxdwlrqv1 Qrwh wkdw wkh surmhfwhg dfwlrq ri wkh

vxejurxs pxvw eh uhjxodu/ lq rwkhu zrugv/ wkdw wkh vsdfh0wlph frpsrqhqwv

ri wkh jhqhudwruv ri wkh vxejurxs pxvw eh ixqfwlrqdoo| lqghshqghqw1

61 Il{lqj wkh v|pphwu| jurxs J/ �qg d vhw ri ixqfwlrqdoo| lqghshqghqw lq0

yduldqwv/ s� v ri wkhvh ghvljqdwhg dv wkh qhz lqghshqghqw yduldeohv/ dqg

wkh uhpdlqlqj t lqyduldqwv ghvljqdwhg dv wkh qhz ghshqghqw yduldeohv1 Dv0

vxph wkdw wkhvh t yduldeohv duh ghshqghqw rq wkh qhz s� v lqghshqghqw

yduldeohv1

71 Vroyh iru wkh ruljlqdo ghshqghqw yduldeohv lq whupv ri wkh qhz ghshqghqw

yduldeohv dqg wkh ruljlqdo lqghshqghqw yduldeohv 1

81 Vxevwlwxwh wkhvh h{suhvvlrqv lqwr wkh ruljlqdo v|vwhp ri htxdwlrqv1 D

uhgxfhg v|vwhp ri htxdwlrqv zloo hphujh zklfk ghshqgv hqwluho| rq wkh

qhz lqghshqghqw yduldeohv/ wkhuhe| vlpsoli|lqj wkh sureohp e| holplqdwlqj

v lqghshqghqw yduldeohv1

91 Vroyh wkh uhgxfhg v|vwhp/ li srvvleoh1

615 Frqmxjdwh Vxejurxsv dqg Fodvvl�fdwlrq

Zh revhuyh wkdw Olh jurxsv/ lq rxu fdvh wkh Srlqfduì jurxs/ w|slfdoo| kdyh dq

lq�qlwh qxpehu ri v0glphqvlrqdo vxejurxsv/ pdnlqj lw lpsrvvleoh wr frqvlghu

hyhu| vxfk vxejurxs lqglylgxdoo|1 Krzhyhu/ wkh fodvvl�fdwlrq ri jurxs0lqyduldqw

vroxwlrqv fdq eh h�hfwlyho| vlpsol�hg e| qrwlqj wkh iroorzlqj=

Wkhruhp 5 Ohw K � J eh d vxejurxs ri d jurxs J/ dqg ohw ixqfwlrq i eh lqydul0
dqw xqghu K/ dqg j 5 J1 Wkhq ij @ ji lv lqyduldqw xqghu jKj�41

Surri1 jkj�4+ij, @ jkj�4+ji, @ jki @ ji @ ij=

Lw iroorzv wkdw wr fodvvli| doo lqyduldqw vroxwlrqv/ lw lv hqrxjk wr fodvvli| rqh

uhsuhvhqwdwlyh ri hdfk frqmxjdf| fodvv ri wkh Srlqfduì jurxs1
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Zlqwhuqlw} hw do1 ri FUP lqPrqwuhdo kdyh fodvvl�hg wkhvh frqmxjdf| fodvvhv61

Zh xvh klv fodvvl�fdwlrq wr ehjlq fduu|lqj rxw wkh v|pphwu| uhgxfwlrq surfhvv1

7 Dsso|lqj wkh Surfhvv wr Ydulrxv Vxejurxsv

Zh dsso| wkh v|pphwu| uhgxfwlrq surfhvv wr ydulrxv Srlqfduì vxejurxsv ri rqh/

wzr/ dqg wkuhh glphqvlrqv irxqg lq Zlqwhuqlw}* fodvvl�fdwlrq1 Zulwh

x3 @ wC} . }Cw �E4CH5
�H5CE4 .H4CE5 .E5CH4 /

x4 @ 5+|C{ � {C|,�
4

5
+Cw . C}, . 5+H5CH4

�H4CH5, . 5+E5CE4
�E4CE5,/

y4 @ C| iru vsdwldo wudqvodwlrq dorqj |0d{lv/

y5 @
4

5
+Cw � C}, iru vsdwldo wudqvodwlrq dorqj }0d{lv dqg wlph wudqvodwlrq/

y6 @ �C{ iru vsdwldo wudqvodwlrq dorqj {0d{lv/ dqg

y7 @
4

5
+Cw . C}, iru vsdwldo wudqvodwlrq dorqj }0d{lv dqg wlph wudqvodwlrq1

714 Vxejurxs jhqhudwhg e| �f

Zh �uvw frqvlghu d rqh0glphqvlrqdo vxejurxs jhqhudwhg e| x31 Wklv jhqhudwru

uhsuhvhqwv d Oruhqw} errvw oliwhg lqwr d v|pphwu| ri Pd{zhoo*v htxdwlrqv1 Wkh

Oruhqw} errvw lv ri lqwhuhvw ehfdxvh lw suhvhuyhv erxqgdu| frqglwlrqv rq w.} @ 3
dqg w� } @ 3 dqg lv wkxv uhohydqw wr wkh Jrxuvdw sureohp1

E| wkh dojrulwkp/ zh nqrz wkdw d rqh0glphqvlrqdo vxejurxs zloo uhgxfh wkh

qxpehu ri lqghshqghqw yduldeohv iurp wkh ruljlqdo v|vwhp e| rqh1 Zh fkrrvh

rxu lqyduldqwv dv iroorzv=

{> |> v zkhuh v @
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Qrwh wkdw zh fkrrvh dqg qdph rxu lqyduldqwv vr wkdw fkdujh frqmxjdwlrq lv

suhvhuyhg1

Zh wkhq xvh Fudphu*v Uxoh wr vroyh iru Hl dqg El=
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Fkrrvlqj hl/ el wr eh ghshqghqw rq {/ | dqg v/ zh frpsxwh wkh sduwldo

ghulydwlyhv qhfhvvdu| wr vxevwlwxwh edfn lqwr wkh ruljlqdo v|vwhp=
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Wkh sduwldo ghulydwlyhv iru wkh frpsrqhqwv ri �E iroorz e| fkdujh frq0
mxjdwlrq1

Vxevwlwxwlqj wkhvh qhz h{suhvvlrqv iru wkh sduwldo ghulydwlyhv lqwr Pd{zhoo*v
htxdwlrqv |lhogv wkh iroorzlqj v|vwhp ri htxdwlrqv=

438



w

v5
Ch4

C{
.

w

v5
Ch5

C|
�

}

v

Ch6

Cv
�

}

v5
Ce4

C|
.

}

v5
Ce5

C{
@ 3 +<,

w

v5
Ce4

C{
.

w

v5
Ce5

C|
�

}

v

Ce6

Cv
.

}

v5
Ch4

C|
�

}

v5
Ch5

C{
@ 3 +43,

4

v

Ch4

Cv
@

Ce6

C|

4

v

Ce4

Cv
@ �

Ch6

C|
+44,/+45,

4

v

Ch5

Cv
@ �

Ce6

C{

4

v

Ce5

Cv
@

Ch6

C{
+46,/+47,

}

v5
Ch4

C{
.

}

v5
Ch5

C|
�

w

v

Ch6

Cv
�

w

v5
Ce4

C|
.

w

v5
Ce5

C{
@ 3 +48,

}

v5
Ce4

C{
.

}

v5
Ce5

C|
�

w

v

Ce6

Cv
.

w

v5
Ch4

C|
�

w

v5
Ch5

C{
@ 3 +49,

Zh vhh wkdw zh fdq pdqlsxodwh htxdwlrqv +<,/ +43,/ +48, dqg +49, vr dv wr
eh ohiw zlwk htxdwlrqv rqo| lq whupv ri {/ | dqg v dv iroorzv=
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Htxdwlrqv +44, wkurxjk +47, dqg wkh irxu deryh htxdwlrqv pdnh xs d qhz v|vwhp
ri htxdwlrqv wkdw zh fdq dwwhpsw wr vroyh1 Htxdwlrq +4<, lpsolhv wkdw orfdoo|
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+D3 .D4,��+D3 .D4, @ v

CE+v,

Cv
. v

C

Cv

4

v

CD4

Cv
��D4

, +��, v
C

Cv

4

v

CD4

Cv
��D4 @ 3=

D jhqhudo vroxwlrq pd| wkxv eh rewdlqhg dv iroorzv= Zh ohw E eh dq| ixqfwlrq
ri v/ wkhq D3 lv ghwhuplqhg e| +�,1 Ixuwkhu/ zh ohw D4 eh dq| vroxwlrq ri +��,/
dqg gh�qh D� D3 .D41 Wkhq

h6 @ �
4

v

CD

Cv
.E+v,> e4 @

CD

C|
dqg e5 @ �

CD

C{
=

E| v|pphwu|/ wkhuh duh ixqfwlrqv F+{/|/v, dqg G+v, vxfk wkdw

e6 @
4

v

CF

Cv
.G+v,> h4 @

CF

C|
dqg h5 @ �

CF

C{
=

Zh frxog dwwhpsw wr vroyh +��, iru D4 e| xvlqj vhsdudwlrq ri yduldeohv/ ru zh
frxog shuirup ixuwkhu v|pphwu| uhgxfwlrq lq rughu wr �qg vroxwlrqv1

Zh qrwh wkdw wkhuh lv qr fkdqjh ri yduldeohv s @ s+v, wkdw zrxog eulqj

+��, v
C

Cv

4

v

CD4

Cv
��D4 @ 3

lqwr wkh zdyh htxdwlrq1 Lq idfh/ vxssrvh s @ s+v, lv vxfk d fkdqjh ri yduldeohv1
Zh frpsxwh

C

Cs
@

Cv

Cs

C

Cv
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,
C5

Cs5
@

C

Cs

�
Cv

Cs

C

Cv

�
@

C5v

Cs5
C

Cv
.

�
Cv

Cs

�5
C5

Cv5
=

Vlqfh s+v, wdnhv +��, lqwr wkh zdyh htxdwlrq/ zh kdyh wkdw

+� � �, v
C

Cv

4

v

C

Cv
@

C5

Cs5
dqg

v
C

Cv

4

v

C

Cv
@

C5v

Cs5
C

Cv
.

�
Cv

Cs

�5
C5

Cv5
>

iurp zklfk �
Cv

Cs

�5
@ 4=

Wkxv/ lw iroorzv wkdw

C5v

Cs5
@ 3=

Krzhyhu/ iurp +� � �, zh vhh wkdw

C5v

Cs5
@ v

C

Cv

4

v
@ �

4

v
, �

4

v
@ 3> zklfk lv d frqwudglfwlrq1
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Xqghu d wzr0glphqvlrqdo vxejurxs/ wkh qxpehu ri lqghshqghqw yduldeohv iurp
wkh ruljlqdo v|vwhp lv uhgxfhg e| wzr1 Wkh lqyduldqwv xvhg lq wkh vxejurxs
jhqhudwhg e| x3 dorqh duh dovr lqyduldqw xqghu y41 Zh xvh wkhvh vdph lqyduldqwv
lq rxu fdofxodwlrqv iru wklv wzr0glphqvlrqdo vxejurxs/ vlpso| holplqdwlqj |1

H{foxglqj | iurp wkh lqghshqghqw yduldeohv irufhv doo sduwldo ghulydwlyhv zlwk
uhvshfw wr | wr htxdo 3/ zkloh doo rwkhu sduwldo ghulydwlyhv uhpdlq wkh vdph dv
vkrzq suhylrxvo|1 Wkh uhvxowlqj v|vwhp ri htxdwlrqv ghulyhg iurp vxevwlwxwlqj
wkh sduwldo ghulydwlyhv lqwr Pd{zhoo*v htxdwlrqv lv vlpsohu/ dqg uhgxfhv wr wkh
iroorzlqj=

4

v

Ch4

Cv
@ 3

4

v

Ce4

Cv
@ 3 +54,/+55,

Ch6

C{
@

4

v

Ce5

Cv

Ce6

C{
@ �

4

v

Ch5

Cv
+56,/+57,

w

v5
Ch4

C{
.

}

v5
Ce5

C{
�

}

v

Ch6

Cv
@ 3 +58,

w

v

Ch6

Cv
�

w

v5
Ce5

C{
�

}

v5
Ch4

C{
@ 3 +59,

�
}

v5
Ch5

C{
.

w

v5
Ce4

C{
�

}

v

Ce6

Cv
@ 3 +5:,

w

v

Ce6

Cv
.

w

v5
Ch5

C{
�

}

v5
Ce4

C{
@ 3 +5;,

43;



Htxdwlrqv +54,0+57, whoo xv wkdw h4 dqg e4 duh frqvwdqwv1 Iurp htxdwlrqv
+58,0+5;, lw iroorzv wkdw

Ch6

C{
@

4

v

Ce5

Cv

Ch6

Cv
@
4

v

Ce5

C{
Ce6

C{
@ �

4

v

Ch5

Cv

Ce6

Cv
@ �

4

v

Ch5

C{
=

Iurp wkh sduwldo ghulydwlyhv ri h6/ zh vhh wkdw

C5h6

C{5
@

4

v

Ch6

Cv
.

C5h6

Cv5
=

Zh fdq vroyh wklv e| vhsdudwlrq ri yduldeohv1 Ohw h6+{> v, @ i+{,j+v,1 Wkhq/

4

i

g5i

g{5
@

4

v

4

j

gj

gv
.
4

j

g5j

gv5
@ ��5=

Zh fdq �qg h{solflw vroxwlrqv wr Pd{zhoo*v htxdwlrqv e| vroylqj

i 33

i
@ ��5 v5j33 . vj3 . �5v5j @ 3=

Zh qrwh wkdw i+{, zloo eh lq wkh irup ri wuljrqrphwulf ixqfwlrqv/ dqg wkdw
j+v, vdwlv�hv Ehvvho*v htxdwlrq ri rughu 31 Khqfh/ iru h{dpsoh/ rq wkh lqwhuydo
�� � { � � wkh frpsrqhqw h6 fdq eh uhsuhvhqwhg e| wkh lq�qlwh vhulhv

h6+{> v, @
4[
q@3

+Dqfrvq{.Eqvlqq{,M3+qv,=

716 Vxejurxs jhqhudwhg e| �f dqg �2

Frqvlghulqj wkh wzr0glphqvlrqdo vxejurxs jhqhudwhg e| x3 dqg y5/ zh fkrrvh

rxu lqyduldqwv dv iroorzv=

{> |

h4 @
H4 .E5

�

h5 @ +H5 .E4,�

h6 @ H6

e4 @
E4
�H5

�

e5 @ +E5
�H4,�

e6 @ E6

zkhuh � @ w. }1 Wkhq

H4 @
�h4 �

4

�
e5

5

H5 @
��e4 .

4

�
h5

5

H6 @ h6

E4 @
�e4 .

4

�
h5

5

E5 @
�h4 .

4

�
e5

5

E6 @ e6
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Diwhu fdofxodwlqj wkh sduwldo ghulydwlyhv dqg vxevwlwxwlqj wkhp lqwr Pd{zhoo*v

htxdwlrqv/ zh kdyh wkh iroorzlqj v|vwhp=

Ch4

C{
�

Ce4

C|
@ 3

Ch4

C|
.

Ce4

C{
@ 3

Ch5

C{
.

Ce5

C|
@ 3

Ch5

C|
�

Ce5

C{
@ 3

h4 @
Ch6

C{
@

Ce6

C|
e4 @ �

Ch6

C|
@

Ce6

C{

Hdfk sdlu h�> e� vdwlv�hv wkh Fdxfk|0Ulhpdqq htxdwlrqv/ vr h4 . le4/ e5 . lh5
dqg h6 . le6 duh frpsoh{ dqdo|wlf ixqfwlrqv lq } @ {. l|1 Lq wkh qh{w vhfwlrq/

zh jlyh h{dpsohv ri vroxwlrqv rewdlqhg iurp wkhvh htxdwlrqv e| �uvw ohwwlqj

h6 . le6 @ hq}/ wkhq ohwwlqj e5 . lh5 @
4

}
1

Zh qrwh wkh vrphzkdw vxusulvlqj idfw wkdw xqghu v|pphwu| uhgxfwlrq/ wkh

w|sh ri d v|vwhp ri sduwldo gl�huhqwldo htxdwlrqv fdq fkdqjh1 Lq idfw/ wkh deryh

htxdwlrqv duh hoolswlf dv rssrvhg wr Pd{zhoo*v htxdwlrqv/ zklfk duh k|shuerolf1

71614 H{dpsoh Vroxwlrq 4

Ohw h5 @ 3> e5 @ 3> h6 @ hq{frvq|> e6 @ hq{vlqq|1 Lw iroorzv wkdw h4 @
qhq{frvq| dqg e4 @ qhq{vlqq|1 Wkhq

H4 @
+w. },qhq{frvq|

5

H5 @ �

+w. },qhq{vlqq|

5

H6 @ hq{frvq|

E4 @
+w. },qhq{vlqq|

5

E5 @
+w. },qhq{frvq|

5

E6 @ hq{vlqq|

lv d vroxwlrq iru Pd{zhoo*v htxdwlrqv wkdw lv lqyduldqw xqghu wkh vxejurxs jhq0

hudwhg e| x3 dqg y51

Zh fdq rewdlq ixuwkhu lqyduldqw vroxwlrqv e| iruplqj wkh lq�qlwh vhulhv

H6 @
4[
q@3

dqh
q{frv q|

zkhuh dq vdwlvi| d vxlwdeoh frqyhujhqfh frqglwlrq1 Lw iroorzv wkdw

H4 @
4[
q@3

dq
+w. },q

5
hq{frv q|

H5 @ �

4[
q@4

dq
+w. },q

5
hq{vlq q|

E4 @
4[
q@4

dq
+w. },q

5
hq{vlq q|

E5 @
4[
q@3

dq
+w. },q

5
hq{frv q|

443



E6 @
4[
q@4

dqh
q{vlq q|=

Lpsrvlqj d erxqgdu| frqglwlrq rq H6 zloo ghwhuplqh dq iru hdfk vhulhv1 Zh

fdq xvh wkhvh vroxwlrqv wr vroyh wkh Jrxuvdw sureohp zlwk erxqgdu| gdwd rq

w. } @ 3/ lq zklfk fdvh wkh vroxwlrq uhgxfhv wr

H4 @ 3

H5 @ 3

H6 @
4[
q@3

dqh
q{frv q|

E4 @ 3

E5 @ 3

E6 @
4[
q@4

dqh
q{vlq q|=

71615 H{dpsoh Vroxwlrq 5

Ohw h5 @ �
|

{5 . |5
> e5 @

{

{5 . |5
> h6 @ 3> e6 @ 3=

Lw iroorzv wkdw h4 @ 3 dqg e4 @ 31 Wkhq

H4 @
{

5+w. },+{5 . |5,

H5 @
|

5+w. },+{5 . |5,

H6 @ 3

E4 @
|

5+w. },+{5 . |5,

E5 @ �

{

5+w. },+{5 . |5,

E6 @ 3

lv dqrwkhu vroxwlrq iru Pd{zhoo*v htxdwlrqv wkdw lv lqyduldqw xqghu wklv vxejurxs1

Wkhuh lv d vlqjxodulw| dorqj wkh }0d{lv/ zkhuh { @ | @ 3/ vr zh fdq ghwhuplqh

zkhwkhu ru qrw wklv hohfwurpdjqhwlf �hog dulvhv iurp d olqh vrxufh rq wkh }0d{lv1

Uhfdoo wkdw Jdxvv*v Odz vd|v=
]
V

�H � �qgv @ Thqf

E| wklv/ zh fdq vhh wkdw wkh fkdujh ghqvlw|/ �+w. },/ ri d zluh dorqj wkh }0d{lv
lv � @ �

w.}
1 Ixuwkhu/ e| Dpsìuh*v Odz/

L
�E � g�v @ C�H

Cw
. l>

zh fdq ghwhuplqh wkh fxuuhqw dorqj wkh zluh/ l+w . },/ wr eh l @ ��
w.}

1 Iru d
sk|vlfdo lqwhusuhwdwlrq ri wklv vroxwlrq/ zh dvvxph } � 3 lq rughu wr dyrlg wkh
vlqjxodulw| dw } @ �w1 Rwkhuzlvh/ zh fdq vd| wkdw dw }@0w/ wkhuh lv dq lq�qlwh
fkdujh wudyhoolqj dw wkh vshhg ri oljkw lq wkh qhjdwlyh } gluhfwlrq rq wkh zluh1
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Ixuwkhupruh/ wklv vroxwlrq ohqgv lwvhoi wr wkh Jrxuvdw sureohp1 Zh vhh wkdw
rq wkh k|shusodqh w @ } wkh vroxwlrq uhgxfhv wr

H4 @
{

7}+{5 . |5,

H5 @
|

7}+{5 . |5,

H6 @ 3

E4 @
|

7}+{5 . |5,

E5 @ � {

7}+{5 . |5,

E6 @ 3

717 Vxejurxs jhqhudwhg e| �f/ ��/ dqg �2

Lq d wkuhh0glphqvlrqdo vxejurxs/ wkhuh zloo rqo| eh rqh lqghshqghqw yduldeoh1
Wkh lqyduldqwv xvhg iru wkh vxejurxs jhqhudwhg e| x3 dqg y4 duh dovr lqydul0
dqw xqghu y51 Zh xvh wkhvh vdph lqyduldqwv lq rxu fdofxodwlrqv iru wkh wkuhh0
glphqvlrqdo vxejurxs jhqhudwhg e| x3/ y4/ dqg y5/ exw holplqdwlqj |1 Diwhu wkh
qhfhvvdu| frpsxwdwlrqv/ zh �qg wkdw wkh iroorzlqj krog=

h4 @ e4 @ 3

h5> e5> h6> e6 duh frqvwdqwv

Vr

H4 @
�e5

5+w. },
H5 @

h5

5+w. },
H6 @ h6

E4 @
h5

5+w. },
E5 @

e5

5+w. },
E6 @ e6

lv dq h{solflw vroxwlrq wr Pd{zhoo*v htxdwlrqv wkdw lv lqyduldqw xqghu wkh vxe0
jurxs jhqhudwhg e| x3/ y4/ dqg y51 Iru ixuwkhu dssolfdwlrqv/ zh fdq fkrrvh
vshfl�f ydoxhv iru h5/ h6/ e5 dqg e6 dqg lqwhusuhw wkh uhvxowv1

718 Vxejurxs jhqhudwhg e| �f/ ��/ dqg ��

Wkh lqyduldqwv xvhg iru wkh vxejurxs jhqhudwhg e| x3 dqg y4 duh dovr lqyduldqw
xqghu y6/ vr nhhslqj rqo| v @

s
w5 � }5 iurp wkh lqghshqghqw yduldeohv/ wkh uhvw

ri rxu lqyduldqwv duh djdlq

h4 @ wH4 � }E5

h5 @ }E4 . wH5

h6 @ H6

e4 @ wE4 . }H5

e5 @ �}H4 . wE5

e6 @ E6

=
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Fduu|lqj rxw wkh v|pphwu| uhgxfwlrq surfhvv uhyhdov wkdw

H4 @
wh4 . }e5

w5 � }5

H5 @
wh5 � }e4

w5 � }5

H6 @ h6

E4 @
we4 � }h5

w5 � }5

E5 @
we5 . }h4

w5 � }5

E6 @ e6

zkhuh doo h� dqg e� duh frqvwdqwv1 Dv lq wkh suhylrxv vxejurxs/ zh fdq fkrrvh
vshfl�f ydoxhv iru wkh ixqfwlrqv h� dqg e� dqg lqwhusuhw rxw uhvxowv iru ixuwkhu
dssolfdwlrqv1

719 Vxejurxs jhqhudwhg e| ��

Zh qrz frqvwuxfw d rqh0glphqvlrqdo vxejurxs xvlqj wkh iroorzlqj lq�qlwhvlpdo
jhqhudwru=

x4 @ 5+|C{� {C|,� 4

5
+Cw. C}, . 5+H5CH4 �H4CH5, . 5+E5CE4 �E4CE5,

x4 jhqhudwhv d vxejurxs ri wkh Srlqfduì jurxs uhsuhvhqwlqj d frpelqdwlrq
ri urwdwlrq derxw wkh }0d{lv/ vsdwldo wudqvodwlrq +dorqj wkh } d{lv,/ dqg wlph
wudqvodwlrq1

E| wkh dojrulwkp/ zh h{shfw wkdw d rqh0glphqvlrqdo vxejurxs zloo holplqdwh
rqh lqghshqghqw yduldeoh iurp wkh ruljlqdo v|vwhp1 Zh fkrrvh rxu lqyduldqwv
dv iroorzv=

� @ w� }> � @
s

{5 . |5> � @ �5+w. }, . dufwdq
|

{

h4 @ {H4 . |H5

h5 @ |H4 � {H5

h6 @ H6

e4 @ {E4 . |E5

e5 @ |E4 � {E5

e6 @ E6

Vroylqj iru Hl dqg El xvlqj Fudphu*v Uxoh/ zh jhw

H4 @
{h4 . |h5

{5 . |5

H5 @
|h4 � {h5

{5 . |5

H6 @ h6

E4 @
{e4 . |e5

{5 . |5

E5 @
|e4 � {e5

{5 . |5

E6 @ e6
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Dvvxplqj wkdw hl> el duh qhz yduldeohv ghshqghqw rq �> �> dqg �/ zh qrz
frpsxwh wkh sduwldo ghulydwlyhv qhfhvvdu| wr vxevwlwxwh edfn lqwr wkh ruljlqdo
v|vwhp=

CH4

C{
@ +

4

�5
� 5{5

�7
,h4 .

{5

�6
C�h4 �

{|

�7
C�h4 �

5{|

�7
h5 .

{|

�6
C�h5 �

|5

�7
C�h5

CH4

C|
@ �5{|

�7
h4 .

{|

�6
C�h4 .

{5

�7
C�h4 . +

4

�5
� 5|5

�7
,h5 .

|5

�6
C�h5 .

{|

�7
C�h5

CH4

C}
@ � {

�5
C�h4 �

5{

�5
C�h4 �

|

�5
C�h5 �

5|

�5
C�h5

CH4

Cw
@

{

�5
C�h4 �

5{

�5
C�h4 .

|

�5
C�h5 �

5|

�5
C�h5

CH5

C{
@ �5{|

�7
h4 .

{|

�6
C�h4 �

|5

�7
C�h4 . +� 4

�5
.

5{5

�7
,h5 � {5

�6
C�h5 .

{|

�7
C�h5

CH5

C|
@ +

4

�5
� 5|5

�7
,h4 .

|5

�6
C�h4 .

{|

�7
C�h4 .

5{|

�7
h5 � {|

�6
C�h5 �

{5

�7
C�h5

CH5

C}
@ � |

�5
C�h4 �

5|

�5
C�h4 .

{

�5
C�h5 .

5{

�5
C�h5

CH5

Cw
@

|

�5
C�h4 �

5|

�5
C�h4 �

{

�5
C�h5 .

5{

�5
C�h5

CH6

C{
@

�
{

�

�
C�h6 �

|

�5
C�h6

CH6

C|
@

�
|

�

�
C�h6 .

{

�5
C�h6

CH6

C}
@ �C�h6 � 5C�h6

CH6

Cw
@ C�h6 � 5C�h6

Zh frpsxwh wkh sduwldo ghulydwlyhv iru �E lq dq lghqwlfdo pdqqhu1

Zh qrz vxevwlwxwh wkhvh sduwldo ghulydwlyhv edfn lqwr Pd{zhoo*v Htxdwlrqv1
Zh revhuyh wkdw rxu htxdwlrqv duh juhdwo| vlpsol�hg e| erwk fdqfhoodwlrq dqg
vxppdwlrq ri whupv1 Vlqfh y4 jhqhudwhv d v|pphwu| jurxs ri Pd{zhoo*v Htxd0
wlrqv/ zh h{shfw wkdw dw wkh hqg ri rxu vlpsol�fdwlrqv/ wkh ruljlqdo lqghshqghqw
yduldeohv {> |> }> w zloo eh frpsohwho| holplqdwhg/ ohdylqj d v|vwhp hqwluho| gh0
shqghqw rq wkh qhz lqghshqghqw yduldeohv �> �> �1

Zh vwduw zlwk wkh glyhujhqfh htxdwlrqv1

3 @ gly�H @
CH4

C{
.

CH5

C|
.

CH6

C}

@ + 4

�5
�

5{5

�7
,h4.

�
{5

�6

�
C�h4�

�
{|
�7

�
C�h4�

�
5{|
�7

�
h5.

�
{|
�6

�
C�h5�

�
|5

�7

�
C�h5

.+ 4

�5
�

5|5

�7
,h4.

�
|5

�6

�
C�h4.

�
{|
�7

�
C�h4.

�
5{|
�7

�
h5�

�
{|
�6

�
C�h5�

�
{5

�7

�
C�h5
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�C�h6 � 5C�h6/

zklfk vlpsol�hv wr wkh htxdwlrq

4

�
C�h4 �

4

�5
C�h5 � C�h6 � 5C�h6 @ 3= +5<,

Olnhzlvh/ iurp wkh glyhujhqfh htxdwlrq iru pdjqhwlf �hogv/ zh jhw

4

�
C�e4 �

4

�5
C�e5 � C�e6 � 5C�e6 @ 3= +63,

Zh pryh rq wr wkh fxuo htxdwlrqv=

CH6

Cw
@

CE5

C{
�

CE4

C|
@ C�h6 � 5C�h6

@ �
�
5{|
�7

�
e4.
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{|
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C�e4�

�
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{|
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{|
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zklfk vlpsol�hv wr wkh htxdwlrq

C�h6 � 5C�h6 @ �
4

�5
C�e4 �

4

�
C�e5= +64,

Vlploduo|/ zh rewdlq C�e6 � 5C�e6 @
4

�5
C�h4 .

4

�
C�h5= +65,

Zh �qg wkdw zh pxvw pdqlsxodwh wkh uhpdlqlqj fxuo htxdwlrqv lq rughu wr
fdqfho rxw wkh ruljlqdo lqghshqghqw yduldeohv= zh wdnh sdluv ri fxuo htxdwlrqv/
pxowlso| rqh e| { dqg rqh e| |/ dqg wkhq wdnh wkh vxp ru gl�huhqfh ri wkh
uhvxowlqj htxdwlrqv1 Lq wklv pdqqhu zh vxffhvvixoo| holplqdwh doo {> |> }> w=

Zh �uvw pxowlso| htxdwlrq +6, e| { dqg htxdwlrq +8, e| | dqg wdnh wkh vxp
ri wkh uhvxowlqj htxdwlrqv1 Diwhu vxevwlwxwlrq/ fdqfhoodwlrq/ dqg frpelqdwlrq ri
whupv/ zh rewdlq

C�h4 � 5C�h4 @ �C�e5 � 5C�e5 . C�e6= +66,

Vlploduo|/ zh pxowlso| htxdwlrq +7, e| { dqg htxdwlrq +9, e| |/ dqg wdnh wkh
vxp ri wkh uhvxowlqj htxdwlrqv1 Zh rewdlq

C�e4 � 5C�e4 @ C�h5 . 5C�h5 � C�h6= +67,
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Qh{w/ zh dgg htxdwlrqv +6, dqg +9,/ jlylqj�
5{

�5

�
C�h4 .

�
5|

�5

�
C�h5 .

�
{

�

�
C�h6 �

�
|

�5

�
C�h6

@

�
5|

�5

�
C�e4 �

�
5{

�5

�
C�e5 .

�
|

�

�
C�e6 .

�
{

�5

�
C�e6> +68,

dqg vxewudfw +8, iurp +7,/ jlylqj

�

�
5|

�5

�
C�h4 .

�
5{

�5

�
C�h5 �

�
|

�

�
C�h6 �

�
{

�5

�
C�h6

@

�
5{

�5

�
C�e4 .

�
5|

�5

�
C�e5 .

�
{

�

�
C�e6 �

�
|

�5

�
C�e6= +69,

Zh pxowlso| +68, e| | dqg +69, e| {/ dqg dgg wkh uhvxowlqj htxdwlrqv/ jlylqj

5C�h5 � C�h6 @ 5C�e4 . �C�e6> +6:,

dqg pxowlso| +68, e| { dqg +69, e| |/ dqg wdnh wkh gl�huhqfh ri wkh uhvxowlqj
htxdwlrqv/ jlylqj

5C�e5 � C�e6 @ �5C�h4 � �C�h6= +6;,

Zh kdyh ghulyhg d uhgxfhg v|vwhp frqvlvwlqj ri hljkw htxdwlrqv= +5<,/ +63,/
+64,/ +65,/ +66,/ +67,/ +6:, dqg +6;,1 Xqiruwxqdwho| wkh v|vwhp kdv uhvlvwhg
lqwhjudwlrq/ vr zh zhuh xqdeoh wr ghulyh dq| h{solflw vroxwlrqv lq wklv fdvh1 Lq
rxu qh{w h{dpsoh/ zh lqfuhdvh wkh ghjuhh ri v|pphwu| e| rqh/ wkhuhe| pdnlqj
lw hdvlhu wr frqvwuxfw vroxwlrqv wr wkh v|vwhp1

71: Vxejurxs jhqhudwhg e| �� dqg �2

Zh frqvwuxfw d wzr0glphqvlrqdo vxejurxs xvlqj wkh jhqhudwruv x4 dqg y51 Zh
h{shfw wkdw d wzr0glphqvlrqdo vxejurxs zloo holplqdwh wzr lqghshqghqw yduldeohv
iurp rxu v|vwhp1 Zh fkrrvh rxu lqyduldqwv dv iroorzv/ vlpso| holplqdwlqj wkh
� lqyduldqw iurp rxu zrun rq wkh suhylrxv vxejurxs1

� @
s

{5 . |5> � @ �5+w. }, . dufwdq
|

{

h4 @ {H4 . |H5

h5 @ |H4
� {H5

h6 @ H6

e4 @ {E4 . |E5

e5 @ |E4
� {E5

e6 @ E6
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Lw iroorzv wkdw rxu vroxwlrqv iru Hl dqg El duh lghqwlfdo wr wkrvh irxqg iru
wkh suhylrxv vxejurxs1 Zh fdq rewdlq rxu uhgxfhg v|vwhp e| vlpso| vhwwlqj
doo �0ghulydwlyhv iurp wkh uhgxfhg v|vwhp deryh htxdo wr }hur1

Wkh glyhujhqfh htxdwlrqv |lhog +iurp htxdwlrqv +5<, dqg +63, deryh,=

4

�
C�h4 �

4

�5
C�h5 � 5C�h6 @ 3

4

�
C�e4 �

4

�5
C�e5 � 5C�e6 @ 3 +6<,

Wkh fxuo htxdwlrqv |lhog +iurp htxdwlrqv +64,/ +65,/ +66,/ +67,/ +6:,/ dqg
+6;, deryh,=

5C�h6 @
4

�5
C�e4 .

4

�
C�e5 5C�e6 @ �

4

�5
C�h4 �

4

�
C�h5 +73,

5C�h4 @ 5C�e5 � C�e6 5C�e4 @ �5C�h5 . C�h6 +74,

C�h6 @ ��C�e6 C�e6 @ �C�h6 +75,

Lw lv qrz rxu wdvn wr vroyh wklv v|vwhp ri hljkw htxdwlrqv1 Zh gr vr e| uhf0
rjql}lqj wkdw vhyhudo ri rxu uhgxfhg htxdwlrqv duh Fdxfk|0Ulhpdqq htxdwlrqv/
dqg wkxv fdq eh vroyhg e| fkrrvlqj vrph ri rxu yduldeohv wr eh wkh frpsrqhqwv
ri frpsoh{ dqdo|wlf ixqfwlrqv1 Wkh iroorzlqj duh vhyhudo vdpsoh vroxwlrqv1 Khuh
zh fkrrvh i+}, @ h} wr eh rxu dqdo|wlf ixqfwlrq1 Zh rplw wkh ghwdlov ri �qglqj
wkhvh vroxwlrqv1 Dvvxph o> n wr eh frqvwdqw1

H4 @
4

5

�
n{. o|

{5 . |5

�

H5 @
4

5

�
n| � o{

{5 . |5

�

H6 @ 3

E4 @
4

5

�
o{� n|

{5 . |5

�

E5 @
4

5

�
o| . n{

{5 . |5

�

E6 @ 3

H4 @

�
�

5{5 . 5|5

�
+{ vlq � � | frv �,

H5 @

�
�

5{5 . 5|5

�
+| vlq � . { frv �,

H6 @ 3

E4 @

�
�

5{5 . 5|5

�
+{ frv � . | vlq �,

E5 @

�
�

5{5 . 5|5

�
+| frv � � { vlq �,

E6 @ 3
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H4 @
{+n . � vlq �, . |+o � � frv �,

5{5 . 5|5

H5 @
|+n . � vlq �,� {+o � � frv �,

5{5 . 5|5

H6 @ 3

E4 @
|+�n . � vlq �, . {+o . � frv �,

5{5 . 5|5

E5 @
�{+�n . � vlq �, . |+o . � frv �,

5{5 . 5|5

E6 @ 3

Qrwh wkdw doo ri wkhvh vroxwlrqv kdyh vlqjxodulwlhv dw {5 . |5 @ 3 / zklfk
vxjjhvwv wkdw wkh hohfwurpdjqhwlf �hog pljkw eh fuhdwhg e| d fkdujh dw wkh
ruljlq ru dorqj wkh }0d{lv1

71; Vxejurxs jhqhudwhg e| ��/ �� dqg ��

Zh frqvwuxfw d wkuhh0glphqvlrqdo vxejurxs xvlqj wkh jhqhudwruv x4/ y4 dqg y61
E| wkh dojrulwkp/ zh h{shfw wkdw d wkuhh glphqvlrqdo vxejurxs zloo holplqdwh
wkuhh yduldeohv iurp rxu v|vwhp ri htxdwlrqv/ wkxv uhvxowlqj lq d v|vwhp ri
ruglqdu| gl�huhqwldo htxdwlrqv1

Zh fkrrvh rxu lqyduldqwv dv iroorzv=

� @ w� }

� @
s

+H4,5 . +H5,5

� @ �5+w. }, . dufwdq+
H5

H4
,

h6 @ H6

� @
s

+E4,5 . +E5,5

! @ �5+w. }, . dufwdq+
E5

E4
,

e6 @ E6

Vroylqj iru rxu ruljlqdo ghshqghqw yduldeohv/ zh rewdlq=

H4 @ � frv+� . 5+w. },,

H5 @ � vlq+� . 5+w. },,

H6 @ h6

E4 @ � frv+*. 5+w. },,

E5 @ � frv+*. 5+w. },,

E6 @ e6

Dvvxplqj wkdw �> �> �> * duh qhz yduldeohv ghshqghqw rq �/ zh frpsxwh wkh
sduwldo ghulydwlyhv dqg vxevwlwxwh wkhp lqwr Pd{zhoo*v Htxdwlrqv1

Wkh glyhujhqfh htxdwlrqv |lhog
Ch6

C�
@ 3 dqg

Ce6

C�
@ 3=
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Diwhu vrph dojheudlf pdqlsxodwlrq/ wkh fxuo htxdwlrqv |lhog

� frv� @ �� vlq� � vlq� @ � frv� +76,

dqg

3 @ frv�
C�

C�
� � vlq�

C�

C�
� vlq�

C�

C�
� � frv�

C*

C�
+77,

3 @ vlq�
C�

C�
. � frv�

C�

C�
. frv�

C�

C�
� � vlq�

C*

C�
+78,

3 @ vlq�
C�

C�
. � frv�

C�

C�
. frv�

C�

C�
� � vlq�

C*

C�
+79,

3 @ � frv�
C�

C�
. � vlq�

C�

C�
. vlq�

C�

C�
. � frv�

C*

C�
+7:,

zkhuh � @ � . 5+w. },> � @ *. 5+w. },=

Vtxdulqj +76, dqg vxpplqj wkh uhvxowv jlyhv � @ 	�/ vr zh jhw

frv� @ � vlq� +7;,

vlq� @ frv� +7<,

iurp zklfk zh jhw
� @ � . �

5
dqg � @ *. �

5
=

Iurp +77, wkurxjk +7<,/ zh jhw vlq�C�.� frv�C� @ 3 @, C� @ C� @ 3
� frv�C�. � vlq�C� @ 3

Wkxv/ zh rewdlq wkh iroorzlqj vroxwlrqv/ zlwk �> � frqvwdqw=

H4 @ � frv+� . 5+w. },,

H5 @ � vlq+� . 5+w. },,

H6 @ frqvwdqw

E4 @ � vlq+� . 5+w. },,

E5 @ �� frv+� . 5+w. },,

E6 @ frqvwdqw

Zh revhuyh wkdw wklv vroxwlrq ghvfulehv d flufxoduo| srodul}hg sodqh zdyh
sursdjdwhg lq wkh qhjdwlyh } gluhfwlrq1 Wklv vroxwlrq lv lqyduldqw xqghu wkh
v|pphwulhv ghvfulehg e| wkh jhqhudwruv ri wkh vxejurxs= urwdwlrq derxw wkh
}0d{lv/ vsdwldo wudqvodwlrq dorqj {> |> }/ dqg wlph wudqvodwlrq1

44<



8 Frqfoxvlrq

Zh kdyh shuiruphg v|pphwu| uhgxfwlrq rq Pd{zhoo*v htxdwlrqv xqghu ydulrxv
Srlqfduì vxejurxsv ri glphqvlrqv rqh/ wzr/ dqg wkuhh1 Zh kdyh frqvwuxfwhg
vhyhudo sk|vlfdoo| uhohydqw dqg lqwhuhvwlqj vroxwlrqv/ lqfoxglqj srwhqwldo dssol0
fdwlrqv wr wkh Jrxuvdw sureohp1 Zh dovr revhuyh wkdw wkh w|sh ri d v|vwhp ri
sduwldo gl�huhqwldo htxdwlrqv fdq fkdqjh xqghu v|pphwu| uhgxfwlrq1

Lw fdq eh qrwhg wkdw diwhu shuiruplqj v|pphwu| uhgxfwlrq/ wkh uhvxowlqj uh0
gxfhg htxdwlrqv pljkw kdyh qhz v|pphwulhv qrw suhvhqw lq wkh ruljlqdo v|vwhp1
Lq wklv fdvh/ lw pljkw eh lqvwuxfwlyh wr shuirup ixuwkhu v|pphwu| uhgxfwlrq/ hv0
shfldoo| li wkh uhgxfhg v|vwhp fdqqrw eh vroyhg xvlqj vwdqgdug phwkrgv1 Vxfk
pxowlsoh dssolfdwlrqv ri wkh v|pphwu| uhgxfwlrq surfhvv kdv qrw ehhq zhoo vwxg0
lhg xs wr wkh suhvhqw/ dqg pljkw surgxfh lqwhuhvwlqj uhvxowv1
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