
Fodvvl�fdwlrq ri Sodqh Fxuyhv

Vdudk Jxogh Ruhjrq Vwdwh Xqlyhuvlw|

Dgylvru= Surihvvru Mxkd Srkmdqshowr

QVI vsrqvruhg UHX surjudp Ruhjrq Vwdwh Xqlyhuvlw|

Dxjxvw 46/ 4<<<

Devwudfw

Wkh fodvvl�fdwlrq ri fxuyhv lq wkh sodqh lv d zlgh0rshq sureohp1 Zkloh

wklv wrslf kdv ehhq dgguhvvhg lq wkh sdvw/ qhz uhvhdufk lqwr wkh xvh ri

wrsrorjlfdo lqyduldqwv kdv vkhg pxfk oljkw rq wkh vxemhfw1 Zh foduli|

uhfhqw uhvhdufk dqg jlyh qhz shuvshfwlyhv1 Zh dovr suhvhqw d wdeoh ri

fxuyhv zlwk h{wuhpdo ydoxhv ri wkh lqyduldqwv1

4 Lqwurgxfwlrq

Wkh �uvw v|vwhpdwlf dwwhpsw wr fodvvli| sodqh fxuyhv zdv fduulhg rxw e| K1
Zklwqh| lq 4<6: ^6`1 Kh zdv deoh wr fodvvli| lvrwrs| fodvvhv ri fxuyhv e| wkh
urwdwlrq lqgh{1 Iru h{dpsoh/ hdfk ri wkh iroorzlqj fxuyhv kdyh urwdwlrq lqgh{
5/ vr wkh| fdq eh ghiruphg lqwr hdfk rwkhu1

Doo wkuhh ri wkhvh fxuyhv kdyh lqgh{ @ 51

Dgydqfhv lq nqrw wkhru| pdnh lw qdwxudo wr frqvlghu htxlydohqfh ri fxuyhv xq0
ghu dpelhqw gl�hrprusklvpv dqg uhsdudphwul}dwlrqv ri fxuyhv1 Wklv txhvwlrq
kdv ehhq uhfhqwo| wuhdwhg e| Duqrog djdlq lq ^5`1 Kh dssurdfkhv wkh fodvvl�0
fdwlrq txhvwlrq e| frqvlghulqj wkuhh lqyduldqwv iru vxfk fxuyhv/ zklfk kh fdoov
Vw/ M./ M�1 Zkloh wkhvh lqyduldqwv duh zhoo0gh�qhg lq wkh htxlydohqfh fodvvhv
ri fxuyhv/ lw wxuqv rxw wkdw wkh| idlo wr glvwlqjxlvk ehwzhhq gl�huhqw fodvvhv ri
fxuyhv1 Lq idfw/ rqh fdq hdvlo| �qg qrq0htxlydohqw fxuyhv ri wzr grxeoh srlqwv
zlwk wkh vdph ydoxhv ri wkh lqyduldqwv1 Wkh fodvvl�fdwlrq ri doo sodqh fxuyhv
dsshduv wr eh d iruplgdeoh sureohp1 Suhvhqwo|/ lw lv qrw hyhq nqrzq zkhwkhu
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wkh jhqhudo fodvvl�fdwlrq sureohp fdq eh frpsohwho| vroyhg e| vroho| frqvlghulqj
vrph vruw ri orfdo lqyduldqwv1

Erwk ri wkhvh fxuyhv kdyh Vw @ 6/ M. @ 09/ M� @ 0431

Dlfdugl/ lq ^4`/ frqvlghuv wkh vlpsohu sureohp ri fodvvli|lqj wkh vr0fdoohg
wuhh0olnh fxuyhv/ zklfk fdq eh xqltxho| uhsuhvhqwhg e| d sodqdu judsk1

D wuhh0olnh fxuyh dqg wkh dvvrfldwhg sodqdu judsk1

Rqh fdq vhh wkdw wkh fruuhvsrqghqfh ehwzhhq wuhh0olnh fxuyhv dqg sodqdu
judskv lv qrw elmhfwlyh1 Frqvhtxhqwo|/ wkh vrxjkw0diwhu fodvvl�fdwlrq ri doo wuhh0
olnh fxuyhv vwloo idlov1 Krzhyhu/ zlwk wkh khos ri wkh sodqdu judskv/ Dlfdugl
lv deoh wr ghvfuleh wuhh0olnh fxuyhv zlwk wkh pd{lpxp ru plqlpxp ydoxhv ri
ydulrxv frpelqdwlrqv ri wkh wkuhh lqyduldqwv1

Wkh exon ri wklv sdshu lv ghyrwhg wr wkh fodul�fdwlrq ri wkh ghwdlov lq wkh
sdshuv e| Y1L1 Duqrog ^5`/ dqg e| I1 Dlfdugl ^4`1 Ixuwkhupruh/ zh suhvhqw
d qryho phwkrg iru frpsxwlqj wkh vwudqjhqhvv lqyduldqw ri d fxuyh xvlqj wkh
Vhlihuw*v flufohv dvvrfldwhg zlwk wkh fxuyh1 Zh dovr fodvvli| doo wuhh0olnh fxuyhv
ri pd{lpxp dqg plqlpxp ydoxhv ri doo ri wkh wkuhh lqyduldqwv/ Vw/ M�/ dqg M./
xs wr �yh furvvlqjv1 Lw dsshduv wkdw wklv fodvvl�fdwlrq kdv qrw dsshduhg lq wkh
olwhudwxuh ehiruh1

5 Suholplqdulhv

Lq wklv vhfwlrq zh suhvhqw d ihz edvlf gh�qlwlrqv shuwdlqlqj wr sodqh fxuyhv1

Gh�qlwlrq 4 D fxuyh lv d vprrwk pdsslqj ri d flufoh wr d sodqh zkrvh ghulyd0
wlyh ydqlvkhv qrzkhuh1
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D fxuyh dqg d qrq0fxuyh1

Gh�qlwlrq 5 D grxeoh srlqw lv wkh lpdjh ri wzr glvwlqfw srlqwv rq wkh flufoh/
zlwk wkh surshuw| wkdw wkh wdqjhqw yhfwruv duh glvwlqfw1

Gh�qlwlrq 6 D jhqhulf fxuyh lqwhuvhfwv lwvhoi rqo| lq grxeoh srlqwv1

D jhqhulf fxuyh dqg d qrq0jhqhulf fxuyh1

Gh�qlwlrq 7 Wzr fxuyhv duh htxlydohqw li wkh| duh htxdo xs wr dpelhqw gl�hr0
prusklvp1

Wkv phdqv wkdw wzr fxuyhv duh htxlydohqw li wkhuh lv qr grxeoh furvvlqjv duh
fuhdwhg ru holplqdwhg/ dqg qr wulsoh srlqwv duh fuhdwhg1

6 Wkh Lqyduldqwv

Duqrog fodvvl�hv wkh fxuyhv e| xvlqj wkuhh lqyduldqwv= Vw +vwudqjhqhvv,/ M./ dqg
M�1 +Iru surriv ri wkh h{lvwhqfh ri wkhvh lqyduldqwv/ vhh ^5`1, Li wzr fxuyhv
kdyh wkh vdph lqyduldqwv/ wkh| duh qrw qhfhvvdulo| htxlydohqw/ exw li wkh| kdyh
gl�huhqw lqyduldqwv/ wkh| duh gh�qlwho| qrw htxlydohqw1
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614 Wkh edvlf pryhv

Dffruglqj wr Duqrog ^5`/ rqo| wulsoh srlqwv dqg vhoi0wdqjhqflhv duh qhhghg wr
pryh ehwzhhq jhqhulf fxuyhv1 Wkhvh vshfldo srlqwv duh sdvvhg wkurxjk e| wkh
iroorzlqj pryhv=

Uhpdun 8 D M	 pryh lv srvlwlyh li wkh qxpehu ri grxeoh srlqwv lqfuhdvhv/ dqg
qhjdwlyh li wkh qxpehu ghfuhdvhv1 D Vw pryh lv srvlwlyh li wkh qhzeruq wuldqjoh
lv srvlwlyh/ dqg qhjdwlyh li wkh qhzeruq wuldqjoh lv qhjdwlyh1

61414 Wuldqjohv

Gh�qlwlrq 9 D ydqlvklqj2qhzeruq wuldqjoh lv d wuldqjoh iruphg e| wkuhh eudqfkhv
ri d fxuyh ehiruh2diwhu d Vw pryh1

Wr �qg wkh vljq ri d wuldqjoh/ ohw { eh d vwduwlqj srlqw rq wkh fxuyh zklfk lv
qrw rq wkh wuldqjoh1 Dv wkh fxuyhv wudyhov iurp { durxqg wkh fxuyh/ lw rulhqwv
wkh wuldqjoh e| wkh rughu ri lwv ylvlwv wr wkh wkuhh vlghv1 Wkh vlghv ri wkh wuldqjoh
duh rulhqwhg lq wkh gluhfwlrq wkh fxuyh lv wudyholqj dv lw ylvlwv hdfk rqh1 Ohw t
@ wkh qxpehu ri vlghv zkrvh rulhqwdwlrq djuhhv zlwk wkdw ri wkh wuldqjoh1

Gh�qlwlrq : Wkh vljq ri d wuldqjoh lv +04,t1
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Iljxuh 4=

Wkh vljqv ri ydulrxv wuldqjohv1

615 Shuhvwurlndv

Gh�qlwlrq ; D shuhvwurlnd lv d frpelqdwlrq ri edvlf pryhv1

Wkh F +frqfrugdqw, shuhvwurlnd dqg wkh G +glvfrugdqw, shuhvwurlnd1

616 Wkh edvlf lqyduldqwv

Wkh vwdqgdug fxuyhv Nl duh uhsuhvhqwdwlyhv ri wkh fxuyhv zlwk lqgh{ l1

Gh�qlwlrq < Wkh edvlf lqyduldqwv Vw/ M. dqg M� ri sodqh fxuyhv duh gh�qhg
e| wkh ydoxhv ri wkh vwdqgdug pryhv dqg ri wkh ydoxhv dw wkh vwdqgdug fxuyhv/ dv
vkrzq ehorz1
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H{dpsoh 43 Jlyhq d fxuyh F zlwk lqgh{ l/ wkh lqyduldqwv duh irxqg e| vxvlqj
wkh edvlf pryhv wr ghirup wkh vwdqgdug fxuyh Nl wr wkh jlyhq fxuyh1 Wkh ydoxhv
ri wkh pryhv duh dgghg wr wkh ydoxhv ri Nl wr jhw wkh lqyduldqwv1

Wudqviruplqj N4 wr d ghvluhg fxuyh lq rughu wr fdofxodwh wkh lqyduldqwv1

Uhpdun 44 Wkh ydoxhv ri M. dqg M� duh fkrvhq vxfk wkdw M. @ wkh lqfuhdvh
lq grxeoh srlqwv/ dqg M� @ wkh ghfuhdvh lq grxeoh srlqwv1 Khqfh M

.
� M

�

@ q=

7 Lqgh{

Gh�qlwlrq 45 Wkh lqgh{ ri d fxuyh lv wkh urwdwlrq qxpehu ri wkh wdqjhqw yhf0
wru1

Wkh judskv ri wkh wdqjhqw yhfwruv ri wzr fxuyhv1

714 Zklwqh|*v Wkhruhp

Zklwqh|*v fodvvlfdo wkhruhp pdnhv srvvleoh doo vxevhtxhqw zrun rq sodqh fxuyhv1

Wkhruhp 46 +Zklwqh|*v Wkhruhp, Fxuyh D pd| eh ghiruphg lqwr fxuyh E li
dqg rqo| li D dqg E kdyh wkh vdph lqgh{1
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Gh�qlwlrq 47 Dq rulhqwhg vxujhu| lv d fkdqjh rq d vpdoo qhljkerukrrg ri hdfk
furvvlqj/ vkrzq ehorz=

Wkh rulhqwdwlrq ri hdfk eudqfk lv suhvhuyhg exw wkh furvvlqj lv holplqdwhg1

Uhpdun 48 Zkhq doo doo furvvlqjv kdyh ehhq holplqdwhg/ wkh Vhlihuw*v flufohv
ri wkh jlyhq fxuyh dsshdu1

Ohppd 49 Wkh lqgh{ ri dq rulhqwhg fxuyh lv htxdo wr wkh gl�huhqfh ehwzhhq
wkh qxpehu ri srvlwlyh dqg qhjdwlyh Vhlihuw*v flufohv1

Wkh gl�huhqfh khuh lv 4/ jlylqj lqg @ 41

Surri1 Lw lv hdv| wr revhuyh wkdw wkh vxp ri wkh lqglfhv ri wkh fxuyhv diwhu
dq rulhqwhg vxujhu| dw rqh furvvlqj lv htxdo wr wkh lqgh{ ri wkh ruljlqdo fxuyh=
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Wkhq wkh ohppd iroorzv iurp wkh idfw wkdw wkh lqgh{ ri d vlpsoh forvhg fxuyh
lv 	4 +.4 li rulhqwhg frxqwhu0forfnzlvh/ 04 li forfnzlvh1,

Gh�qlwlrq 4: Fkrrvh d vwduwlqj srlqw { rq wkh fxuyh dqg wudyho lq wkh gluhfwlrq
ri wkh wdqjhqw yhfwru1 D grxeoh srlqw rq wkh fxuyh lv srvlwlyh2qhjdwlyh zlwk
uhvshfw wr { li wkh �uvw dqg vhfrqg eudqfkhv ohdylqj wkh grxeoh srlqw rulhqw wkh
sodqh srvlwlyho|2qhjdwlyho|1

Uhpdun 4; D vlpsoh uljkw kdqg uxoh fdq eh xvhg wr odeho wkh furvvlqjv= Ohw
wkh �qjhuv srlqw lq wkh gluhfwlrq ri wkh �uvw eudqfk ohdylqj wkh furvvlqj1 Li wkh
wkxpe wkhq srlqwv lq wkh gluhfwlrq ri wkh vhfrqg rxwjrlqj eudqfk/ wkh furvvlqj
lv srvlwlyh> rwkhuzlvh/ lw lv qhjdwlyh1

Furvvlqj d lv srvlwlyh/ exw furvvlqj e lv qhjdwlyh1

Gh�qlwlrq 4< Wkh Zklwqh| ixqfwlrq gh�qhg dw ruglqdu| srlqwv ri d fxuyh lv
wkh gl�huhqfh ehwzhhq wkh qxpehuv z.+{, dqg z

�

+{, ri srvlwlyh dqg qhjdwlyh
grxeoh srlqwv zlwk uhvshfw wr {= z+{, @ z.+{,� z

�

+{,1

Gh�qlwlrq 53 l+{, lv wkh qxpehu ri kdoi0wxuqv ri wkh yhfwru frqqhfwlqj { wr d
srlqw | prylqj dorqj wkh fxuyh iurp { wr {1

l+{, iru wzr gl�huhqw srlqwv rq wkh vdph fxuyh1

Wkhruhp 54 Wkh ydoxh ri wkh Zklwqh| ixqfwlrq dw dq ruglqdu| +qrq0grxeoh,
srlqw ri d fxuyh lv z+{, @ l+{,� lqg1

Surri1 Wkh mxpsv +	5, ri z+{, dqg l+{, dv { furvvhv d grxeoh srlqw duh
htxdo=
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l+{, @ t . u/ dqg l+{3, @ t � u1 Wkh gl�huhqfh lv 5u @ 	51

Vlploduo|/ z+{, @ v. w/ dqg z+{3, @ v� w1 Wkh gl�huhqfh lv 5w @ 	51

Li u lv srvlwlyh +zlwk uhvshfw wr {,/ wkhq wkh furvvlqj w lv srvlwlyh1 Li u
lv qhjdwlyh/ wkhq wkh furvvlqj w lv qhjdwlyh1

Khqfh u @ w/ wkh mxpsv ri z+{, dqg l+{, duh htxdo/ dqg wkh gl�huhqfh
ehwzhhq wkhp lv lqghshqghqw ri { dqg lv dq lqyduldqw ri wkh fxuyh1

Zh qrz vkrz wkdw z+{, @ l+{,� n xqghu M.1 Vlqfh wkh gl�huhqfh ehwzhhq
z+{, dqg l+{, lv lqghshqghqw ri {/ rqo| rqh fdvh qhhgv wr eh fkhfnhg iru hdfk
pryh1

Wkh wzr qhz furvvlqjv duh srvlwlyh/ vr �z+{, @ .51
Wkh qhjdwlyh kdoi0fxuyh deryh { ehfrphv d srvlwlyh kdoi0fxuyh ehorz {/

vr �l+{, @ .51
Qh{w/ zh vkrz z+{, @ l+{,� n xqghu M�1
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Wkh wzr qhz furvvlqjv duh qhjdwlyh/ vr �z+{, @ �51
Wkh srvlwlyh kdoi0fxuyh deryh { ehfrphv d qhjdwlyh kdoi0fxuyh ehorz {/

vr �l+{, @ �51
Ilqdoo|/ z+{, @ l+{,� n xqghu Vw1

�l+{, @ 3/ dqg vlqfh wkh rughu dqg gluhfwlrq ri wkh ylvlwv ri wkh furvvlqjv
duh suhvhuyhg/ �z+{, @ 3 dovr1

Wr frpsohwh wkh surri/ zh vkrz wkdw z+{, @ l+{, � lqg iru wkh vwdqgdug
fxuyhv=

l @ 3= lqg @ .4/ l+{, @ .4/ dqg z+{, @ 3 @ l+{,� lqg1
l A 3= lqg @ q.4/ l+{, @ .4/ dqg z+{, @ �q @ 4�+q.4, @ l+{,�lqg1
l ? 3= lqg @ 4�q/ l+{, @ .4/ dqg z+{, @ q @ 4� +4�q, @ l+{,� lqg1

Vlqfh wkh vwdwhphqw lv wuxh iru wkh vwdqgdug fxuyhv/ dqg xqghu wkh edvlf
pryhv/ lw lv wuxh iru dq| fxuyh1

Wkhruhp 55 Wkh lqgh{ ri dq lpphuvhg flufoh lv
S

%l.d/ zkhuh
S

%l @ �z+{,
dqg d @ l+{,1

Surri1 z+{, @ l+{,� lqg @, lqg @ �z+{, . l+{, @
S

%l . d1

Uhpdun 56 D olqh fdq eh gudzq vwduwlqj dw { zklfk lv qrupdo wr wkh fxuyh

dw {/ lqwhuvhfwv wkh fxuyh rqo| dw {/ dqg h{whqgv wr lq�qlw|1 Li wklv olqh dqg

wkh wdqjhqw yhfwru dw { rulhqw wkh sodqh srvlwlyho|/ wkhq l+{, @ .41 Rwkhuzlvh/

l+{, @ �41
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Zklwqh|*v ruljlqdo irupxod iru wkh lqgh{ ri d fxuyh/ +Q.
�Q.,.�> uhyhuvhv

wkh gh�qlwlrqv ri srvlwlyh +Q., dqg qhjdwlyh +Q�, furvvlqjv1 Wklv pdnhv
+Q.

� Q., htxdo wr
S

%l1 Dq h{whuqdo srlqw lv wkhq fkrvhq vxfk wkdw wkh
fxuyh lv hqwluho| lqvlgh rqh ri wkh kdoi sodqhv fuhdwhg e| wkh wdqjhqw yhfwru
dw wkdw srlqw1 � @ 	4 ghshqglqj rq zkhwkhu wkh fxuyh lv lq wkh srvlwlyh ru
qhjdwlyh kdoi0sodqh/ zkhuh wkh wdqjhqw yhfwru lv ylhzhg dv d srvlwlyh {0d{lv1
Wklv lv htxlydohqw wr wkh phwkrg ri ghwhuplqlqj l+{, lq wkh uhpdun deryh1

8 Kdoi0lqglfhv

Lqglfhv ri wkh grxeoh srlqwv duh d �orfdo� zd| wr fdofxodwh frpelqdwlrqv ri wkh
edvlf lqyduldqwv1

Gh�qlwlrq 57 Wkh kdoi lqgh{ lm ri d grxeoh srlqw lv wkh dqjoh ri urwdwlrq ri wkh

yhfwru iurp wkdw srlqw wr d srlqw prylqj dorqj eudqfk m iurp wkh grxeoh srlqw

wr lwvhoi/ glylghg e| �@51

Gh�qlwlrq 58 Wkh lqgh{ ri d grxeoh srlqw lv wkh gl�huhqfh l @ l4 � l5/ zkhuh
eudqfkhv 4 dqg 5 duh odehoohg vxfk wkdw wkh| rulhqw wkh sodqh srvlwlyho|1

Wkhruhp 59 Wkh frpelqdwlrqv L	 @ M	 . 6Vw ri wkh edvlf lqyduldqwv ri d

jhqhulf fxuyh duh htxdo wr wkh vxpv ri wkh lqglfhv ri doo wkh grxeoh srlqwv rq wkh

fxuyh= L	 @

S
+l	 5,

7
1

Surri1 L	 @

S
+l	 5,

7
@, L	 @ 4

7

S
l	 q

5
1

Wuxh iru wkh vwdqgdug fxuyhv=
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lqg � 3= l iru hdfk furvvlqj lv l @ l4 � l5 @ 6� 4 @ 51
L	 @ 4

7

S
l	 q

5
@ 4

7
+5q,	 q

5
@ q

5
	 q

5
1

Wkhq L. @ q/ L� @ 31
Vw @ q> M. @ �5q dqg M� @ �6q e| gh�qlwlrq1

Wkhq L. @ �5q. 6q @ q> dqg L� @ �6q. 6q @ 31

lqg � 3= l iru hdfk furvvlqj lv l @ l4 � l5 @ �4� 4 @ �51
L	 @ 4

7

S
l	 q

5
@ 4

7
+�5q,	 q

5
@ �q

5
	 q

5
1

Wkhq L. @ 3/ L� @ �q1
Vw @ 3> M. @ 3 dqg M� @ �q e| gh�qlwlrq1

Wkhq L. @ 3 . 6+3, @,> dqg L� @ �q. 6+3, @ �q1

Wuxh iru wkh edvlf pryhv=

Xqghu d srvlwlyh M. pryh/ �L	 @ �+M	 . 6Vw, @ 5 iru L./ 3 iru L�1

Wkh M. pryh fuhdwhv wzr qhz srlqwv D dqg E1

�L	 @ �+4
7

S
l	 q

5
, @ 4

7
+lD.lE,	4 @

4

7
++lD4�lD5,.+lE4�lE5,,	4 @

4

7
++lD4 � lE5, . +lE4 � lD5,,	 4=
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D4 dqg E5 vwduw rxw zlwk wkh vdph dqjohv ri urwdwlrq/ exw diwhu sdvvlqj

D/ E5 jrhv wkurxjk dq h{wud qhjdwlyh kdoi0wxuq1 Wklv jlyhv +lD4 � lE5, @
s� +s� 5, @ 5=

Vlploduo|/ E4 dqg D5 vwduw rxw zlwk wkh vdph dqjohv ri urwdwlrq/ exw diwhu

sdvvlqj E/ D5 jrhv wkurxjk dq h{wud qhjdwlyh kdoi0wxuq1 Wklv jlyhv +lE4�lD5, @
s� +s� 5, @ 5= Wkhq �L	 @ 4

7
++lD4 � lE5, . +lE4 � lD5,,	 4 @ 4	 4 @ 5 iru

L.> 3 iru L�1

Xqghu d srvwlyh M� pryh/ �L	 @ �+M	 . 6Vw, @ 3 iru L./ 5 iru L�1

Wkh M� pryh fuhdwhv wzr qhz srlqwv D dqg E1 �L	 @ �+4
7

S
l	 q

5
, @

4

7
+lD.lE,	4 @

4

7
++lD4�lD5,.+lE4�lE5,,	4 @

4

7
++lD4�lE5,.+lE4�lD5,,	4=

E4 dqg D5 vwduw rxw zlwk wkh vdph dqjohv ri urwdwlrq/ exw diwhu sdvvlqj

E/ D5 jrhv wkurxjk dq h{wud srvlwlyh kdoi0wxuq1 Wklv jlyhv +lE4 � lD5, @
s� +s. 5, @ �5=
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Vlploduo|/ D4 dqg E5 vwduw rxw zlwk wkh vdph dqjohv ri urwdwlrq/ exw

diwhu sdvvlqj D/ E5 jrhv wkurxjk dq h{wud srvlwlyh txduwhu0wxuq1 Wklv jlyhv

+lD4� lE5, @ s� +s.5, @ �5= Wkhq �L	 @ 4

7
++lD4� lE5,.+lE4� lD5,,	 4 @

�4	 4 @ 3 iru L./ 5 iru L=

Wkh surri iru Vw pryhv lv fkhfnhg e| h{dpsoh/ exw wklv lv ohiw dv dq

h{huflvh iru wkh uhdghu1

Vlqfh wkh irupxod lv wuxh iru wkh vwdqgdug fxuyhv dqg wkh edvlf pryhv/ lw lv

wuxh iru doo jhqhulf fxuyhv1

9 Vxpv

914 Frqqhfwhg Vxpv

Gh�qlwlrq 5: Wkh frqqhfwhg vxp ri wzr fxuyhv/ rqh lq hdfk kdoi ri wkh sodqh/

lv gh�qhg e| dgglqj d eulgjh ehwzhhq wkh wzr fxuyhv zklfk lqwhuvhfwv wkh fxuyhv

rqo| dw lwv hqgsrlqwv=

Uhpdun 5; Wkh frqqhfwhg vxp ri fxuyhv lv qrw dq rshudwlrq/ vlqfh wkhuh pd|

h{lvw pdq| gl�huhqw eulgjhv ehwzhhq wzr fxuyhv1

Wkh edvlf lqyduldqwv/ krzhyhu/ duh dgglwlyh xqghu dq| fkrlfh ri wkh eulgjh1

Wkh vwdqgdug fxuyhv duh frqqhfwhg vxpv ri N5=

Nl.4 @ lN5 +l � 3,
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Nl.4 @ �lN3 +l � 3,

Wkhuh duh dovr irupxodv iru frpsxwlqj vxpv ri wkh vwdqgdug fxuyhv=

Nl.4 .Nm.4 @ N4.+l.m, +l � 3,

Nl.4 .Nm.4 @ N4�+l.m, +l � 3,

Wkhruhp 5< Doo wkuhh edvlf lqyduldqwv duh dgglwlyh xqghu wkh frqqhfwhg vxp1

Surri1 Lw lv reylrxv iurp wkh gh�qhg ydoxhv ri Vw iru wkh vwdqgdug fxuyhv

wkdw Vw lv dgglwlyh ehwzhhq N5 fxuyhv> dqg ehwzhhq N3 fxuyhv=

Ehwzhhq wkh wzr/ wkh G shuhvwurlnd vkrzv wkdw Vw lv dovr dgglwlyh1

Vlqfh dq| vwdqgdug fxuyh lv wkh vxp ri N5 ru N3/ Vw lv dgglwlyh ehwzhhq dq|

wzr vwdqgdug fxuyhv1

Wr vkrz wkdw Vw lv dgglwlyh ehwzhhq dq| wzr fxuyhv/ frqvlghu wkh fdvh Fl .
Fm @ Fs/ zkhuh Fd kdv lqgh{ d1
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Iljxuh 5=

Ghirup wkh fxuyh Ns/ wkh vwdqgdug fxuyh zlwk wkh vdph lqgh{ dv Fs/ wr Fs=

Zh qrz vkrz wkdw Vw+Fl, . Vw+Fm, @ Vw+Fs,=
Iurp wkh gh�qlwlrq ri Vw/ Vw+Nl,.�Vw+Nl, @ Vw+Fl, dqg Vw+Nm,.�Vw+Nm, @

Vw+Fm,1 Wklv jlyhv Vw+Fl,.Vw+Fm, @ ^Vw+Nl,.�Vw+Nl,`.^Vw+Nm,.�Vw+Nm,` @
^Vw+Nl, . Vw+Nm,` . ^�Vw+Nl, . �Vw+Nm,`1

Iurp deryh/ Vw+Nl,.Vw+Nm, @ Vw+Ns,1 Vlqfh wkh Vw pryhv d�hfw rqo| rqh

vlgh ri wkh fxuyh/ �Vw+Nl, . �Vw+Nm, @ �Vw+Ns,1 Khqfh/ Vw+Fl, . Vw+Fm, @
Vw+Ns, . �Vw+Ns, @ Vw+Fs,1

Iru M	/ uhfdoo wkh vxp L	 @ M	 . 6Vw @

S
+l	 5,

7
1

Wklv lpsolhv M	 @

S
+l	 5,

7
� 6Vw @

4

7

S
l	

q

5
� 6Vw1

Vw dqg q duh dgglwlyh/ vr lw rqo| uhpdlqv wr vkrz wkdw wkh lqglfhv ri wkh

grxeoh srlqwv duh

dgglwlyh1

Lq idfw/ wkh fxuyh rq wkh ohiw zloo qrw d�hfw wkh rqh rq wkh uljkw/ dqg ylfh

yhuvd/ vlqfh wkh

fxuyh fdq eh frqwudfwhg wr d vpdoo hqrxjk vl}h wkdw lw grhv qrw d�hfw

wkh kdoi0lqglfhv1
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Qrz/ M	+Fl,.M	+Fm, @
4

7

S
l+Fl,	

q+Fl,

5
�6Vw+Fl,.

4

7

S
l+Fm,	

q+Fm,

5
�

6Vw+Fm, @
4

7
+
S

l+Fl, .
S

l+Fm,, 	
4

5
+q+Fl, . q+Fm,, � 6+Vw+Fl, . Vw+Fm,, @

4

7

S
l+Fs,	

4

5
q+Fs,� 6Vw+Fs, @ M

	+Fs,1

915 Vwudqjh Vxpv

Gh�qlwlrq 63 Wkh vwudqjh vxp ri wzr fxuyhv/ rqh lq hdfk kdoi ri wkh sodqh/ lv

gh�qhg e| d vhjphqw mrlqlqj wkhp vxfk wkdw wkh jlyhq fxuyhv rulhqw wkh vhjphqw

gl�huhqwo| dw wkh hqgsrlqwv1 Wr jhw wkh qhz fxuyh/ grxeoh wkh vhjphqw dv vkrzp

ehorz=

Wkhruhp 64 Wkh lqyduldqw Vw lv dgglwlyh xqghu vwudqjh vxppdwlrq ri lpphu0
vlrqv1

Surri1 Wkh vwudqjh vxp lv uhgxfhg wr wkh frqqhfwhg vxp li �uvw dsshqglfhv
duh sxvkhg iurp hdfk fxuyh wrzdug wkh rwkhu=

Wkh dsshqglfhv gr qrw fuhdwh dq| wulsoh srlqwv/ dqg wkhuhiruh gr qrw fkdqjh
wkh ydoxh ri Vw1

Wkh fxuyhv zlwk dsshqglfhv duh wkhq dgghg xvlqj wkh frqqhfwhg vxp1

Uhpdun 65 Wkh dsshqglfhv duh fuhdwhg e| srvlwlyh M
	 pryhv1 Wklv suhyhqwv

M	 iurp ehlqj lqyduldqw xqghu wkh frqqhfwhg vxp=
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: Wuhh0olnh fxuyhv

Dlfdugl uhgxfhv wkh sureohp ri fodvvli|lqj fxuyhv e| rqo| doorzlqj wkh wuhh0olnh
fxuyhv1 Wkh wuhh0olnh fxuyhv duh ri lqwhuhvw ehfdxvh wkh| duh �vlpsohu� wkdq
qrq0wuhh0olnh fxuyhv 0 pdq| surriv wkdw duh doo exw lpsrvvleoh rq qrq0wuhh0olnh
fxuyhv duh dwwdlqdeoh rq wkhvh fxuyhv1

Gh�qlwlrq 66 D jhqhulf fxuyh lv wuhh0olnh li hyhu| grxeoh srlqw glylghv lw lqwr
wzr orrsv kdylqj qr rwkhu frpprq srlqwv1

D wuhh0olnh dqg d qrq0wuhh0olnh fxuyh1

Ohppd 67 Wkh qxpehu ri Vhlihuw*v flufohv iru d jlyhq fxuyh lv q . 41

Surri1 Wkh fxuyh ehjlqv dv d vlqjoh orrs1 Hdfk rulhqwhg vxujhu| euhdnv r�
dqrwkhu orrs/ vr diwhu q rulhqwhg vxujhulhv wkhuh duh q.4 orrsv/ hdfk d Vhlihuw*v
flufoh1

Gh�qlwlrq 68 Wkh idwkhu ri d qrq0h{whuqdo orrs O lv wkh odvw orrs rq wkh sdwk
iurp wkh qhduhvw h{whuqdo orrs wr O1

Wkh idwkhu ri e lv d/ wkh idwkhu ri h lv g/ dqg wkh idwkhu ri g lv f1 Wkh idwkhu ri
erwk d dqg f lv wkh h{whuqdo orrs1
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Uhpdun 69 Wkhuh duh pdq| wkhruhpv zklfk fdq eh suryhg rq wuhh0olnh fxuyhv1
Iru h{dpsoh/ Dlfdugl suryhv wkdw M. . 5Vw @ 3 iru doo wuhh0olnh fxuyhv1

Rqh fdq frqvlghu M. . 5Vw @ 3 wr eh d �}hur� ri jhqhulf fxuyhv 0 wkh
dprxqw e| zklfk d fxuyh*v lqyduldqwv gl�hu iurp wklv ydoxh ehlqj d phdvxuh ri
lwv ghyldwlrq iurp d wuhh0olnh fxuyh1

:14 D0Wuhhv

Wr vlpsoli| wkh sureohp ri fodvvl�fdwlrq/ Dlfdugl gh�qhv vwuxfwxuhv fdoohg D0
wuhhv zklfk uhsuhvhqw hdfk wuhh0olnh fxuyh ^4`1

Gh�qlwlrq 6: Dq D0wuhh frqvlvwv ri wkuhh frpsrqhqwv=
d, W 0 wkh wuhh
e, I 0 wkh vxewuhh ri h{whulru orrsv
f, f 0 wkh fkdudfwhu ixqfwlrq/ gh�qhg dv iroorzv=

l, f+y, @ 04 li y 5 I lv dq h{whulru yhuwh{
ll, f+y, @ 4 li wkh dvvrfldwhg orrs ri y olhv lqvlgh lwv idwkhu
lll, f+y, @ 04 li wkh dvvrfldwhg orrs ri y olhv rxwvlgh lwv idwkhu

D jlyhq fxuyh/ lwv wuhh zlwk I lqglfdwhg lq wkh eodfn yhuwlfhv/ dqg lwv fkdudfwhu

ixqfwlrq1

Uhpdun 6; Vlqfh hdfk yhuwh{ uhsuhvhqwv d orrs/ lw iroorzv wkdw wkh qxpehu ri
yhuwlfhv iru d jlyhq fxuyh lv q . 41

Gh�qlwlrq 6< Wkh w ixqfwlrq rq d jlyhq D0wuhh lv gh�qhg dv iroorzv/ zkhuh
i+y, ghqrwhv wkh idwkhu ri y=

d, w+y, @ 3 li y 5 I

e, w+y, @ w+i+y,, . 4 li y olhv lqvlgh lwv idwkhu
f, w+y, @ 0w+i+y,, li y olhv rxwvlgh lwv idwkhu
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Wkh fkdudfwhu ixqfwlrq dqg wkh w ixqfwlrq iru wkh fxuyh deryh1

Dlfdugl jrhv rq wr suryh wkdw Vw @
S

w+y,/ M. @ �5Vw> dqg M� @ �5Vw�q=

Wklv ohdgv wr wkh iroorzlqj wkhruhp=

Wkhruhp 73 Wkh ydoxh ri Vw iru d jlyhq wuhh0olnh fxuyh fdq eh fdofxodwhg iurp
lwv Vhlihuw*v flufohv/ zkhuh v+u, lv wkh ydoxh ri d jlyhq flufoh/ dqg v+u3, wkh ydoxh
ri wkh flufoh zklfk hqforvhv lw=

d, Ohw wkh h{whuqdo flufohv hdfk kdyh d ydoxh ri v+u, @ 31
e, Li d flufoh kdv srvlwlyh rulhqwdwlrq/ ohw lw kdyh d ydoxh +v+u3, . 4,1
f, Li d flufoh kdv qhjdwlyh rulhqwdwlrq/ ohw lw kdyh d ydoxh �+v+u3, . 4,=
Wkhq Vw @

S
v+u,1 Ri frxuvh/ M. @ �5Vw dqg M� @ �5Vw� q iroorz iurp

M. . 5Vw @ 3 dqg M. � M� @ q1

Wkh odehoolqj v|vwhp ri wkh wkhruhp fruuhvsrqgv wr wkh odehoolqj ri wkh w

ixqfwlrq/ vr wkh surri lv rplwwhg1

:15 H{wuhpdo ydoxhv

Wzr h{dpsohv ri surriv wkdw duh gl!fxow wr suryh rq doo fxuyhv/ |hw uhodwlyho|

hdv| rq wuhh0olnh fxuyhv/ duh wkrvh ghdolqj zlwk h{wuhpdo ydoxhv ri wkh edvlf

lqyduldqwv1

Wkhruhp 74 Wkh pd{lpxp ydoxh ri Vw @ q+q.4,
5 dqg wkh plqlpxp ydoxhv ri

M. @ �q5 � 5q> M0 @ �q5 � q rffxu dw rqh dqg rqo| rqh wuhh0olnh fxuyh zlwk q
furvvlqjv1

Surri1 Iluvw zh zloo suryh Vwpd{ @
q+q.4,

5 e| lqgxfwlrq1

Iru n @ 4 furvvlqj/ wkhuh duh rqo| wzr srvvlelolwlhv1
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N3 kdv Vw @ 3/ dqgN5 kdv Vw @ 4= 4+4.4,5 @ 4=
Iru n @ q. 4 furvvlqjv/ vxssrvh rqh lv dw Vwpd{ iru q furvvlqjv1

Wkhq Vw @ q+q. 4,@5 @ 4 . 5 . ===. q=
Wkhuh lv rqo| rqh zd| wr jhw 4 . 5 . ===. q=

Zkhq rqh furvvlqj lv dgghg/ d qhz yhuwh{ dsshduv1 Wkh juhdwhvw

srvvleoh ydoxh iru wklv yhuwh{ lv ghvluhg/ wr pd{lpl}h Vw iru wkh qhz fxuyh1

Wkh juhdwhvw srvvleoh ydoxh lv q . 4/ zklfk rffxuv zkhq wkh qhz

yhuwh{ lv sodfhg dv iroorzv=

q+q.4,
5 . +q. 4, @ +q.4,+q.5,

5 @ Vwpd{ iru q. 4 furvvlqjv1

Qh{w/ ehfdxvh M..5Vw @ 3 iru doo wuhh0olnh fxuyhv/ dqg Vw � q+q.4,
5 / zh jhw

M. � �q5 � q=
Ilqdoo|/ vlqfh M. � M� @ q> M� � �q5 � 5q=

Wkhruhp 75 Ohw q @ 6g.u1 Wkh plqlpxp ydoxh ri Vw @ +�6g5.g�5ug,@5/
dqg lv dwwdlqhg dw

d, rqh wuhh0olnh fxuyh zlwk lqg @ 4� g li u @ 3
e, rqh wuhh0olnh fxuyh zlwk lqg @ �g li u @ 4
f, wzr wuhh0olnh fxuyhv zlwk lqg @ 4	 g li u @ 5
Rq wkhvh fxuyhv wkh pd{lpdo ydoxhv ri M	 duh uhdfkhg> wkh| duh M. @ 6g5�

g. 5ug dqg M� @ 6g5 � 7g. 5ug� u1

Surri1 Vlqfh Vw @
S

w+yl,/ wkh plqlpdo ydoxh ri Vw lv rewdlqhg dw dq D0wuhh

zkhuh wkh qhjdwlyh ydoxhv ri w+y, jlyh wkh pd{lpdo frqwulexwlrq1 Iurp wkh

gh�qlwlrq ri w+y,/ zh fdqqrw rewdlq yhuwlfhv zlwk w ? 3 zlwkrxw yhuwlfhv zlwk

w A 31 Wkh �uvw lghd wkdw frphv wr plqg lv wr dwwdfk dv pdq| qhjdwlyh yhuwlfhv

dv zh fdq wr d yhuwh{ zlwk srvlwlyh fkdudfwhu1

Vxssrvh zh kdyh n yhuwlfhv1 Wkh plqlpdo ydoxh ri w lv dwwdlqdeoh dw d

qhjdwlyh yhuwh{ zkrvh idwkhu y kdv d srvlwlyh dqg pd{lpdo ydoxh ri w1 Wklv

ydoxh rffxuv dw wkh odvw yhuwh{ ri d wuhh zlwk n � 4 yhuwlfhv zlwk pd{lpxp Vw/
dv lq wkh suhylrxv wkhruhp1 Xqghu wkhvh frqglwlrqv/ zh hqg xs zlwk dq D0wuhh

ri wkh irup=
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Iru wklv wuhh/ Vw @
q.+q. . 4,

5
�q.+q�, @

q.+q. . 4,

5
�q.+q�q

�

,/ dqg

lqg @ 4.q.�q� @ 4.5q.�q> zkhuh q.@q� @ wkh qxpehu ri srvlwlyh2qhjdwlyh
furvvlqjv1

Ohw p @ q. zkhq Vw lv dw lwv plqlpxp1 Wkhq Vwplq @
p+p. 4,

5
�p+q�

p,/ dqg lqg @ 4 . 5p� q1
Vroyh wkh �uvw htxdwlrq iru p wr jhw p @ 4

9
+
s
+5q� 4,5 . 57Vw	 +5q� 4,,=

Zkhq Vw lv dw d plqlpxp/ p @ wkh qhduhvw lqwhjhu wr 	4

9
+5q� 4,1

Vlqfh p ? q/ p lv wkh qhduhvw lqwhjhu wr 4

9
+5q� 4, @ q

6
�

4

9
1

Ohw q @ 6g. u1 Vrph vkruw fdfxodwlrqv jlyh wkh iroorzlqj wdeoh=
u lqg Vwplq M.pd{ M�pd{
3 4� g +�6g5 . g,@5 6g5 � g 6g5 � 7g
4 g +�6g5 � g,@5 6g5 . g 6g5 � 5g� 4
5 4	 g +�6g5 � 6g,@5 6g5 . 6g 6g5 � 5g

Wkh fruuhvsrqglqj D0wuhhv duh xqltxh xs wr lvrprusklvp1

Uhpdun 76 Wkh suhylrxv wkhruhp vlpsol�hv wkh fodvvl�fdwlrq ri wuhh0olnh fxuyhv

zlwk h{wuhpdo ydoxhv ri wkh lqyduldqwv1 Wkh fxuyhv zlwk pd{lpxp Vw duh doo lq

wkh irup ri frqfhqwulf orrsv1 Wr gudz wkh fxuyhv zlwk plqlpxp vwudqjhqhvv/

rqh fdq ghwhuplqh wkh qxpehu ri qhjdwlyh orrsv e| qrwlqj wkdw wkhuh duh q . 4
orrsv/ dqg wkdw wkh lqgh{ lv htxdo wr wkh qxpehu ri qhjdwlyh orrsv vxewudfwhg iurp

wkh qxpehu ri srvlwlyh orrsv1 Wkxv wkh qxpehu ri srvlwlyh orrsv lv 4

5
+q.4.lqg,>

dqg wkh qxpehu ri qhjdwlyh orrsv lv htxdo wr 4

5
+q.4� lqg,= Wkh srvlwlyh fxuyhv

duh gudzq �uvw/ dv rqh zrxog gudz d fxuyh zlwk pd{lpxp Vw1 Wkh qhjdwlyh

orrsv duh dwwdfkhg wr wkh lqqhuprvw srvlwlyh orrs1

D wdeoh ri wkh fxuyhv zlwk h{wuhpdo ydoxhv ri wkh edvlf lqyduldqwv1
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Uhihuhqfhv

41 I1 Dlfdugl/ Dsshqgl{ wr ^5`1
51 Y1 L1 Duqrog/ Sodqh fxuyhv/ wkhlu lqyduldqwv/ shuhvwurlndv/ dqg fodvvl�fd0

wlrqv1 Suhsulqw HWK ]ÿulfk1 Pd| 4<<61 8; sdjhv> Vlqjxodulwlhv dqg fxuyhv1
Dgydqfhv lq Vrylhw pdwk1/ yro1 54/ Dphu1 Pdwk1 Vrf1/ Surylghqfh/ UL/ 4<<71

61 K1 Zklwqh|/ Rq uhjxodu forvhg fxuyhv lq wkh sodqh/ Frpsrvlwlr Pdwk1 7
+4<6:,/ 5:905;71

:9


