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Introduction	
  
 

     Since	
  the	
  dawn	
  of	
  the	
  field,	
  a	
  primary	
  focus	
  of	
  condensed	
  matter	
  physics	
  has	
  been	
  the	
  

discovery	
  of	
  new	
  states	
  of	
  matter.	
  Most	
  phases	
  of	
  matter	
  are	
  connected	
  to	
  some	
  form	
  of	
  

symmetry	
  in	
  the	
  system,	
  and	
  phase	
  changes	
  are	
  often	
  associated	
  with	
  breaking	
  that	
  symmetry.	
  

A	
  brief	
  description	
  of	
  the	
  connection	
  between	
  phases	
  of	
  matter	
  and	
  symmetry	
  is	
  that	
  because	
  

physical	
  laws	
  are	
  invariant	
  under	
  different	
  symmetries,	
  if	
  the	
  symmetry	
  changes	
  drastically	
  then	
  

the	
  behavior	
  of	
  the	
  system	
  will	
  as	
  well.	
  One	
  common	
  examples	
  are	
  magnets,	
  whose	
  order	
  is	
  

associated	
  with	
  breaking	
  rotational	
  symmetry.	
  A	
  less	
  straightforward	
  example	
  is	
  

superconductors,	
  whose	
  order	
  is	
  associated	
  with	
  breaking	
  gauge	
  symmetry.	
  

	
  	
  	
  	
  	
  Topological	
  Insulators	
  (TIs),	
  and	
  topologically	
  protected	
  states	
  in	
  general,	
  are	
  a	
  state	
  of	
  

matter	
  of	
  particular	
  interest	
  because	
  they	
  deviate	
  from	
  the	
  general	
  description	
  of	
  phases	
  and	
  

symmetries	
  above.	
  The	
  phase	
  does	
  not	
  emerge	
  through	
  breaking	
  of	
  a	
  symmetry	
  in	
  the	
  system,	
  

but	
  rather	
  through	
  particular	
  quantum	
  states	
  that	
  happen	
  to	
  exhibit	
  time	
  reversal	
  (TR)	
  

symmetry.	
  	
  It’s	
  worth	
  noting	
  that	
  in	
  general,	
  many	
  systems	
  (including	
  a	
  normal	
  insulator)	
  do	
  not	
  

possess	
  TR	
  symmetry,	
  and	
  the	
  universe	
  as	
  a	
  whole	
  does	
  not.	
  Thus,	
  the	
  symmetry-­‐breaking	
  

associated	
  with	
  a	
  transition	
  from	
  a	
  topological	
  insulator	
  to	
  a	
  normal	
  insulator	
  is	
  TR	
  symmetry.	
  	
  

	
  	
  	
  	
  	
  Topological	
  insulators	
  are	
  characterized	
  by	
  having	
  robust,	
  highly	
  conductive	
  states	
  on	
  the	
  

surface	
  or	
  edge	
  of	
  an	
  otherwise	
  insulating	
  material.	
  The	
  states	
  are	
  robust	
  in	
  the	
  sense	
  that	
  they	
  

topologically	
  protected	
  from	
  by	
  scattering	
  sources,	
  and	
  are	
  sometimes	
  referred	
  to	
  as	
  

dissipation-­‐less	
  conducting	
  states.	
  This	
  phenomenon	
  presents	
  a	
  long	
  sought	
  after	
  solution	
  to	
  

power	
  dissipation	
  in	
  integrated	
  circuits,	
  one	
  of	
  the	
  main	
  obstacles	
  in	
  shrinking	
  the	
  technology.	
  

Others	
  are	
  interested	
  in	
  their	
  use	
  in	
  spintronics	
  and	
  error	
  tolerant	
  quantum	
  computation.	
  

Recently,	
  further	
  interest	
  has	
  been	
  expressed	
  in	
  using	
  TIs	
  to	
  detect	
  majorana	
  fermions	
  at	
  the	
  

interface	
  with	
  a	
  superconductor	
  [12].	
  



	
   2	
  

	
  	
  	
  	
  	
  Materials	
  with	
  highly	
  conductive	
  surface	
  states	
  that	
  are	
  not	
  protected	
  from	
  scattering	
  are	
  

not	
  considered	
  topological	
  insulators.	
  A	
  topological	
  state	
  is	
  one	
  that	
  is	
  protected	
  under	
  any	
  

continuous	
  transformation	
  in	
  the	
  system.	
  A	
  continuous	
  transformation	
  in	
  the	
  context	
  of	
  of	
  an	
  

insulator	
  is	
  any	
  change	
  in	
  the	
  Hamiltonian	
  of	
  the	
  system	
  that	
  doesn’t	
  eliminate	
  the	
  band	
  gap.	
  

There	
  are	
  two	
  conditions	
  required	
  for	
  topologically	
  insulating	
  states	
  to	
  form,	
  which	
  is	
  that	
  the	
  

state	
  exhibits	
  TR	
  symmetry	
  and	
  that	
  there	
  is	
  a	
  strong	
  spin	
  orbit	
  coupling	
  (SOC)	
  between	
  

electrons	
  spin	
  and	
  their	
  orbital	
  momentum.	
  The	
  importance	
  of	
  SOC	
  and	
  TR	
  symmetry	
  is	
  

discussed	
  further	
  in	
  the	
  next	
  section.	
  

	
  	
  	
  	
  	
  The	
  first	
  discovery	
  of	
  a	
  topologically	
  protected	
  state	
  was	
  the	
  quantum	
  hall	
  (QH)	
  state	
  (von	
  

Klitzing	
  et	
  al.,	
  1980).	
  Physicists	
  at	
  the	
  time	
  were	
  surprised	
  to	
  see	
  that	
  in	
  the	
  presence	
  of	
  large	
  

magnetic	
  fields,	
  the	
  Hall	
  conductance	
  is	
  quantized	
  at	
  integer	
  values	
  of	
  e2/h	
  independent	
  of	
  

sample	
  quality	
  and	
  size.	
  The	
  term	
  topological	
  

invariant	
  has	
  become	
  a	
  useful	
  concept.	
  It	
  

describes	
  a	
  quantity	
  like	
  the	
  Hall	
  conductance;	
  

one	
  which	
  is	
  invariant	
  under	
  small	
  changes	
  in	
  the	
  

material.	
  Topological	
  invariants	
  take	
  the	
  form	
  of	
  

an	
  integral	
  whose	
  integrand	
  may	
  vary	
  locally,	
  but	
  

whose	
  value	
  is	
  invariant	
  and	
  instead	
  depends	
  

only	
  on	
  the	
  most	
  general	
  properties	
  of	
  the	
  

system.	
  	
  

2D	
  Topological	
  Insulators	
  

Theory	
  

     The	
  2D	
  topological	
  insulator,	
  or	
  quantum	
  spin	
  

Hall	
  (QSH)	
  state,	
  can	
  be	
  understood	
  well	
  in	
  

comparison	
  with	
  the	
  QH	
  state.	
  The	
  presence	
  of	
  

the	
  magnetic	
  field	
  in	
  the	
  QHE	
  causes	
  electrons	
  to	
  

move	
  in	
  circular	
  paths,	
  illustrated	
  in	
  Figure	
  1a	
  

(image	
  and	
  caption	
  taken	
  from	
  [7]).	
  On	
  the	
  edge	
  
this circular motion by orbitals that have quantized
energies. This leads to an energy gap separating the
occupied and empty states, just like in an ordinary insu-
lator. At the boundary of the system, however, the elec-
trons undergo a different kind of motion, because the
circular orbits can bounce off the edge, leading to “skip-
ping orbits”, as shown in figure 1b. In quantum theory,
these skipping orbits lead to electronic states that pro-
pagate along the edge in one direction only and do not
have quantized energies. Given that there is no energy
gap, these states can conduct. Moreover, the one-way

flow makes the electronic transport in the edge states
perfect: normally, electrons can scatter off impurities,
but given that there are no backward-moving modes,
the electrons have no choice but to propagate forwards.
This leads to what is known as “dissipationless” trans-
port by the edge states – no electrons scatter and so no
energy is lost as heat – and is ultimately responsible for
the precise quantized transport.

Unlike the quantum Hall effect, which is only seen
when a strong magnetic field is present, topological
insulators occur in the absence of a magnetic field. In
these materials the role of the magnetic field is played
by spin–orbit coupling. This is the interaction of an
electron’s intrinsic angular momentum, or spin, with
the orbital motion of the electrons through space. In
atoms with a high atomic number, such as mercury and
bismuth, the spin–orbit force is strong because the elec-
trons move at relativistic speeds. Electrons travelling
through materials composed of such atoms therefore
feel a strong spin- and momentum-dependent force
that resembles a magnetic field, the direction of which
changes when the spin changes.

This analogy between spin–orbit coupling and a spin-
dependent magnetic field provides a way to understand
the simplest 2D topological insulator – the quantum
spin Hall state (figure 1c). This was first predicted in
2005, and occurs when the spin-up and spin-down elec-
trons, which feel equal and opposite spin–orbit “mag-
netic fields”, are each in quantum Hall states. Like in
an ordinary insulator there is thus a gap separating the
occupied and empty states in the interior, but there are
edge states in which the spin-up and spin-down elec-
trons propagate in opposite directions. The Hall con-
ductance of this state is zero because the spin-up and
spin-down electrons cancel each other. The edge states
can, however, conduct. They form a 1D conductor that
is essentially half of an ordinary 1D conductor (a
“quantum wire”, which can have spin-up and spin-
down electrons moving in either direction). Like the
quantum-Hall edge states, the quantum-spin-Hall edge
states are protected from backscattering. However, in
this case, given that there are states that propagate in
both directions, the protection arises for more subtle
reasons. A key role is played by time-reversal sym-
metry. Time reversal switches both the direction of
propagation and the spin direction, interchanging the
two counter-propagating modes. We will see below that
time-reversal symmetry plays a fundamental role in
guaranteeing the topological stability of these states.

Finally, the next tier of complication in this family of
electronic phases is the 3D topological insulator. This
cannot be understood using the simple picture of a
spin-dependent magnetic field. Nonetheless, the sur-
face states of a 3D topological insulator do strongly
resemble the edge states of a 2D topological insulator.
As in the 2D case, the direction of electron motion
along the surface of a 3D topological insulator is deter-
mined by the spin direction, which now varies continu-
ously as a function of propagation direction (figure 1d).
The result is an unusual “planar metal” where the spin
direction is locked to the direction of propagation. As
in the 2D case, the surface states of a 3D topological
insulator are like half of an ordinary 2D conductor, and
are topologically protected against backscattering.

(a) The insulating state is characterized by an energy gap separating the occupied and empty
electronic states, which is a consequence of the quantization of the energy of atomic orbitals.
(b) In the quantum Hall effect, the circular motion of electrons in a magnetic field, B, is
interrupted by the sample boundary. At the edge, electrons execute “skipping orbits” as shown,
ultimately leading to perfect conduction in one direction along the edge. (c) The edge of the
“quantum spin Hall effect state” or 2D topological insulator contains left-moving and right-
moving modes that have opposite spin and are related by time-reversal symmetry. This edge
can also be viewed as half of a quantum wire, which would have spin-up and spin-down
electrons propagating in both directions. (d) The surface of a 3D topological insulator supports
electronic motion in any direction along the surface, but the direction of the electron’s motion
uniquely determines its spin direction and vice versa. The 2D energy–momentum relation has a
“Dirac cone” structure similar to that in graphene.
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of	
  the	
  material	
  the	
  circular	
  path	
  is	
  interrupted.	
  Gapless	
  edge	
  states,	
  sometimes	
  referred	
  to	
  as	
  

“skipping”	
  orbits,	
  form	
  that	
  are	
  conductive	
  (Figure	
  1b).	
  	
  

	
  	
  	
  	
  	
  Only	
  materials	
  comprised	
  of	
  atoms	
  with	
  large	
  nuclei	
  (such	
  as	
  Hg,	
  Bi,	
  and	
  Sb)	
  are	
  predicted	
  to	
  

be	
  topological	
  insulators.	
  Their	
  outer	
  electrons	
  have	
  relativistic	
  momenta,	
  giving	
  them	
  a	
  strong	
  

SOC.	
  The	
  interaction	
  between	
  the	
  spin	
  and	
  orbital	
  angular	
  momentum	
  plays	
  a	
  role	
  analogous	
  to	
  

that	
  of	
  the	
  external	
  magnetic	
  field	
  in	
  the	
  QH	
  state.	
  Spin	
  down	
  and	
  spin	
  up	
  electrons	
  will	
  have	
  an	
  

opposite	
  spin	
  orbit	
  interaction,	
  causing	
  spin	
  up	
  

edge	
  state	
  to	
  conduct	
  one	
  way	
  while	
  the	
  spin	
  

down	
  edge	
  state	
  conducts	
  the	
  other.	
  This	
  is	
  how	
  

the	
  effect	
  has	
  earned	
  the	
  name	
  quantum	
  spin	
  

Hall	
  (QSH)	
  effect.	
  Depicted	
  in	
  Figure	
  1c	
  are	
  the	
  

two	
  gapless	
  edge	
  states	
  of	
  the	
  QSH	
  effect,	
  which	
  

are	
  related	
  through	
  time	
  reversal	
  symmetry,	
  as	
  

both	
  velocity	
  and	
  spin	
  are	
  odd	
  under	
  time	
  

reversal	
  symmetry.	
  

	
  	
  	
  	
  	
  Displayed	
  in	
  Figure	
  1d	
  is	
  an	
  analogy	
  of	
  how	
  this	
  

effect	
  generalizes	
  into	
  three	
  dimensions,	
  where	
  

surface	
  states	
  move	
  in	
  the	
  direction	
  of	
  their	
  

spin.	
  A	
  gapless	
  Dirac	
  cone	
  of	
  surface	
  states	
  is	
  

formed	
  connecting	
  the	
  bulk	
  valence	
  and	
  

conduction	
  bands.	
  This	
  is	
  discussed	
  further	
  in	
  

the	
  3D	
  topological	
  insulator	
  theory	
  section.	
  

Prediction	
  and	
  discovery	
  

	
  	
  	
  	
  	
  In	
  a	
  somewhat	
  unusual	
  fashion	
  for	
  

condensed	
  matter	
  physics,	
  the	
  theorists	
  have	
  

led	
  the	
  experimentalists	
  in	
  the	
  push	
  for	
  the	
  

discovery	
  of	
  topological	
  insulators.	
  The	
  

existence	
  of	
  a	
  2D	
  topologically	
  insulating	
  state	
  

was	
  first	
  predicted	
  in	
  2005	
  [1]	
  and	
  the	
  first	
  2D	
  

Fig.	
  2.	
  The	
  longitudinal	
  four-­‐terminal	
  resistance,	
  
R14,23,	
  of	
  various	
  normal	
  (d	
  =	
  5.5	
  nm)	
  (I)	
  and	
  inverted	
  
(d	
  =	
  7.3	
  nm)	
  (II,	
  III,	
  and	
  IV)	
  QW	
  structures	
  as	
  a	
  function	
  
of	
  the	
  gate	
  voltage	
  measured	
  for	
  B	
  =	
  0	
  T	
  at	
  T	
  =	
  30	
  mK.	
  

Image	
  and	
  caption	
  taken	
  from	
  [3]	
  	
  

Fig.	
  3	
  Four-­‐terminal	
  magnetoconductance,	
  G14,23,	
  in	
  
the	
  QSH	
  regime	
  as	
  a	
  function	
  of	
  tilt	
  angle	
  between	
  the	
  
plane	
  of	
  the	
  2DEG	
  and	
  applied	
  magnetic	
  field	
  for	
  a	
  d	
  =	
  
7.3-­‐nm	
  QW	
  structure	
  with	
  dimensions	
  (L	
  ×	
  Ω)	
  =	
  (20	
  ×	
  
13.3)	
  μm2	
  measured	
  in	
  a	
  vector	
  field	
  cryostat	
  at	
  1.4	
  K.	
  

Image	
  and	
  caption	
  taken	
  from	
  [3]	
  	
  
	
  



	
   4	
  

topologically	
  insulating	
  material	
  (HgTe/CdTe	
  quantum	
  wells)	
  was	
  predicted	
  in	
  2006	
  [2].	
  The	
  TI	
  

state	
  was	
  subsequently	
  observed	
  in	
  HgTe/CdTe	
  quantum	
  wells	
  in	
  2007	
  [3].	
  The	
  results	
  from	
  the	
  

2007	
  discovery	
  are	
  displayed	
  in	
  Figures	
  2	
  and	
  3.	
  Figure	
  2	
  shows	
  integer	
  quantized	
  values	
  of	
  

resistance	
  h/e2,	
  independent	
  of	
  sample	
  size	
  which	
  alone	
  is	
  strong	
  evidence	
  for	
  a	
  topological	
  

insulator.	
  It’s	
  also	
  worth	
  noting	
  that	
  the	
  mobility	
  of	
  the	
  electrons	
  reported	
  in	
  this	
  experiment	
  is	
  

on	
  the	
  same	
  order	
  as	
  in	
  graphene:	
  µ~105	
  cm2V-­‐1s-­‐1,	
  which	
  is	
  considerably	
  higher	
  many	
  bulk	
  

material	
  such	
  as	
  silicon	
  where	
  :	
  µ~103	
  cm2V-­‐1s-­‐1.	
  Alone,	
  the	
  high	
  mobility	
  doesn’t	
  imply	
  that	
  the	
  

state	
  is	
  topologically	
  protected.	
  However,	
  in	
  combination	
  with	
  the	
  fact	
  that	
  they	
  see	
  a	
  

conductance	
  of	
  G0	
  at	
  T=30mK	
  (Fig.	
  2),	
  the	
  data	
  is	
  very	
  compelling.	
  	
  	
  

	
  	
  	
  	
  	
  Further	
  evidence	
  is	
  seen	
  in	
  the	
  destruction	
  of	
  the	
  TI	
  state	
  though	
  application	
  of	
  a	
  magnetic	
  

field	
  which	
  breaks	
  the	
  time	
  reversal	
  symmetry	
  protecting	
  the	
  state.	
  This	
  can	
  be	
  seen	
  in	
  Figure	
  3,	
  

where	
  the	
  conductance	
  goes	
  to	
  zero	
  with	
  increasing	
  magnetic	
  fields	
  perpendicular	
  to	
  the	
  plane	
  

of	
  the	
  material.	
  

 

 

3D	
  Topological	
  Insulators	
  

Theory	
  

	
  	
  	
  	
  	
  Mathematically	
  generalizing	
  the	
  phenomena	
  of	
  topological	
  insulators	
  to	
  3D	
  is	
  messy,	
  and	
  the	
  

early	
  predictions	
  of	
  such	
  states	
  were	
  complicated.	
  This	
  is	
  why	
  it	
  took	
  an	
  extra	
  2	
  years	
  from	
  the	
  

prediction	
  of	
  the	
  first	
  2D	
  TI	
  material	
  to	
  predict	
  the	
  first	
  3D	
  TI	
  materials.	
  The	
  models	
  have	
  

continued	
  to	
  be	
  refined,	
  and	
  simpler	
  special	
  cases	
  have	
  been	
  predicted	
  and	
  observed,	
  but	
  as	
  it	
  

stands	
  most	
  of	
  the	
  predicted	
  materials	
  haven’t	
  yet	
  been	
  experimentally	
  realized.	
  A	
  qualitative	
  

generalization	
  from	
  two	
  to	
  three	
  dimensions	
  can	
  be	
  made	
  fairly	
  easily.	
  A	
  thorough,	
  quantitative	
  

explanation	
  of	
  the	
  theory	
  of	
  3D	
  topological	
  insulators	
  is	
  discussed	
  in	
  [11].	
  

	
  	
  	
  	
  	
  In	
  two	
  dimensions	
  the	
  topological	
  state	
  was	
  characterized	
  by	
  1D	
  conducting	
  channels	
  on	
  the	
  

edge	
  of	
  the	
  material	
  whose	
  propagation	
  direction	
  depended	
  on	
  the	
  spin.	
  This	
  is	
  illustrated	
  in	
  a	
  

band	
  diagram	
  (Fig.	
  1c)	
  as	
  a	
  line	
  connecting	
  the	
  valence	
  and	
  conduction	
  bands.	
  The	
  three	
  

dimensional	
  equivalent	
  of	
  the	
  gapless	
  edge	
  states	
  is	
  a	
  surface	
  of	
  states	
  that	
  conduct	
  in	
  the	
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direction	
  of	
  their	
  spin.	
  It	
  is	
  illustrated	
  in	
  a	
  band	
  diagram	
  as	
  a	
  spin	
  polarized	
  cone	
  of	
  topologically	
  

protected	
  states	
  connecting	
  the	
  bulk	
  valence	
  and	
  conduction	
  band	
  states,	
  where	
  the	
  spin	
  

points	
  tangential	
  to	
  the	
  cone.	
  Both	
  the	
  theoretical	
  and	
  experimental	
  results	
  showing	
  the	
  cone	
  

of	
  states	
  are	
  impressive,	
  and	
  are	
  discussed	
  in	
  the	
  next	
  section.	
  

	
  	
  	
  	
  	
  It	
  was	
  sufficient	
  in	
  2D	
  to	
  measure	
  G0	
  near	
  T=0K,	
  independent	
  of	
  sample	
  width,	
  to	
  show	
  

evidence	
  of	
  a	
  topological	
  insulator.	
  	
  Experimental	
  detection	
  of	
  the	
  3D	
  topologically	
  insulating	
  

state	
  is	
  more	
  difficult	
  because	
  the	
  conductance	
  isn’t	
  expected	
  to	
  be	
  precisely	
  zero	
  at	
  T=0K.	
  The	
  

primary	
  technique	
  used	
  to	
  show	
  the	
  existence	
  of	
  a	
  topological	
  state	
  is	
  angle	
  resolved	
  

photoelectron	
  spectroscopy	
  (ARPES)	
  where	
  the	
  electronic	
  distribution	
  as	
  a	
  function	
  of	
  

momentum	
  is	
  directly	
  observed.	
  A	
  detailed	
  description	
  of	
  ARPES	
  can	
  be	
  found	
  in	
  [10].	
  When	
  

conductance	
  is	
  measured	
  in	
  3D,	
  it	
  is	
  typically	
  done	
  by	
  placing	
  electrodes	
  on	
  the	
  surface	
  of	
  the	
  

material	
  in	
  a	
  4	
  probe	
  or	
  Hall	
  geometry.	
  

Prediction,	
  discovery,	
  and	
  other	
  notable	
  publications	
  

	
  	
  	
  	
  	
  In	
  2007,	
  near	
  the	
  same	
  time	
  as	
  the	
  discovery	
  of	
  the	
  first	
  2D	
  topological	
  insulator,	
  the	
  first	
  

predictions	
  of	
  3D	
  topologically	
  insulating	
  materials	
  were	
  being	
  published.	
  The	
  earliest	
  predicted	
  

3D	
  topological	
  insulator	
  was	
  Bi1-­‐xSbx	
  [4].	
  The	
  surface	
  states	
  in	
  Bi1-­‐xSbx	
  are	
  relatively	
  complex,	
  

and	
  in	
  2009	
  simpler	
  versions	
  were	
  predicted	
  in	
  Bi2Te3	
  and	
  Sb2Te3	
  [5]	
  as	
  well	
  as	
  Bi2Se3[5,6].	
  

Computational	
  results	
  from	
  2009	
  for	
  the	
  LDOS	
  of	
  four	
  likely	
  candidates	
  of	
  topological	
  insulators	
  

can	
  be	
  seen	
  in	
  Figure	
  4.	
  In	
  the	
  image	
  it	
  can	
  clearly	
  be	
  seen	
  that,	
  while	
  most	
  of	
  the	
  material	
  is	
  

insulating,	
  there	
  are	
  gapless	
  states	
  present.	
  

	
  	
  	
  	
  	
  The	
  first	
  observation	
  of	
  gapless,	
  topologically	
  protected	
  surface	
  states	
  in	
  3D	
  materials	
  were	
  

in	
  2009	
  [8,9].	
  Using	
  ARPES	
  spectra,	
  the	
  existence	
  of	
  such	
  states	
  was	
  shown	
  in	
  Bi2Te3,	
  Sb2Te3,	
  

and	
  Bi2Se3.	
  Seen	
  in	
  Figure	
  5	
  (image	
  and	
  caption	
  taken	
  from	
  [9])	
  are	
  the	
  ARPES	
  results	
  in	
  two	
  

different	
  planes	
  of	
  a	
  sample	
  of	
  Bi2Te3	
  and	
  at	
  four	
  different	
  doping	
  conditions.	
  The	
  Dirac	
  cone	
  of	
  

spin-­‐polarized	
  conductive	
  surface	
  states	
  bridging	
  the	
  gap	
  between	
  the	
  bulk	
  valence	
  and	
  bulk	
  

conduction	
  band	
  in	
  Bi2Te3	
  can	
  be	
  seen.	
  The	
  bulk	
  valence	
  band	
  (BVB),	
  bulk	
  conduction	
  band	
  

(BCB),	
  and	
  surface	
  state	
  bands	
  (SSB)	
  are	
  depicted.	
  The	
  APRES	
  spectra	
  in	
  the	
  top	
  row	
  are	
  cross	
  

sections	
  of	
  the	
  energy	
  vs.	
  momentum	
  graphs	
  in	
  the	
  middle,	
  and	
  the	
  location	
  of	
  the	
  cross-­‐

section	
  are	
  indicated	
  by	
  green	
  dotted	
  lines.	
  The	
  experimenters	
  then	
  go	
  on	
  to	
  resolve	
  the	
  3D	
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band	
  structure	
  by	
  stacking	
  the	
  images,	
  which	
  can	
  be	
  seen	
  in	
  Figure	
  3	
  in	
  [9].	
  Each	
  doping	
  

concentration	
  is	
  shifting	
  the	
  Fermi	
  level,	
  and	
  changing	
  where	
  the	
  cross-­‐section	
  is	
  being	
  made	
  

relative	
  to	
  the	
  conduction	
  and	
  valence	
  bands.	
  

	
  	
  	
  	
  	
  Another	
  interesting	
  experiment	
  is	
  the	
  emergence	
  of	
  the	
  

topologically	
  insulating	
  phase	
  as	
  the	
  sample	
  is	
  increased	
  in	
  

thickness	
  from	
  a	
  single	
  quintuple	
  layer	
  (shown	
  in	
  Fig.	
  7.)	
  to	
  

six	
  quintuple	
  layers.	
  The	
  experiment	
  shows	
  the	
  gapless	
  

surface	
  states	
  emerge	
  with	
  increasing	
  layers	
  of	
  Bi2Se3,	
  

which	
  can	
  be	
  seen	
  in	
  Figure	
  6	
  as	
  the	
  emergence	
  of	
  states	
  

bridging	
  the	
  bulk	
  conduction	
  and	
  valence	
  bands	
  [8].	
  This	
  

result	
  is	
  in	
  good	
  agreement	
  with	
  the	
  idea	
  that	
  the	
  TI	
  state	
  

results	
  from	
  bulk	
  properties	
  of	
  the	
  material	
  and	
  is	
  not	
  

affected	
  by	
  local	
  variations.	
  

	
  	
  	
  	
  	
  One	
  final	
  3D	
  topologically	
  insulating	
  material	
  worth	
  mentioning	
  is	
  the	
  verification	
  in	
  2014	
  

that	
  samarium	
  hexaboride	
  is	
  a	
  topological	
  insulator	
  [13].	
  It	
  is	
  notable	
  because	
  the	
  material	
  is	
  a	
  

known	
  Kondo	
  insulator,	
  which	
  is	
  different	
  from	
  the	
  other	
  the	
  materials	
  mentioned	
  because	
  

electrons	
  are	
  strongly	
  correlated	
  in	
  this	
  material.	
  This	
  could	
  lead	
  to	
  novel	
  properties	
  that	
  are	
  

distinct	
  from	
  other	
  TIs.	
  	
  	
  

Conclusion	
  

	
  	
  	
  	
  	
  As	
  is	
  hopefully	
  apparent	
  from	
  the	
  discussion	
  in	
  this	
  paper,	
  the	
  field	
  of	
  topological	
  insulators	
  

is	
  young	
  and	
  making	
  rapid	
  advances.	
  We	
  can	
  expect	
  in	
  upcoming	
  years	
  that	
  a	
  number	
  of	
  

materials	
  which	
  have	
  been	
  predicted	
  to	
  exhibit	
  topologically	
  insulating	
  behavior	
  will	
  be	
  verified.	
  	
  

Only	
  a	
  handful	
  of	
  the	
  predicted	
  materials	
  have	
  been	
  experimentally	
  verified.	
  Topological	
  

insulators	
  will	
  remain	
  a	
  hot	
  field	
  into	
  the	
  next	
  decade	
  because	
  the	
  intriguing	
  and	
  novel	
  

phenomena	
  remains	
  the	
  primary	
  example	
  of	
  protected	
  states	
  without	
  the	
  presence	
  of	
  an	
  

external	
  magnetic	
  field.	
  As	
  future	
  generations	
  of	
  integrated	
  circuits	
  evolve,	
  the	
  introduction	
  of	
  

dissipation-­‐less	
  transport	
  will	
  be	
  an	
  important	
  step	
  to	
  further	
  scaling	
  down	
  the	
  technology.	
  TIs	
  

are	
  ideal	
  materials	
  suited	
  for	
  the	
  task.	
  2D	
  topological	
  insulators	
  are	
  a	
  much	
  sought	
  after	
  tool	
  for	
  

transporting	
  spin	
  polarized	
  current	
  for	
  spin-­‐tronics.	
  Many	
  in	
  the	
  field	
  predict	
  that	
  3D	
  topological	
  

Fig.	
  7.	
  Crystal	
  structure	
  of	
  Bi2Te3,	
  illustrating	
  
quintuple	
  layers.	
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insulators	
  are	
  the	
  key	
  to	
  direct	
  observation	
  of	
  the	
  exotic	
  Majorana	
  fermion,	
  which	
  has	
  eluded	
  

detection	
  for	
  many	
  decades.	
  Such	
  a	
  discovery	
  would	
  further	
  cement	
  topological	
  insulators	
  as	
  a	
  

major	
  breakthrough	
  in	
  materials	
  physics.	
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be carried out on the other three materials, from which we see that
Sb2Te3 and Bi2Te3 are qualitatively the same as Bi2Se3, whereas the
SOCof Sb2Te3 is not strong enough to induce such an inversion.

Topological surface states
The existence of topological surface states is one of the most
important properties of the topological insulators. To see the
topological features of the four systems explicitly, we calculate the
surface states of these four systems on the basis of an ab initio
calculation. First we construct the maximally localized Wannier
function (MLWF) from the ab initio calculation using the method
developed by Marzari and co-workers21,22. We divide the semi-
infinite system into a surface slab with finite thickness and the
remaining part as the bulk. The MLWF hopping parameters for the
bulk part can be constructed from the bulk ab initio calculation, and
the ones for the surface slab can be constructed from the ab initio
calculation of the slab, in which the surface correction to the lattice
constants and band structure have been considered self-consistently
and the chemical potential is determined by the charge neutrality
condition.With these bulk and surfaceMLWFhopping parameters,
we use an iterative method23,24 to obtain the surface Green’s
function of the semi-infinite system. The imaginary part of the
surface Green’s function is the local density of states (LDOS), from
which we can obtain the dispersion of the surface states. The surface
LDOSon the [111] surface for all four systems is shown in Fig. 4. For
Sb2Te3, Bi2Se3 andBi2Te3, one can clearly see the topological surface
states that form a single Dirac cone at the 0 point. In comparison,
Sb2Se3 has no surface state and is a topologically trivial insulator.
Thus, the surface-state calculation agrees well with the bulk parity
analysis, and confirms conclusively the topologically non-trivial
nature of the three materials. For Bi2Se3, the Fermi velocity of the
topological surface states is vF ' 5.0⇥105 m s�1, which is similar to
that of the other two materials.

Low-energy effective model
As the topological nature is determined by the physics near the 0
point, it is possible to write down a simple effective Hamiltonian

to characterize the low-energy long-wavelength properties of
the system. Starting from the four low-lying states |P1+

z ," (#)i
and |P2�

z ," (#)i at the 0 point, such a Hamiltonian can be
constructed by the theory of invariants25 for the finite wave
vector k. On the basis of the symmetries of the system, the
generic form of the 4⇥ 4 effective Hamiltonian can be written
down up to the order of O(k2), and the tunable parameters in
the Hamiltonian can be obtained by fitting the band structure
of our ab initio calculation. The important symmetries of the
system are time-reversal symmetry T , inversion symmetry I and
three-fold rotation symmetry C3 along the z axis. In the basis of
(|P1+

z ,"i, |P2�
z ,"i, |P1+

z ,#i, |P2�
z ,#i), the representation of the

symmetry operations is given by T = K · i� y ⌦ I2⇥2, I = I2⇥2 ⌦ ⌧3
andC3 = exp(i(⇡/3)� z ⌦I2⇥2), where K is the complex conjugation
operator, � x,y,z and ⌧ x,y,z denote the Pauli matrices in the spin and
orbital space, respectively. By requiring these three symmetries and
keeping only the terms up to quadratic order in k, we obtain the
following generic form of the effective Hamiltonian:

H (k) = ✏0(k)I4⇥4 +

0

B@

M(k) A1kz 0 A2k�
A1kz �M(k) A2k� 0
0 A2k+ M(k) �A1kz

A2k+ 0 �A1kz �M(k)

1

CA

+ o(k2) (1)

with k± = kx ± iky , ✏0(k)= C +D1k2z +D2k2? and M(k)=M �B1
k2z � B2k2?. By fitting the energy spectrum of the effective
Hamiltonian with that of the ab initio calculation, the parameters
in the effective model can be determined. For Bi2Se3, our fitting
leads to M = 0.28 eV, A1 = 2.2 eVÅ, A2 = 4.1 eVÅ, B1 = 10 eVÅ2,
B2 = 56.6 eVÅ2, C = �0.0068 eV, D1 = 1.3 eVÅ2, D2 = 19.6 eVÅ2.
Except for the identity term ✏0(k), the Hamiltonian (1) is
nothing but the 3D Dirac model with uniaxial anisotropy along
the z-direction and k-dependent mass terms. From the fact
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  Fig.	
  4.	
  Energy	
  and	
  momentum	
  dependence	
  of	
  the	
  LDOS	
  for	
  Sb2Se3	
  (a),	
  Sb2Te3	
  (b),	
  Bi2Se3	
  (c)	
  and	
  Bi2Te3	
  (d)	
  on	
  the	
  [111]	
  
surface.	
  The	
  red	
  regions	
  indicate	
  bulk	
  energy	
  bands	
  and	
  the	
  blue	
  regions	
  indicate	
  bulk	
  energy	
  gaps.	
  The	
  surface	
  states	
  
can	
  be	
  clearly	
  seen	
  around	
  the	
  0	
  point	
  as	
  red	
  lines	
  dispersing	
  in	
  the	
  bulk	
  gap.	
  No	
  surface	
  state	
  exists	
  for	
  Sb2Se3.	
  Image	
  

taken	
  from	
  [5]. 
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The Dirac point at 6QL is located at �0.26 eV, lower by 0.14 eV
than that of the thick (50QL) Bi2Se3 films shown in Fig. 1c. It
suggests that the film is electron doped. Above 6QL, the Dirac
point moves towards the Fermi level with increasing thickness
until ⇠20QL where the saturation value is reached. Figure 3a
plots the thickness dependence of the Dirac point position. For
comparison, the measured mid-gap energies of the surface states
and the spin-degenerate points of the Rashba-split upper surface
states are also shown. As STM experiments show little difference in
surface defect density between thick and thin films, the thickness-
dependent electron doping may come from band bending resulting
from charge transfer from the SiC substrate.

Besides the surface states, above 2QL, there are other features
either above the upper surface states or below the lower surface
states. With increasing thickness, these bands move up or down
towards the surface states, and more bands emerge. In Fig. 3b we

summarize the energies of these bands at the ¯0 point with respect
to the mid-gap energies of the surface states. The mid-gap energies
are used as a reference to remove the influence of chemical potential
change. The energy evolution shows a typical QWS behaviour.
Therefore, these bands can be attributed to QWSs of conduction
and valence bands.

When the thickness of a film is reduced to only several
nanometres, overlapping between the surface-state wavefunctions
from the two surfaces of the film becomes non-negligible, and
hybridization between them has to be taken into account. For a
freestanding and symmetric Bi2Se3 film, the spin-polarized surface
states at one surface will be mixed up with the components of
opposite spin from the other surface when the thickness is small
enough. It will lead to a hybridization gap at theDirac point to avoid
crossing of bands with the same quantum numbers. The observed
gap opening below 6 QL can preliminarily be attributed to this
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Fig.	
  6	
  ARPES	
  spectra	
  of	
  Bi2Se3	
  films	
  at	
  room	
  temperature.	
  Top	
  row:	
  a–e,	
  ARPES	
  spectra	
  of	
  1	
  to	
  6	
  quintuple	
  layers	
  along	
  the	
  Γ–K	
  
direction.	
  Bottom	
  row:	
  Electron	
  density	
  contours.	
  The	
  dashed	
  lines	
  are	
  the	
  fits	
  from	
  equation	
  (1)	
  in	
  [8].	
  Image	
  taken	
  from	
  [8]. 

Fig.	
  5	
  ARPES	
  spectra	
  of	
  Bi2Te3	
  films	
  at	
  room	
  temperature.	
  Top	
  row:	
  a–d,	
  ARPES	
  spectra	
  of	
  4	
  different	
  doping	
  
concentrations	
  along	
  the	
  Γ–M	
  direction.	
  They	
  are	
  cross	
  sections	
  of	
  the	
  middle	
  row	
  at	
  the	
  green	
  dashed	
  lines.	
  

Middle	
  row:	
  ARPES	
  spectra	
  along	
  the	
  Γ–K	
  direction.	
  Bottom	
  row:	
  Electron	
  density	
  contours.	
  Image	
  taken	
  from	
  [9]. 
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