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Reading Quiz

. What is the spin of a boson?
. What is the spin of a fermion?

. T/F? The wave function of a two-particle
system of identical fermions is antisymmetric
under particle interchange



Reading Quiz

1. What is the spin of a boson?
Integer : 0O, 1, 2, 3 ...

2. What is the spin of a fermion?
Half-integer : %, 3/2, ..

3. T/F? The wave function of a two-particle
system of identical fermions is antisymmetric
under particle interchange

TRUE



Famous bosons

1. Superconductors:

http://www.forcefieldmagnets.com/catalog/product_info.php?products_id=103

2. B-E condensate of atoms:

http://www.mpqg.mpg.de/cms/mpa/en/departments/quanten/homepage cms/projects/bec/index.html

3. Photons:
4. Higgs




Famous fermions

1. Electrons:

http://www.formulamedical.com/QA/Cholesterol/Free%20Radical.htm

2. Fundamental constituents of baryonic matter:

http://physics.aps.org/synopsis-for/10.1103/PhysRevlett.108.181807

Quarks

Leptons




Symmetry under particle exchange

1. Exchange operator swaps the quantum numbers
of the two particles.

P, ‘ 5152m1m2> — ‘ 5251m2m1>

2. Exchange symmetry

) +1-+)

1 - . 1
-4 + 1= 4[4 ) +1-+)]

2

1+ =14 —mmm 5l =1+ )= - T+ 1-+)]

2

1

2
1 -
2



Space & spin

1. State vectors have a space and a spin part that are
usually separable.

‘l//> — l//spazfial> l/jspin>
Bosons l/f,ffson> =V patia > W i >
(exch. symm.) Winon) =V st )|V i)
Fermions. ‘//?imion>: ‘//sSparial> Y i >
(exch. antisymm.) l//]i\ef’mion>: W;w» i) >




Two-particle system

(Hamiltonian, energies, states ..)
1. Each particle has its own coordinates that span the

same range, but are independent of each other
2

1% pl pz

H, . =+—+v H=21+v +V(x
single Y m ( ) Ym ( ) Ym ( 2)

2. Eigenvalue equation (only ONE energy)
\
Hl//(xlaxz) = El//(xl"XZ)
3. Probability to find particle #1 between x; and
x,+dx, AND particle #2 between x, and x,+dx,

‘l//(xl,xz )‘zdxldxz ”‘W(xl,xz )‘2dx1 dx, =1



Example 2-particle system — disting.
particles (diff. m) — space only

1. Each particle has its own coordinates that span the

same range, 2but are indepenczjent of each other
gopo 1 p, 1

+—mw’x; + +—m,w’x;
_ 2m, 2 - 2m, 2
2. Hamiltonian separable in x, and x,
I//na T, (xl ’x2) — gDna (xl)gonb (x2)

3. Single particle states

2
L dmons o, ()=E,0, (5)

2m,

|
s imos o, ()=, (x)




Example (diff. m) - space part

1. 2-particle wf is PRODUCT of 1-particle wfs and
energy is SUM of 1-particle energies

S |
( > +§m1602)a2]§0na (xl)qonb (x2) - Ena¢nb (xl)QDnb (xz)

2m,

2
( p2 T m2w2x§ j(pnb (x2)g0na ('xl) — Enbgonb (x2)g0na (’xl)

2m,

2 2

1

by +—mw’x + P +m,o’x; |Q, (xl)gon (xz)
2m, 2 2m i -

~
H




Example (diff. m)- space part

1. 2-particle wave function is PRODUCT of 1-particle wave functions and
state energy is SUM of 1-particle energies

Vo on (xl 9x2) =0, ('xl )QDnb (xz)
E =E, +E,

na,nb

2. Language: The two-particle state labeled (n_n,)- e.g. (3,1) has particle #1
(with coordinate x,) is in the single-particle state n, (state 3 in this
example) and particle #2 (with coordinate x,) is in the single-particle state

n, (state 1 in this example).

The energy of the two-particle state labeled (n,n,) is E,, ,,, and it is the
sum of the energies of the single-particle states 3 and 1.



Example (diff. m)- space part

1. Probability density — 2 particle — distinguishable —
ground state f

X2

X1

o (555 ) =0, (x1)9, - (%)
l//na_l’nb_l( 15772 QD’Z =1\ gD”b_1 2 (symmetry under particle

E=E +E interchange — even though not
n, 1y, required for distinguishable) **



2 particle - distinguishable

1. Probability density — 2 particle — distinguishable —
ground + 15t excited

Y, =tn,=2 ('xl ’xz) =0, - ('xl )(panZ (xz)
E=FE+E,

L (no symmetry under particle
’ g .7 interchange — but not
required for distinguishable)

(b)

Y, 201 (xl axz) =0, - ('xl )q)nb:l (xz)
E=E,+E,

) \§ )
e’ /1 ~\\\\\\\\‘\\\ :

‘;,','t »‘

'..'"""

L
x 13



Example -2 indistinguishable particles,
with spin, lowest possible energy?

. BOTH particles in single-particle ground state called
n=1. Product wf already symmetric:

w:fjlc,e;iﬂ (xl »Xo ) =@, i (x1 ) P, -1 (xz )
E = Ena -+ Enb

. Antisymmetric version is zero for both in single-
particle ground state (boson or fermion)!

w:fjlc,ez;?d ('xl ’xz) =@, . (xl ) P, -1 (xz ) ~— @, 1 (xz ) P, -1 ('xl)



Example -2 indistinguishable spin-zero
BOSONS, lowest possible energy

SS S S
wboson> = wspatial> wspin>
A

AA A
wb050n> = ‘ w Dpatial wspin>

1. Need space part symm, because antisymmetric
version is zero for both in single-particle ground
state (boson or fermion). So spin part must be

symm for bosons
Space S

S _
l/jnazl, n,=1 (xl X )‘ l/jspin> o

(pna=1 (xl )(pnb=1 ('x2 )‘ 5= O’mS = O’Sl = O’S2 = O>c0upled
E=E +E,




Example -2 indistinguishable spin-1/2
FERMIONS, lowest possible energy
W;ﬁmz‘on> = wsspan'al > l/prm>

AS A S
w fermi0n> = ‘ w Datial wspin>

1. Need space part symm, because antisymmetric
version is zero for both in single-particle ground
state (boson or fermion). So spin part must be
antisymm for fermions (singlet)

Space S 0,0)

A —
l/jnazl, n,=1 ('xl s X7 )‘ l/jspin> o

— — — 1 — 1
gDnazl (xl)gonbﬂ ('XZ)‘ 5§ = O’mS o O’Sl — 2% = 2>c0upled

E=E, +E,

coupled



2 particles — ground state

) E11=2dE1’|5;‘tin g Vo —in,-1 (xl axz) =0, 4 (x1 )QDnb=1 (xz)
’ E=E +E =2E,
——
Cx)e ) l//nazl,nb=l<xl’x2):

spln 0 bosons

ASJ
("

gonazl (xl )(Pnbzl (XZ ) + (pna=1 ('x2 )gongﬁl ('xl ))| OO>coupledJ

AN
' '
symmetric symm

(T

=2F

——o— 1
|
U°,,(X,X,)100) I

° spln 1/2 fermiohg™"" (52) =
((D (xl )Q%, I (xz ) T0, (x2 )q)nb:l (xl ))| OO>coupledj

o /.
Vv Vv

I
1
: symmetric antisymm
1
‘* : E=2E,

¥S,,(X,,X,)I00) : 17




2 particles — distinguishable;

or spin-0 bosons — 15t excited state
1. Distinguishable (2-fold degenerate)

E. =E +E

127 1 2
e —e— Y, —in=2 ('xl axz) =0, - (x1 )(pnb
2 1
distinguishable particles ( ) _
l//na=2,nb:1 XXy ) = gona
— —e—
1 2 E=E +E,
@,(X)e,(x,) @,(X, )¢, (Xy)

2. Bosons, spin 0 (non-degenerate)

+
bosons

— Vi, —in=— ('xl axz) =

U ,(x;,%,)I00)

. J \o

((pnazl ('xl )(pnb:2 (.X2 ) + ¢na=1 ('x2 )(pnb:2 ('xl ))| OO>c0upledJ

' '
symmetric symm

E=E +E,

18



2 particles: fermions — 15t excited state
(4-fold degenerate)

3 . There are 3 possible symmetric spin states:
‘ 1’1>coupled = |+’+>unc

N CE 10) s =D H8
| 1’_1>coupled = | _’_>um‘

(@nazl (x1 )§0an2 (xz ) B gDna:l (xz )¢nb:2 (xl )) lmj >coupled basis

. - J g ~ _J

antisymmetric symm
E=E +E,

YV, —in,=2 ('xl ’xz) =

a

(¢na=1 (xl )gonh:2 (XZ ) + gol’la:] (XZ )@nbzz (xl )) OO>Coupled basis
symmetric antisymm
E=E +E,
* * * fermions * There is 1 possible antisymmetric spin state:
|O’O>coupled = | +’_>unc _|_’+>unc

— —+— —+— —

19
YR AL GX)TT)Y AL GX)I10) ys (x,x,)I00)



2 particle - indistinguishable

1. Configurations—15t excited

S

Vo =in,=2 ('xl ’/xé) =0, - ('xl )gonb=2 (xz ) T0, (xz )gonb=2 (xl)
‘ E=E, +E,

()

(d)

x1#x2

20

X1



many particle - indistinguishable
1. Ground state

bosons fermions | bosons fermions
(b)

(a) (c) (d)
2. Highest energy for fermions is called FERMI ENERGY




Exchange interaction

1. NON INTERACTING particles “seem to have an
interaction” — exchange

2. Expectation value of particle separation

<(x1 — X )2> = <x12 —2x,x, + x§>
= () +(x2) = 2(x)

v ) =W )1IM
3. Fermion triplet-spin vz )=l 1)

= 4
— —— —

Yh (XX )I11) Yh (XX )IT,-1) Yt (X,,X,)110)

(00 ) =it wia ) (1M 1)




Exchange interaction

1. Expectation value of particle separation
<(x1 —X )2> = <x12 —2x,x, +x§>
:<x12>+<x§> 2<xx>

<l//12‘x1 ‘1/112> IM‘1M>

2. Fermion triplet-spin

—+ =+ =+ ()
—+— —+— —

‘//A12(X1’X2)|‘I1> wA12(X1,X2)|1 -1) ‘//A12(X1’X2)|10>

1

(37) =75 (41 (21 €1, @) = (13 )2). =) ]2,

= (G, ) 212),)- ((112), ) (20,
(2121, )(, (112, )+ (212)2), ) (L (1),)



Exchange interaction

1. Expectation value of particle separation
<(x1 — X )2> = <x12 —2x,x, +x§>

2. Fermion triplet-spin
p p =<x12>+<x§>—2<x1x2>

* * | fermi
* * $ x2 — )
s 2/ -
Yh (XX )111) Yh (XX )I1,-1) Yh,(X,,X,)110)

()= {1l 1), )+ 421 212),)}

<x12> =7 _[ (P;k(xl )x12§01 (x1)dx1 +3 _[ CD; (x1 )Xlzgoz ('xl)dxl




Exchange interaction

1. Expectation value of particle separation
<(x1 — X )2> = <x12 —2x,x, +x§>

2. Fermion triplet-spin
p p :<x12>+<x§>—2<x1x2>

fermi
i i i <x1x2> = <W$‘X1X2‘W§><1M\ 1M>
1 1
<X1X2> = $(1<1|2 <2| T2 <1|1 <2|)x1x2 ﬁq 1>1|2>2 _| 1>2|2>1)
1

= 5{(1<1|x1 |1>1)(2<2|x2|2>2)_(1<1|x1 |2>1)(2<2|x2|1>2)
(220 1)) (1 2), )+ (421 12), ) (1] 1))}



Exchange interaction

1. Expectation value of particle separation
<(x1 — X )2> = <x12 —2x,x, +x§>

=(x)+ ()= 2(xx,)
<x1x2> = <W$‘X1XQ‘W§><1M\ 1M>

2. Fermion triplet-spin

—+ —+
—+= = —

‘//A12(X1’X2)|11> wA12(X1’X2)|1 -1) ¢A12(X1,X2)|10)

<x1x2> = f(p*l (X1 )x1 @, (x1)dx1ch*2 (xz )X2(p2 (xz)dxz

_f¢*1(x1 )x1 ©, (xl)dxlf(p*z (xz )xqul(xz)dxz



Exchange interaction

1. Expectation value of particle separation
2. Fermion triplet-spin

fermi
<x1—x2 > J¢ dx+J.§D ), (x)dx

2

J.QD x§02( )d

EX TRA 3

—ZJ ¢, (x)xe, (x de ¢, (x)xp, (x)dx—2




Exchange interaction

1. NON INTERACTING particles “seem to have an
interaction” — exchange

2. Expectation value of particle separation

<(x1 —X )2> = <x12 —2x,%, + x§>




Interactions & exchange

1. INTERACTING particles also exhibit effects due to
exchange ... use perturbation theory

a) bosons T ¥* ,100) H ‘/mt ('xl - X2 )
2 2 2 o) 2
- P 2e P> 2e e
aap I e P M iy e
m ngO’ﬂl m ﬂgorz 77:80]’12
1 0 / 0
b) fermions — ¢ ,100) E( ) = <w( ) H 7./}( )>
T( L 2Ky, . . | )
e = <wspatial( ) H wspatial( )>

— I spin state determines spatial wf!



Interactions & exchange- ground state
1. Ground state — 2 bosons/fermions — spatial part is

symmetric
H =V, (xl — X, )
a) bosons T ¥ 1,100)
El(i) — <l//<0) V. l//<0)> — [
¥®,,100)

= ({11, 1) mt( 1>1|1>2) A
- J j¢1 xz mt — x2)¢1 (X1)§01 <x2)dx1dx2

o b) fermions — U 1,100
B J ,qul 12 ‘ ‘(01 mt _XZ)dxl dx, —EE e

I T ¥S ,100)
Jom = TT xl—x2 ‘gom xz)‘ dx, dx, .

Direct integral



Exchange - excited symm state
EY =(yO\|V,|v")
=4(, (1], (2[+ <1|1 2I)th(1> 2),+1),12),)

X )(Pz(xl) th(xl_xz)

X, )+, xz)@z (xl) dx,dx, o
a) bosons 7 I K ¥ ial00

+ T Oji qof(xz)q); (x1)vint ('xl - x2)¢1 (x1)¢2 (x2)dx1 dx,

—00 —CO

v

. K, = J _[ 90:; ('xl )(0:1 (xz)vint ('xl - x2)§0n (x2)§0m (x1 )ﬁlxl dx,
Exchange integral A



Exchan>ge - excited asymm state
I//(0)

(pl xz)(pz(xl) L x-z E— Y 1,100
— b) fermions 7 .
2K12

v LI 1IM)

<
_ 1 [ _(PT(XI)QD; (XZ)_QDT(xz)(p; (xl):vim(xl —xz)
L e)ou(0)-o

(

—00 —CO

v

K12

/_J .[@T(xz)q’; (xl)vint(xl_xz)@l(xl)% (XZ)dxl ax,

. K, = J _[ 90:; ('xl )(0:1 (xz)vint ('xl - x2)§0n (x2)§0m (x1 )ﬂlxl dx,
Exchange integral A



Exchange — Generic & Helium

¥ ,100)
b) fermions il 12
/ F . 2Ky
’ 12 AN A
4 Yo, 1 IM)
El +E2
5100
/ 1s2p e
II J] 1 r 1/ 2]<l s2p
/ N N
‘ ' E 23p
2FE, ’,'
" Jl s2p
! - 215
! 1s2s e
’l / <\\ 2I(l $28
i) N
Iy A 23§
! 'I Jl $2s
Is2s  1s2p V
1's
/
7
/
I, -]l s,ls
/
1S2 ’II 33




1s

2s

3s

4s

5s

6s

7s

Alkalis ° ° Inert gases
T P
H Halogens | He
g n 5 3 7 g g 10
Li | Be 2p| B C N (0) F | Ne
T |12 3[4 |5 |6 |7_ [
Na | Mg Transition metals sp| AL | Si | P S |1Cl| Ar
o |0 T 2 I 2 S O O N I BT T S X O S G
K | Ca 3d Sc | Ti| V| Ct | Mn| Fe | Co| Ni | Cu| Zn 4p] Ga| Ge | As | Se | Br | Kr
57 s 0 o B B2 B B2 B Be B Ps PR SONN CTRNN SR SRR o)
Rb | Sr 4dl Y| Zr I Nb|Mo| Tc | Ru| Rh | Pd | Ag | Cd 50l In | Sn | Sb| Te | I | Xe
55 |56 T 2 2 2 15 6 7 3 [° [0 8T B2 B3 B2 |5 ko
Cs | Ba ,5d Lu|l Hf | Ta] W] Re | Os| Ir | Pt | Au| Hg 6p] TI | Pb | Bi | Po | At | Rn
87 |8 103|104 [i05 |06 |107 [i08_ [109 [ii0 [iiL [z TR N T T A S
Fr | Ra [6d| Lr | Rf Db| Sg | Bh| Hs | Mt | Ds | Rg | Cn Uut | Uuq | Uup | Uuh | Uus | Uuo
Lanthanides (rare earths)
AR I S O T R I T S O A S S i
4]l Lal Ce| Pr I Nd|Pm|Sm| Eu | Gd| Tb | Dy | Ho| Er | Tm | Yb
89 oo Pt P2 .3 P2 5 P67 B8 [p9 oo [or [0z
56] Ac] Th]| Pa] U | Np| Pu|Am|Cm]| Bk | Cf | Es | Fm | Md | No
Actinides
. 2
shell (n) subshell configuration degeneracy (2n°)
2
1 1s 2
2 25> 2p° 8
2 1
3 3s* 3p° 3d" 18
4 45° 4p6 4d" 4f14 32
2 6 10 14 18
5 552 5p° 5d° 51 5¢ 50
2 1 14 1 22
6 6s> 6p° 6d"° 61" 6g'° 6h 72
2 6 10 14 18 22 .26
7 Ts Tp> 7d” T7f" Tg”° Th™ Ti 98

34



Energy

Periodic Table

~N O U B~ W N

1s

Row

subshell configuration Number of atoms

1s’

25 2p°
3s° 3p°
45 3d" 4p°

5s° 44" 5p°
6s> 41" 5d"° 6p°
7S2 5f14 6d10 7p6

35



O o0 9 O U B W N

o —_ = e

Periodic Table

25 Mn [Ar] 4s® 3d°

28 Ni [Ar] 4s® 3d°

29 Cu [Ar]4s' 3d"°

30 Zn [Ar] 4s® 3d"

36 Kr [Ar]4s® 3d" 4p°
37 Rb [Kr]S5s'

46 Pd [Kr]4d"

54 Xe [Kr]5s®4d" 5p°
55 Cs [Xe]6s'

57 La [Xe] 6s* 5d'

58 Ce [Xe] 6s” 4f' 5d'
59 Pr [Xe] 6s° 4f°

86 Rn [Xe]6s” 4f" 5d"° 6p°
87 Fr [Rn]7s'

92 U [Rn]7s 5f° 6d'
94 Pt [Rn]7s>5f°



OLD



Example indistinguishable, with spin
(uncoupled spin basis)
1. PRODUCT wave function still OK
Vo on, ('xl’x2’S1’msl’S2’ms2)

— gDna (xl))(a (msl)gonb ('XZ )%b (mSZ)
E=E, +E,

2. BUT neither symmetric nor antisymmetric under
particle exchange if n, and n, are different!

: o ! ]foz(xz)( (1) ] >f”1(x2)£ ! jfoz(xl)[ : ]

h'd

#1in ground, T # 2in Istex., 4 # 2ingnd., T # 11n Ist exggi




Example indistinguishable, with spin

(coupled spin basis; triplet)
1. PRODUCT wave function still OK for space; take one state from

spin triplet state:

Y, . ('xl s Xp 5875155, vmsz)

=@, (‘xl)qpnb (xz)
=@, (xl)CDnb (xz)

10)

[+=)+-+)]

2. BUT has neither symmetry nor antisymmetry under particle

exchange if n, and n, are different!

+ )+

exchange

(Pl(x1) ?, (xz)
—_ - | = —
#1in ground # 2 in 1stex.L #1.#2 #14#2 |

¢1(%2) 9 (1)

# 2 1n gnd.# 1 in 1st ex

)+ )

—+
—_—

| #1#2 #1#2



Example indistinguishable, with spin

(coupled spin basis; triplet)
1. PRODUCT wave function still OK for space; take one state from

spin triplet state:

Y, . ('xl s Xp 5875155, vmsz)

=@, (‘xl)qpnb (xz)
=@, (xl)CDnb (xz)

10)

[+=)+-+)]

2. BUT has neither symmetry nor antisymmetry under particle

exchange if n, and n, are different!

+ )+

exchange

(Pl(x1) ?, (xz)
—_ - | = —
#1in ground # 2 in 1stex.L #1.#2 #14#2 |

¢1(%2) 9 (1)

# 2 1n gnd.# 1 in 1st ex

)+ )

—+
—_—

| #1#2 #1#2



Example indistinguishable, with spin
(coupled spin basis; triplet)

1. But this has correct symmetry for bosons for all n,, n, (check):

I//na,nb ('xl"x2 ’Sl’msl’SZ’mS2) =

( \ ]
501(361) 502(x22+ 0 (x,) @ (x) || [+=)+][-+)

Y e Y Y—— e st
\#lmground# 2in Istex. # 2in ground # 1in Istex /L #1402 F1I#H2

2. And this has correct antisymmetry for fermions (check). What
aboutn,=n,,

l/jna,nb(xl’xZ’Sl”’/nsl’SZ”/”SZ):
( i |
501(x12 502(3622 — @1()62) @2()(1) ‘+_>+‘_+>

e ~ — Y = =
\ #linground # 2 in Istex. # 2inground # 1 in Istex L #1.#2 #LH#E2




