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Recap	
  -­‐degenerate	
  perturba-on	
  theory	
  
1.   Diagonalize	
  the	
  perturba3on	
  Hamiltonian	
  in	
  the	
  

degenerate	
  subspace!	
  (and	
  the	
  first	
  correc-on	
  
pops	
  up	
  on	
  the	
  diagonal)	
  

2.  =>	
  mix	
  up	
  the	
  degenerate	
  states	
  to	
  get	
  the	
  “right”	
  
basis	
  that	
  removes	
  the	
  infini-es	
  that	
  would	
  result	
  
if	
  we	
  blindly	
  applied	
  non-­‐degen	
  pert	
  theory	
  

3.  Physics:	
  the	
  states	
  with	
  no	
  component	
  along	
  the	
  
field	
  remain	
  unchanged.	
  	
  The	
  ones	
  with	
  up	
  and	
  
down	
  components	
  mix	
  and	
  change	
  	
  



Recap:	
  Stark	
  effect	
  in	
  H	
  (n	
  =	
  2	
  states)	
  
1.  Dipole	
  energy:	
  

2.  Perturba-on:	
  	
  

	
  

 ′H = −d iE = eΕr cosθ

 

′H 

0 −3eΕa0 0 0
−3eΕa0 0 0 0
0 0 0 0
0 0 0 0

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

200
210
211
21,−1

!

DE

E+
H1L=3e!a0

E0H1L=0

E-
H1L=-3e!a0

E = +3eΕa0,−3eΕa0,0,0
ψ + = 1

2 200 − 210⎡⎣ ⎤⎦
ψ − = 1

2 200 + 210⎡⎣ ⎤⎦
ψ 3 = 211

ψ 4 = 21,−1



Reading	
  Quiz	
  

Hyperfine	
  interac-on?	
  

1.  An	
  electron	
  in	
  hydrogen	
  makes	
  a	
  transi-on	
  
from	
  the	
  n=3	
  -­‐>	
  n=2	
  level.	
  	
  What	
  is	
  the	
  energy,	
  
the	
  wavelength	
  and	
  the	
  frequency?	
  	
  Need	
  
numbers	
  (and	
  units)	
  

2.  What	
  are	
  “common”	
  or	
  	
  “sensible”	
  units?	
  



Fine	
  structure:	
  beyond	
  "1/n2"	
  
1.  h]p://backreac-on.blogspot.com/2007/12/hydrogen-­‐spectrum-­‐and-­‐its-­‐fine.html	
  

	
  

	
  
	
  



The	
  21	
  cm	
  line	
  …	
  hyperfine	
  
1.  Forbidden	
  transi-on	
  	
  

s-­‐>s.	
  Life-me	
  ≈11	
  million	
  yr	
  
2.  Can	
  see	
  galaxies	
  obscured	
  

in	
  visible	
  by	
  dust	
  
3.  1.42	
  GHz	
  =	
  21	
  cm	
  	
  

=	
  ?eV	
  =?K	
  
4.  The	
  HI	
  radial	
  velocity	
  field	
  of	
  the	
  nearby	
  

spiral	
  galaxy	
  M33	
  is	
  shown	
  here	
  by	
  colors	
  
corresponding	
  to	
  Doppler	
  redshi?s	
  and	
  
blueshi?s	
  relaAve	
  to	
  the	
  center	
  of	
  mass;	
  
brightness	
  in	
  this	
  image	
  is	
  proporAonal	
  to	
  
HI	
  column	
  density.	
  
Image	
  credit:	
  
hEp://images.nrao.edu/?id=51	
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Hyperfine	
  interac-on	
  

1.  The	
  spins	
  of	
  the	
  electron	
  and	
  proton	
  introduce	
  
addi-onal	
  energy	
  beyond	
  the	
  Coulomb	
  interac-on:	
  

	
  
2.  In	
  symbols:	
  	
  

	
  

–e –p

S

I”

electron proton

 
′Hhf =

µ0
4π

geµBgpµN

2
8π
3
S i Iδ r( ) = A

2
S i I

 
′Hhf =

µ0
4π

geµBgpµN

2
1
r3
I iL− 1

r3
S i I+ 3

r5
S i r( ) I i r( ) + 8π

3
S i Iδ r( )⎡

⎣⎢
⎤
⎦⎥



Hyperfine	
  interac-on	
  

1.  Now	
  we	
  have	
  something	
  new	
  –	
  a	
  system	
  of	
  TWO	
  
spins!	
  	
  	
  
	
  
•	
  What	
  are	
  the	
  spin	
  operators?	
  	
  
•	
  Is	
  there	
  a	
  total	
  spin	
  that	
  is	
  the	
  sum?	
  	
  
•	
  What	
  are	
  the	
  quantum	
  numbers?	
  	
  	
  
•	
  In	
  other	
  words,	
  how	
  do	
  we	
  add	
  two	
  spins,	
  or	
  
more	
  generally,	
  two	
  angular	
  momenta?	
  	
  

	
  



A	
  system	
  of	
  2	
  spins	
  –	
  e	
  and	
  p	
  

1.  How	
  do	
  we	
  write	
  the	
  states?	
  
	
  
	
  
What	
  are	
  the	
  spin	
  operators?	
  	
  
	
  

	
  
	
  

e  up p  up ≡ + e + p ≡ + +

 

Sz 

+ + + − − + − −

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

+ +

+ −

− +

− −
 

Iz 

+ + + − − + − −

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞
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⎟
⎟
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A	
  system	
  of	
  2	
  spins	
  –	
  e	
  and	
  p	
  

1.  How	
  do	
  we	
  write	
  the	
  states?	
  
	
  
	
  
What	
  are	
  the	
  spin	
  operators?	
  	
  
	
  

	
  
	
  

e  up p  up ≡ + e + p ≡ + +

 

Sz 

+ + + − − + − −

 / 2 0 0 0
0  / 2 0 0
0 0 − / 2 0
0 0 0 − / 2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

+ +

+ −

− +

− −
 

Iz 

+ + + − − + − −

 / 2 0 0 0
0 − / 2 0 0
0 0 + / 2 0
0 0 0 − / 2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

+ +

+ −

− +

− −



A	
  system	
  of	
  2	
  spins:	
  	
  e	
  and	
  p	
  

1.  Recall	
  

2.  ?	
  	
  

3.  What	
  do	
  you	
  think	
  S+	
  and	
  S-­‐	
  are?	
  	
  I+	
  and	
  I-­‐?	
  What	
  
are	
  their	
  ac-ons	
  on	
  the	
  states?	
  
	
  

	
  
	
  

 S i I = SxIx + SyIy + SzIz

 
′Hhf =

µ0
4π

geµBgpµN

2
8π
3
S i Iδ r( ) = A

2
S i I

 S i I = 1
2 S+I− + S−I+( ) + SzIz



Ladder	
  operators	
  in	
  angular	
  mom.	
  

1.  Recall	
  

2.  “J”	
  is	
  “S”	
  or	
  “I”	
  
	
  

	
  
	
  
	
  

 

a = mω
2

x̂ + i p̂
mω

⎛
⎝⎜

⎞
⎠⎟

a† = mω
2

x̂ − i p̂
mω

⎛
⎝⎜

⎞
⎠⎟

a,a†⎡⎣ ⎤⎦ = 1

 

J+ = Jx + iJy( )
J− = Jx − iJy( )
J+ , J−[ ] = 2Jz

 S i I = 1
2 S+I− + S−I+( ) + SzIz



Ladder	
  operators	
  in	
  angular	
  mom.	
  

1.  Ladders	
  within	
  a	
  par-cular	
  j	
  subspace!	
  

2.  HW:	
  

	
  

	
  
	
  
	
  

 

J+ = Jx + iJy( )
J− = Jx − iJy( )
J+ , J−[ ] = 2Jz

J+

J+

J+

J+J-

J-

J-

J-
|2,-2Ú

|2,-1Ú

|2,0Ú

|2,1Ú

|2,2Ú

 
J± j,mj =  j( j +1)−mj (mj ±1)⎡⎣ ⎤⎦

1/2
j,mj ±1



Matrices	
  for	
  hyperfine	
  Hamiltonian?	
  

1.  Sz	
  and	
  Iz	
  	
  (remember	
  J	
  can	
  stand	
  for	
  S,	
  I,	
  its	
  sum,	
  or	
  any	
  a.m.)	
  

	
  

	
  
	
  
	
  

 S i I = 1
2 S+I− + S−I+( ) + SzIz

 

Sz 

+ + + − − + − −

 / 2 0 0 0
0  / 2 0 0
0 0 − / 2 0
0 0 0 − / 2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

+ +

+ −

− +

− −
 

Iz 

+ + + − − + − −

 / 2 0 0 0
0 − / 2 0 0
0 0 + / 2 0
0 0 0 − / 2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

+ +

+ −

− +

− −

 
J± j,mj =  j( j +1)−mj (mj ±1)⎡⎣ ⎤⎦

1/2
j,mj ±1

J+ j, j = 0; J− j,− j = 0 J+

J+

J+

J+J-

J-

J-

J-
|2,-2Ú

|2,-1Ú

|2,0Ú

|2,1Ú

|2,2Ú



Matrices	
  for	
  hyperfine	
  Hamiltonian?	
  

1.  “extreme”	
  
states	
  

	
  

	
  
	
  
	
  

 
SzIz + + = Sz


2
+ + = 

2
Sz + + = 

2

2
+ + = 

2

4
+ +

1
2 S+I− + + = 1

2 I−S+ + + = 0

1
2 S−I+ + + = S+0 = 0

 

S ⋅ I  
2

4

+ + + − − + − −

1 0

0 0

0 0

0 1

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

+ +

+ −

− +

− −

 
S ⋅ I − − = SzIz − − + 1

2 S+I− − − + 1
2 S−I+ − − = 

2

4
− −



Matrices	
  for	
  hyperfine	
  Hamiltonian?	
  

1.  “inner”	
  states	
  

	
  

	
  
	
  
	
  

 
J± j,mj =  j( j +1)−mj (mj ±1)⎡⎣ ⎤⎦

1/2
j,mj ±1

 

S ⋅ I − + = SzIz − + + 1
2 S+I− − + + 1

2 S−I+ − +

= − 
2

4
− + + 1

2 S+ 1
2
3
2 − 1

2 (− 1
2 )[ ]1/2 − − + 0

= − 
2

4
− + + 1

2  1
2
3
2 − 1

2 (− 1
2 )[ ]1/2  1

2
3
2 − 1

2 (− 1
2 )[ ]1/2 + −

= 
2

4
−1 − + + 2 + −( )

 

S ⋅ I  
2

4

+ + + − − + − −

1 0 0

0 2 0

0 −1 0

0 0 1

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

+ +

+ −

− +

− −



Matrix	
  for	
  hyperfine	
  Hamiltonian	
  

1.  With	
  all	
  the	
  constants	
  …	
  

	
  

	
  
	
  
	
  

 

H 'hf = S ⋅ I 
2µ0
12

geµBgpµN ϕ1s 0( ) 2

A
4

  

+ + + − − + − −

1 0 0 0

0 −1 2 0

0 2 −1 0

0 0 0 1

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

+ +

+ −

− +

− −

E1 = A 4,       E1 = + +

E2 = A 4,       E2 = − −

E3 = A / 4,     E3 = 1
2

+ − + − +⎡⎣ ⎤⎦

E4 = −3A / 4,     E4 = 1
2

+ − − − +⎡⎣ ⎤⎦
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