
Homework 8

Problem 8.1: A non-ideal gas The equation of state of a gas that departs from ideality can be approx-
imated by

p =
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(
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V

)
where B2(T ) is called the second virial coefficient which increases monotonically with temperature. Find(
∂U
∂V

)
T

and determine its sign.

Problem 8.2: Nucleus in magnetic field Nuclei of a particular isotope species contained in a crystal
have spin I = 1, and thus, m = {+1, 0,−1}. The interaction between the nuclear quadrupole moment and
the gradient of the crystalline electric field produces a situation where the nucleous has the same energy,
E = ε, in the state m = +1 and the state m = −1, compared with an energy E = 0 in the state m = 0, i.e.
each nucleus can be in one of 3 states, two of which have energy E = ε and one has energy E = 0.

a) Find the Helmholtz free energy F = U − TS for a crystal containing N nuclei which do not interact
with each other.

b) Find an expression for the entropy as a function of temperature for this system. (Hint: use results of
part a.)

c) Indicate what your results predict for the entropy at the extremes of very high temperature and very
low temperature.

Problem 8.3: A rubber band model Consider a model in which rubber is composed of segments of
fixed length a, each of which can be oriented in any of the six cardinal directions (±x̂, ±ŷ or ±ẑ). We will
assume that the rubber band is aligned in the x̂ direction, and there is an energetic penalty ε for segments to
be in any of the ŷ or ẑ directions, but that there is no interaction involving the orientations of neighboring
segments.1

Ex̂ = 0 (1)

E−x̂ = 0 (2)

Eanything else = ε (3)

a) Using these energies, find the probability for each alignment using the Boltzmann factor and their
energies.

b) Find the mean displacement in the x̂ direction of a molecule composed of N segments based on the
above probabilities. Why does it have this value?

c) If we pull on the molecule with tension τ in the +x̂ direction, we will need to adjust the Boltzmann
factors to include terms such as ±βτa. You should do this by adjusting your probabilities according to
the following formulas, which account for the fact that some states have different displacements than
others.

Pi =
e−β(Ei−τ∆~ri·x̂)

Z
(4)

Z =
∑
i

e−β(Ei−τ∆~ri·x̂) (5)

where ∆~ri is the displacement of state i. Work out the probabilities under tension τ .

1This model is actually considerably more accurate (taking ε = 0) for long linear polymers such as DNA in solution.
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d) What is the mean displacement in the x̂ direction L of a molecule composed of N segments under
tension τ?

e) What is the entropy S of this system, as a function of β and τ? Keep in mind that the entropy is given
by

S = −kB
all states∑

i

Pi lnPi

f) What is the internal energy U of this system, as a function of β and τ?

g) What is the Helmholtz free energy of this system, F ≡ U − TS?
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