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1. (20 %) Let f(z) = exp(—z?), for 0 < z < 1, a portion of a Gaussian.
Propose periodic extensions that lead to a Fourier series, valid in 0 <
x < 1 that have the following characteristics.
e (A) with period 1, sine and cosine series.
e (B) cosine series only, with period 2.
e (C) sine terms only, with period 2.

You do not need to compute a series, simply make drawings for each
case. Be sure to label the period in each of the four figures.

Answer:

(A) f =g, for 0 <z <1 where g = exp(—2?) and f(z +1) = f(z), and
all z.

(B) f =g, for =1 < z < 1 where g = exp(—z?) and f(z + 2) = f(z),
and all .

(C) A possible but not unique example: f =gfor0 <z <land f=—g
for —1 <2 <0 and g = exp(—2?) and f(z +2) = f(z), and all z.
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2. (20 %) Solve for u(x,t), obeying
U+ 3u, =0, t>0,z¢€R, u(z,0) =l
dx/dt = 3, hence = = 3t + &.

du/dt = 0 hence u(z,t) = u(&,0).

Solving for £ = x — 3t.

u(z,t) = expllr = 3t|], t>0,z€R.
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3. (30 %) The function u(z,t) obeys the following problem:

ou 0*u
- = 5 t>0, 0<z<L
at axz _l— qu7 Y x Y
u(0,t) = wu,(L,t) =0,
u(z,0) = f(z), f(x)isa bounded continuous function.

Here ¢ is a constant. Solve for u(z,t) and find for what values of ¢ the
solution is stable, in the sense, the lim; ., u(x,t) is bounded.

Answer:

Assume separation of variables u(x,t) = H(t)G(x). Then

Ht Gmx o 0
o a 17
This leads to
H, +w?H =0,
and
Guw + K2G =0,

where k% = w?+q. The solution of the G equation with G(0) = G'(L) = 0
1s

Gu(x) = Anon(x), n=0,1,2 ..

where ¢, (z) = sin|k,z|, where
k,=mn+1/2)r/L, n=0,1,2,...

This means that w? = [(n + 1/2)7/L)* + q.
The solution of the H equation is

H(t) = C, exp(—w?t).

The solution

u(z,t) = Z A, exp(—w2t) ().

where
wy = ([(n+1/2)7/L)* + q),

and k, = (n+1/2)7/L. Using orthogonality and u(x,0) = g(x), we find
that
9 (L
A, = Z/ g(x)sin[k,z]dz, n=1,2,3..
0

For solutions to remain constant in time or decay, we require w? > 0,
hence [(n + 1/2)7/L]* —q >0, s0 (n =0), ¢ < 72 /4L.
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4. (30 %) Solve for u(zx,t), obeying

0%u 0%u
w = @—F(]U, t>0, O0<x<lL,
u(0,t) = wu(L,t) =0, t>0

u(z,0) = 0,

u(z,0) = g(x), 0<xz<L.
Extra Credit: Find the condition required on ¢ for the solution to
remain bounded.
Answer:

Assume separation of variables u(z,t) = H(t)G(z). Then

Htt o Gzz . o O
H ¢ 177
This leads to
Htt + w2H = 0,
and
Guw + K*G = 0,

where k? = w?+¢q. The solution of the G equation with G(0) = G(L) =0
is

Gn(x) = Andn(z), n=1,2, ..
where ¢, (z) = sinlk,z|, where
k,=nn/L, n=12,...

This means that w? = [n7/L]* — q.
The solution of the H equation is of the form

H(t) = C), cos(wpt) + Dy, sin(wyt).

Since u(z,0) = 0, then C,, = 0. The solution

u(z,t) = Z Ay, sin(wpt) o, ().

where
wn =/ ([n7/L]* = q),
and k, = nr/L. Using orthogonality and w;(x,0) = g(z), we find that

9 L
A, = wnL/o g(x)sinfkyxldz, n=1,23..

For solutions that oscillate or decay, we require ¢ < (7/L)?, i.e., we
require that w, remain real, for all n.



