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TO SOLVE PDE's
Consider the following CandyProblem

Find ulxit

PDE D XER
too

so uh D fCx
0

Assume flucx.tt dxLO

and flfcxsldxcg

cslbtyulx.tk

c4tIeikxdk



kit fjhcx.teih.de
substitute into PDE

18 k Hei dk
2

D Z uh tTx
We use 4 d44 4 s k f f in whatfollows

j Y e
i die

as

D fk Oth te
ihidk

w

i e ffs a slikTF u52



ftp.lktltDEOlh.tl e
ihxdh O

dO t's.DEOch t CH
d

freachk

is aseperable ODE that requires an

initial condition a

Elk Huma 01hD Heihd
is

so

f
kit DKEK.tl tso

ich D Fck
foreach ki Solving weobtain

014A F b e Diet



hast fat

t ucx.t ztf cDe
KDte ih.dk

can be seen as a convolute of two

finches oreis fix and f Ye Mt To
see this

if silk Elk W h
the f fad is a avolutin

Stx fr fB wlx 3 d3

So in f
5144 514with t



where wtht e KDt

Elk f fix

Skat s fix what where

what fTrickHe ikxdk

zfffe KDteikxdk

feWDtlcoskx isinkxl.dk

e ask.dk

since e Dtsinkx is ODD

let 2 short



then

what s.f.EE r.cosf.fT dz

e as da

This integral appears inTablesofintegrals
it is computedusingresidues in the

complexplane

what
4th

e
4t

A normaldistribution with variance

4Dt
The widthof WLx t increases as it es

Theaptitude of what x as t es



UH t
913 WH 3Hd

1 1370
4 43

A
HEAT EQUATION ON AN INFINITE 2D

DOMAIN

Us UK y t theCandyproblem is

PDE 3 D luxxtuyy ink tsoHE
see uh y o fixy t O

We use a 2D FourierTransform in x y



OH y H
jucxy.tleioxttddxdyucx.y.tl

qat.fi f 1dou.tIeiHtMldidy
Take 9T of CHE i

ftp.live.tl kDOO.int O too

bi iii I

Eli D fix.pe middy

4 UH y D
Solve EVP consistory of IBO



OHu.tl Ewe kit
Take f COOµt ucxiy.tl

ulx.pt p µ e
time iHxtt

dµ

FOURIERTRANSFORMFOR WAVEEQUATION

IN 1SPACE DIMENSION

CauchyProblem for waves

PDE 3 3 XER too

I C uh as fix 3 40

thiscouldbe
heonZero



what 1 144 eikxdkfhirfulh.tj.g.ua
nei dx

FT tle PDE II C

t.IT eihxdx fgYqeihxdx or

is

d hi or

A d two o

w I
CZ

The solution of f



Olb t s Alk cos att Bch shwt

We use I C to determine

Alh Bud

We know that flux o GD

UtcxD so i e no initial
velocity

let Elk 3Has
Ilk t when1 so should be

FIH

0 ko s Alk as wot Bae sina.co

ACH Elk



Since 9 Utcx o 0

Her BC4 0

uh t fToke
it Elk cos lect

dbeihxcoslkot.ffdxkihx.lk

we willmanipulate this answer toshow

thattee solution hes 2 waves propagating

in opposite directives this is known as
the D Alembert solutionto tee
wave equation

ucx.tl dx ftp
d fe ihxeikx'asC6otD



as Chet Ceikat e
ilect

hLxH Ix fCx ffyfe
iklx d.ate.iklxnitctg

2

Recall the Fouriertransform par forHr

Dna Delta function

ulx.tl II f ai SCx ri ct t Sfx x'tch

Use the siftingproperty ol Drac Delta

Function to evaluate the2 integrals

ulx.tl f Effect tfcxi.at
D Alembert's Solution

The solution assists of 2 counterpropegety
waves with shapedetermined by the initial



disturbance uh D fix

SEMIINFINITEDOMAIN

Wemight use Laplace
transform for this

case but wemight windup with a

challenge going fun transformspace to

reel space A trick thatallows us to

use Fouriertransforms is illustrated

below

Consider

PDE Ut VU xx X of o

I c UH o lolx x 0

Usethe Method ofReflection through

the x o boundary



Theidea is to solve another problem

on the entire space domain over the
whole real he which is assistant with

flesoluhu for x o

Forth aboneproblem tle ODD

extension works

Lef 4G lolx for x o

I gtx for xco
Solve for V H t XEIR t o

Vt VV xx XE IR t 0

obeyis I uh D 4Cx x EIR
Then uh t VA t for X 30 t 30



A
Assume fwldxces flyldxces

as is

so we can use Fourier transforms from

previousnotes fond that

vk.tl fjhhx.y.tl 4y1dy

what f ye
uh't

Fromft we can find what in termsof

a arvolution splittingthirtegrel

vk.t fjwlxy.tl
4y1dytAwlx y.t74ly dy

O



chargeof variable of integrehm on

let g y dy dy
O

v lyt s fwcxty.tl 4 y dy
Tux y.tl 4y dy

f 4C x 4G for so
t fwlxty.ttolyYdy
as 41g etly

t f w Ix y t 43cg dy
O

i next fdy w x y t wlx.lystiffly

here what I e

KE
Hot



SOLVINGTHEELLIPTICALPROBLEM

ON SEMI INFINITEDOMAINS

Grsider

PDE Uxxtuyy O off
B C UH Dsfcx XEIR

y x

u fc
TheDirichletProblem one halfPlane

Ocky
Tuxylei dx 1

ucxip.z.f C4yle ih.dk A



Differentiate twice wrt toy

ftp.fg.f
ucxiy7eihtdx

use thePDE i e U xx s Uyy
n w

Ju
Fye

hxxeik.de

UseHr derivative rule for f T

Dssune le in hk g so for 0eyees
y I es

Assure fin3 x g so o yes

so when we integrateby putstwice in x

Tff E Ia g eihxdx.hu

or
r



i DI K so ke R

dy Ocyces

at y O uh o sta

Fck Faseikxd

constitutes date forth sobhuof

SoW.y

D Athletes Blk e kg

Toget a second solvability
condition

Assure 0thy is bounded as yates

i 014g Bude les

HoweverRecall that he R so for Leo is

unbounded for y 30



So we modify

Otay Bad e My

Valid fur cocked

Use Ilk yo Elk

Ok y FMe1k1g

To find ucx.gl use f Othy

ukip f.Leihx.fase.ms E

is the general shuku

We can recast E es follows

uh g fide ihxffffcsyeihsdgye
lh.ly

We can write E as a convolution



From a Table oftransforms

4 a
e
Ma

thisresult can be obtained using
Cnplexvariable integration

write
Uh yl 1 14Elkg e it'dh
where EChy e

thly

We can usethe anvolutientlemen

to rewrite as

UG g 1 13 g x 3 g des

where f ElkD s

y
glx y



i a ix g 17714 des

Poisson's Integral formuleforthe stake
of the ellipticproblem one half plane


