











































































































DIMENSIONALANDLYSIS
AND SCALING

Veryusefulandsimplestrategythatyields
insights into physicalprocesses aswell
as otherprocesseswith structure
In additionto crucial insights intothephysics
of a problem it suggest waystounderstandthese
in a simpler way
Famously G 1Taylor nHe40 sestimated tle

yield of thefirstatomic explosion from

photos of the spread of the firebell Isimplied
version of otheratomictests Let'smakethe
estimateourselves withthefollowing simplifying
assumptions

assure radial symmetry
Abackground temperatureandpressure are too
small to impactthe explosion
assume a port source














































































































The blast generates a powerful shock pressure
wave let

par
g ft r p e so

t the Ct

r s length L

p densityof our
ME 3

e energy Mlp L MET 2

notemarries.ci YnI.ia3
we'll all this a dimensionlessgroup Then

I H C a anstant
tie

We solve for raid get that














































































































r.sc eEf
45 ClTYs ghT

f

T

Righi th anstant C depends a keratin ofthe

specific heat at erstatpressure to the specific

heat at an stat vote

In other words there is a law that

underlies the blast

f ti f rest 0

thisis a functionthat could perhapsbefound

experimentally














































































































The basic role of dimensional analysis is
DIMENSIONALHOMOGENEITY

Theunderlyingprinciple isthatany lawthat models

a physicalprocess accurately aust be independent

of the unitsusedtomeasurethephysical variables

So among other things the units on bothsides

of an equation should be
the same

F ma

Ksmise 1kg m s

Rink A function fCxg is said to be

homogeneous in X y if

ftp.py7 pflxiy














































































































The Buckingham1T Theorem

Ageneral formof a physical law

A fl g g gm O

where Gi ae
dimensional quantities

By inspection or using teetboren we will

try to express interms of dimensionless

groupings IT II Mm r such that d
can be expressed in unit dimension form

F IT II ITm r O

diversinless physical law

Howdo we find IT i's F Buckingham

PiTheorem If problem is simple enouph we














































































































can use inspection

There are physical dimensions 4,4 Ln

nsm

e g gCt r p e D in previousproblem

in 4 I of g's

n s 3 HotL's M L T

Tm r Ty IT rsf
itsosheppusthatr.in

Ee
in this case

So generally we write

qi L Gazi Gani

here is 1,2 r m

For all of Reg's there is a matrix A

of the form














































































































is l A
I

c q
Thismatrix is generally rectangular

THesMATRIX A has rank A r

Rmd When Here several
alternative groupings

thebest choice encodes the sealogs
that best

best represent therange ofunits
of variables relevant

tothe application of the model

Also non dhensiaclezingleadsto simpler

physical laws

EX An exampleof homogeneisattu

ft x t x f gt3 o














































































































X LI t CT g LT z

Define dimensionless quantities

let Is x t sit where 1hiz ET

gsiting
fast x Igt's iii to Ig.EE

d hi g E

fast I fCx E

n fix t is a homogeneousrelation

f I E is dimensionless

ex AdiHina problem at t O an amount

of heat energy e concentrated at a point in

space is allowed to diffuse outward into














































































































a region with temperature 0 If r

denotes the radial distance frm the source

at t.net theproblem is to find the

temperature acr t

t r e aHeat u i r t

therate atwhich heat diffuses is important

themedium in which theheat diffuses isalso

important
c is theheatcapacity HKAJ
k is th thernel diffusivity hyp

k is th thernel andchuityper unit ofheat

capacity or amountof heatenergy flowing

across a unit areafruit tire at a given
temperature perunit heatcapacity

f ft r u e k c O














































































































t.IT es CE

r sCLI k ET

us k c ElKla
temperature

here in 6Ins 4
t r u e k e

T l 0 O O I O

L o l O 0 2 3
f

O l o o 1 I A DimensionMelnx

O O O I 0 I

Rank A r 4 M r 2

2 dinarsinlessgroups
Bush see classmates in MTH341 to learn howtocompute

therank of a matrix

We now find the 2 dimensionless groups
IT IT z














































































































I IT t r u e4K5c's

T Ld Kd Email Ekiti

Get 4 25 0

221225 326 0
I

Compare this to tee Anatnx entries

L s I 4 1 23 24 0 dss 46 0

4 3
2 4 0 4 1 24 1 as 26 1

IT rt Tik I
Tht

Has t ae.tkkc 0fCkt
3k

so far weak c O














































































































is equivalent to

Ff I ITD 0
Solvefor

Tz gCIT

weget

u ElktT g Tart 11
EX Consider particle constant mass in

radiallyprojected upwords from
Earth's

surface with initial speed V Let R

be theradiusof Earth Let E and I
bethe distancefrm Earth'ssurface to

particle and tie 30 Neglect drag

one mdI i














































































































ICO 0

I C
diglot V

g sGMz
He gravitated
arstat

N B index is Newton's 2ndGMT
Law andGita reducesto

Scaletle problem
I LL
E CTI

j 4 2

V LT

R h

Rn 6436km














































































































X e I
R

t I
RV

ftp.s da Eida

1

Replacethese into ODE

isisi i sii
E sina.is iEx
i d.fi














































































































let EE F then

e d

I

ii

the solution of is X G t

Rudi R is an intrinsic length

Rp is an intnucid fine

E is a diversinless parameter

if EDI














































































































Der DI a 0
do

i x trot beer in the
w n ro constant

what aetle crudities referredfor
EPI

We could have chose a differentSealey

one that use acceleration

E t I
r
replace it toFai ftFt frig It origidegrott

r d x 515
It R'Atx

d x l
or I Ttx














































































































No so

dfe.HU dd
g r
Ek

Tx I
Ii txt
Xlo so

DX o Elk

The story emphasizes the role ofthe initial
conditions if theescapevelocity Ek is
EkslivehicledoesnotescapeEarth
Elk 1 VehicleescapesEarth
so istlethrehold

We couldherebeen more systematic

I IT thx 2124 V g






























f s 4 dy 225 Ldr tht dy th

4 dy 2dg so

ht 23 44 25 0

Renters2 Mss expect 3 groupings

IT To Tigre
hence FLIT lI ITD O

IT sh Tz My smefunuhu of
th Tt 3

shf n



Suppose we wantto find the tmax

required to reach maxim height gun
given some initialspeed V

oh tmax V
Ii Rtu Er so

f or is time 0

man FfsD
in.irrgrthe maximum Leigh only depends on

a single parameter F is a graph of

tmay.ph vs E42

contains all of thedata required to

find truax giventhevalueofperaetergly



SCALING
Manyprocesses that haveinherentlydifferent

typical scales

In chemical reactions it is typical to

see the evolution of a concentrate e t

obey
y f

fastdynamics

f
86Wdynamics

t.me
I I r

I isHefastreaction the

Iz is the slowerreauhu the

Here tle I is the highly Chu dynamic regime
and Ir is tlenearly tie stationary regime



In I we alsohavethereactionratecharge quickly
1h Iz we don't

ex consider projectileproblem with th added

dynamics of our drag

ymdff.thdf.s
q.fm

I 6 so Lsinplebeer hudel airdrag
o V isproportional tospeed

When 1 0 the gravitational forcemustbe

equal to ing
a 4M mg g is so

defined

Take Ed 12

Expand the term



a n k
Recall that

Ita P I t pz t P P Et PlP Dz3

for smell 2
Hz P e I t pz

we saythat this is an 062 approximate

full toast
again assuring Ihr Le l

For Ip sa l

m d led t GMT O
RYHIM

nd and i 6M G EE t OKEY so



To 0 E with g off

and yhd omg so

I did g Liz

Is CT
m M

what are the units of her

Recall that kd hasto haveunitsasing

wig MLT z

k diff MLT z

k 4 MLT 2

Solving for kids MT i



Let's ignore kdxYdj for now

When Ip is small we require that

remain suitably smell

So what isthe typical situation

seth O d
g

integratingtwice

Is GE'tVETO
If projectile is hurled upward it reaches
nex.mn height when d so or

Imax Vg
I CT t.tl g
and length as a Yg

Now suppose zerodrag



it iq
d

i I

g g vYg

if vYg n 0 l

tle tlescale

x fig beds to

dig g g

or dy I
do

let's bring in k recall that

k s MT if



hasunitdimensions
P km

ly
k d p diff scalingeverything

d tpdxq I 1004

X o so
4

SOLUTION let us dI the ODE is
dt

f DI t p v 1 a bear firstorder ODE
dt
Multiply f by integrating factor

sept



I df t p Ir I

da ga s I

integratebothsides
t

e ft v f e ds t e

O

v e Pt fateBsds ce ist

vs Eftfeet 1
ce.pt

Apply I C

Vco I c s I

v CH IH e Ptp A

sine dog so integrate A
to get xCt



Apply XD so to get

x Ip Ip Itp e Pti

In Sunray

Etta estate

f ti e pt

When p 0 we expect I to looklike

flesh tier of
dax

l c I
c

let pal e etat ptttp.li
for small ptt



vct.tpe ftte pt.tw l.pt IpEt ltl ptttptI
t
P

Haungusedtle expansion

octet t 1 Glp
So qualitatively

tlehnitdahsoutxlta
tgtltpf.pePtfltp
x x

tgt.ttpgptfl pttIpzti t
tpll pttfp2t7
µ

Xlt et ft pttblptat.tt'tOtp
HI past

at

ult GravityDominates



What about psst DragDominates

ult e.pt
xctI tgtlgdltp A ePtJq pt tptfl.ept

Hpd e pt
1

t at

ult

Ek Download and run Mathematica Notebook


