











































































































Bio O little 0 Notation
Given 2sequences
xn and can h O I

We write xn Olan if there exists

a constant K and
ns.hos.t.txnSKl2n for n no

Xu

Xdn

n
nu

Em I sk

We write an Olan if for each e o

there exists an no such that














































































































O s HnI f Hnk
wkn n no

i e final 1 0

t
i dn
i
r Xn
i Th
nu

Ring could also let E kn and then
have statementsregarding sequence
bdances as a O

ex Verify that sin x OG as x Ot

Thestatement f Ce OCD means that

f is bounded in a neighborhood of E O














































































































lem sire heteroasf IE O E

by L'Hospital'sRule
Could have also usedthe neon valuetheoremon thederivchi

sings cos a f I forSonea
E O

sine ecosat.IE slhcelasa fl

Also couldhave useTaylor series recall that

SHE E 34Est E

divide bothsidesby E andtake

ex Verify that EElue so e as e 0
t

Thestatement fee so 1 means that

f e 0 as E O L'Hopital's
f rule

E
e 9 star














































































































PERTURBATION METHODS
There are many

methods Here we picktwo
of the basic ones REGULAR SINGULARMethods

RmhMoshproblems donothave an analyticsolution

You are left with
computatrael approximations

localperturbativeapproaches
Approximation

PERTURBATION APPROACHES

Some challenges with these

approaches are

Often notpossibletoquantify to
whatextenttheapproximationreflects
thebehavior of the true solution
However in some cases theperturbative














































































































approachwhich is highly local can capture
the dynamicsofthesystemglobally
It mightlead to generalizations
about thetrue system that are
significantlydifferentfromtruedynamics

RIK in summary exercise caution when
applying the methodology

Regular Perturbation Methods

Forspecificity considerthe

Ivp def flyit D t o
dt

yet07 9a

y EIR f e IR y e112

Ea l is a parameter that is either














































































































explicit intle IVP or isintroduced

BI Wewillexplorewhet happens to y t
for Esc1 but could also use 8
and look at g t when S es

Ruh We are goingto assure in what follows

that g OLD days OCI

ya 061

WLOG consider the scalarcase

diff fly t too

Assume th
y

yG yo tey t Eyot f

call yo theleadingorder ofglt














































































































Replace t into A
Rule E is not a precisenumber hereby a constant I

G yotey toy sffyoteytoy t B

12M theidea is that y ya are correctness to

the leadingorder term yo Nok yi O l

Assurethat
y
exist so the righthand

sideof F can be written as a series

about yo So
the righthand side is

gotEy toga t sHyo t

te bigot 067

The lefthand side on theotherhand is














































































































da yo te y t dugteddytodays

Matchbothsidesof the equation byorders me

go dyed ftp.t
e d

3tglg j
e

d

y j
etc

Nextsolve the ecoequationtoobtain yo you
havetobeable tosolve the equation If not the
method fails

Next solve the equettu toobtain y
and so on

g t z gotEy truncated

is the approximatesolution to














































































































It remains valid so long as Eda 1

EX Motion of an object in a nonlinear
resistive medium

Abody of mass me is given an
initial velocity Vo andmoves

in a medium that offers a resistive

force ofmagnitude a v bv Here
Vsv t is the velocityof body the is
denotedby t and a and b are

positive constants

mdy
dt

a V t bvz

vidsVo
Thevelocityscale is Vo and

for dimensionless the I's














































































































Eft
let y Fo

dy
A

de Steg e o

Y t
where e b at

by sassumphu

is Bernoulli Egnatia

1 The Bernoulli Equations

f tP y qady
Tn how L S

here h 2














































































































w s y
i

1 fits KD giddy

substitute into A

y
zd w t e w Z

dfo y fw te w 2 W E

did W E
d E

Rw this is a brew 1st order ODE

dy w E
dT

be an integratingfactor Is e
E

e Iff e w s ee
Te

ddg e Tw ee
T














































































































I

w e
t

eSe'sds t e
O

w s eEfESds etc
recall that y6 I w lo s I

i ly s w
eTt l t ee or

T
e

Yexact I t e e t l

We're going to use pertorbetin method and

see how the perturbed solution compares

to yexact i
12 look at set e o














































































































It y te y y
A

yids
That hesthe solution gets e

T

of dd my g to I

should be in some sense an approximateto

Yexact E

Compere to yex.at when Eo and

we confirmthis Also take yexact and

use a Taylor series approximate Ea

yexact e't eCe
Ie a toYeEzeEe34

we seethe totechy order yexact g
yexact yet GG














































































































let's obtain theapproximatesolution via

tegular perturbation series

let y E s yoG tey th te2yd4 u F
the substitute F into A i e into

1 y te y
z

yeast
And then organize by powers of

E

ddflyotey.itEye e yotoy try
1 ElyotEy tiyat T

gotEy te ya o E't Oe to it

Order inpowersof e i

E tfyo Yo
gocos

yo e
E














































































































E y s y tyg
ly.co

so

y tea

or dd ty set
ly.co y se Eet

E DfE s yat2yoy

co

YitzeYe eay

or

dfftyz 2fe te
3

ylydo.coyou eT2e'te3T

ypistleperhrbehusohhu.to 063

ypkliyotey.tiyaiya.ec to 063

yptdse ttele t.EE teYeI2e
k
e
3Y














































































































y.pk to beadryorder is thesane as yexactfore o

Cowper Yexact yp

Yexact e't e e
t e

k t eyeEze'Ee34T

yp s e't eCe t e Yteye 2e e34

yexeat yp s G E3

Rush It would seem thatperturbationseries is a

generally applicable method body to

satisfactory outcomes every tire The more

annon situation however is that perturbation

solubles one of best satisfactoryunder

Veyrestrictivecrudities In some cases

the solutionmaybeplainwrong












































































What dowe mean bysatisfactory

The idealnotion ofsuccess wouldbe

hmlyexad.lt Eigil so
E 0
Nuns

for arbitraryE So satisfactory wouldbe

forexample that yo r yexact forsome

rangeof E with errors G E Ea l

This is called asymptotic convergence

Realistically you at
leastexpectqualitative

agreement and that the more terms you
add to the approximation the higherthe

qualitativefidelity



NONLINEAROSCILLATOR

We will see the regular perturbation methods

will yield thewrongresult We'll then
introduce a different perturbation method

that gives acceptable results the Poincare
Linstedt Method

The linear oscillator assumes Hooke'sLaw

isvalid

mdd ky e is the
yistleamplitude
ordisplacement

histle sprigconstant m sthe mass

of the oscillator



k At restI fSpring keo If
t.mg

y t

Fspmy f
Fspny bytag

3

ChiceressurphuT Hooke's law fspringby

y
Hooke's Law assureBpnyforce is bear with

displacement assured to be approximately

ameat when I y l c e l smell
For large y typicalsprogs will have wonhe or



displacement dependence in creating afore

A common model

Fspnyshytay
aah

Consider

ODE mda hey ay Eso

I c YG A f H O

NONDIMENSIONALIZATION

A L Em M Ck

GIT faff
WE stem is the natural freq

Cw T



u t are

Fida woo

d
Fa WEIdt
h ddg.lu LAU aD3u3

Ducos A Eo was 0

Some algebra
2

dff tu t E W s 0 foot

was as663 1

E and feel byessumphm



The usual regularperturbation method

Ult sUolt t EceCt theft
Then

IDE hotEhitelez t Kotek tduet

t E Uot Ele t Eun
3

0

IC hot Eu o I hotEn t r 0

Collectterms intermsof powers of E

go duo
DfT

t ko s O

u.co i a'old so

e'if df
tu up

h lo s U D O

E difftune 3654

halo Waco so



etc
The Eosoluhu holt cost

U t U cost 4 3cost as 3 t

U s left Uf s ccost Czsint theP

Use the MVC Imethod ul undetermined

coefficients to find hi
up C cos 3ft Dt cost t Etsint

i t
because4 cost sint

substitute upinto the equation youget

U se asttczsmttztzaos32t 3gts.nl
Apply I C to find e a

i U s hoist cost 3g tant



To 0 ee

Uapprox tho t E U t G E

agg te H stsmtf
t G E3

4

To leadingorder we get Uo cost as expected
a goodsolution The U correction however

grows unbounded4 as t o es even if Ed 1

Is this sensible
let's examine ft

iii ut e us 0

and calculate the energy multiplybytu

Ici Iii tu teu o

or



ie t wt Eg w 0

Integrate bothsides

iii w t E u s constant

use Uco I tilo s 0 at tso

th ab t O It E s constant

iii lit tea It Ee C arstart

for allt

list ItEE ie Ishi

where 05 lit Eu 51TEE

so the solution of uit ut Eris O

must be bounded fine theenergy att O

is Ke Sae for all t and the potential

energy left Eh is bounded and so I



Rush The anchusin is that something iswrong
with the regular perturbation approximation

to file solution Maybe theproblem is that

we did not take enorphterms in our

perturbation expansion you can see

what happens by anywhy the ee
Es etc

terns But we can also guess that

in order for the 1st correction thetern
proportional toe to remain bounded that
we'd need to require thet E

n

The only recourse isto saythat the regular

perturbchiesluttier is ok for a hnited

true span t EE T such that

E L last cost getsint hewers

smell whichrequires that

3ft I T E



Rink The clip is called a secular term

and these will arise in the application
of

tegular perturbation series applied
to all

oscillatory problems

We wound up with a secular term

because of resonances

In our series

iio tho so Uo Cost
3ii t U s Leo leadto u sleptup
where up to t

iii the

let L t 1

flu at all orders ison



Lui Hui i
so the Ui i Ui z etc will have terns

in th null space ofthe operator Li
Yu u soluhws

these will blowup a t

The Poincare Linstedt Method

Is amodification of the regular perturbation
method that issuitable for oscillatory problems

like the nonlinear oscillator

The idea is to perturb BOTHtheaptitude
as well asthe frequency

let Utu hot tea e t cheat
where I w t

let w Wot EWit EWet
A

this wasequalto1 in th iif ut ell so



problem
Substitute E into IVP f
iituteussoi e

no was O

yields for a ut

L

watch the tea's 0 I o

di t.thiswovkbewo.whuhheppu.es

hCo7 ldduqCoy ot0be1inth
problem

dhd d h wd etc

w t2ew wo't ko t Eui'tEui

thbsewj.lte1 UotE4tE2hz
EfUo3t3euouit 1 0

also Uo Dt EU 6 t I

u'ocateuicos so



Order me
EO Uo t oho O 6107 1 Uo

E Ui'tYou 2WUo UP 461 461 0

etc
The Shehu to Eu Uo lose

To El h tW his 2W cost ask

126 By GSI 4 Cost

we set w 3g in orderto eliminate

the appearance of the secularterm in

th u solution

ki't U s 4 cos3c

with general sohu.hu

left c coset Casini t Cos3T



Apply I C 4 6 shilo 0

4 Ce z
ask use

let Witt ze ws3I cost tG 5
and t.tt f Ett q

Poincare Linstedtappliedto Vanderpol Oscillator

I tµwofx2 1 x'two'x O

J teal

x 6 so XLDs A

let at teen

wax thwowlx DX't Wix O t

s d
do



where w Wo th w thwzt
Xt sXo thx thxet

substituting into f

wit2µWuol.li wit2wowz t fxi'taxi't

1µWofWothou tfwat Xothx thx Y 1 Go'tfexi

two Xo th XHy2Xz 0

And I C
Xo thx thx o A

Xo thx thx Io 0

Separate in orders in µ

bio Wilko t Xo 0

Xo o A Xj o O

Xt s das Et p



applying I C

XIE Boose

di x t X s 2 Xo t d Xo
X lo X 6 so

so substituting Xo

t X 2A cost I Rafe Asim

2B cost All B't A sire

t 4A3slh3I

Aw so w s O

NI YAY 0 As 2

X t X s Assist with A z

Xi s Al cost t Bismil 435m31



since x'lol O B s

the d is left undetermined
Tofind A need to go tonextorder
Rush It is temptingto use x Cobo to sort

out B You will And that this leads to
an inconsistency at 0 Gi

ht Xi txzsfwpas5L.gg ask
1 3D sink

1 14 Waqt Hwy cost t 2A sine

So we Lw and A O

u X t s last t f les int flesin3tt Gfi
w wok it tow

g



Rude Another useful perturbehumethod

for oscillatory problems is called the
method of MULTIPLESCALES

Rink We employedthe series

yo t t Ey G t
i e powers in th smell perverter E

But in someproblems the seriesmightbe

yo t t e y Ct teyalt
or

yolttluety.lt sheet galt Ehret
It depends on the problem In general

these are all s t

g na GE 6 grift d ese so

i e each successive term isstrictly smaller
than the one before I


