
 

BVP BoundaryValueProblems
Homogeneous

Nonhomogeneous

Sturm LiouvilleTheory
Notesbased on Boyce DiPrima Book

12 Thekeyancepts are for BVP problems

with wild conditions a nontrivialsolutionto

the homogeneousproblem is possible Certain

lineor BVP have a unique
solution Bup

that are linearand of theSturm liouvilletype
can bespannedby aset of possibly infinite

set offunctions which can be
used toexpress

any solutionto the
BV P as a linear superposition

of thespanning linearlyindependent basis set



LINEAR BVP
We'll focus on 2nd order ODE's but

a lot of this generalizes tohigher order ODES

in particular to even orderODE's
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We know such E has a lunigue Bluhm

provided pix gk are continuous on XEEo I

However we cannotexpect a solution to
ODE TBC First of ODEt B c admit

a trivial solution y 0 and couldalso

admit y p 0 as well as y k cx

where he is constant could admit an infinite

set ofsolutions



For ODEt B C couldexpect
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we will write as

iii a so

Is a homogeneoussetof equationsfortheunknowns
C Cz Othr ther Zero iff
A det f a 0
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Since aij s aij b
teen A canbeused tofind a Sorset
of J that lead to c to andor Caf

of



Consider y tdy 0,0cal ODE
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yscixta
applyBuc andget yoo astheonlysolution



For 0 here I W

y sGsmh Ix t a ashix

ApplyB C toget
i tank
is onlysolution
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so He non trivialsolutions are

y e CfnCx in
n s1,2

where e is a constant

in 0 areroots of
tanhn

4ns Sin In X

12 Wewill seethat chore eigenfunctionsand

Jn are eigenvalues correspondingto the



differential operator
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STURM LIOUVILLE BVP SL

Rude SL BVP belongto a class

of linearoperators that are
SELF ADJOINT

A bit oflinearalgebra
Recall that a square matrix It

is Hermitian if A A

A is the conjugatetransposeof A and
if A is real teen A A



Consider the eigenvalueproblem

B Ax six
where A is realandsymmetric It is their
Hermitian Hermitianmatricesbelongto
a larger classof squarematricescalled
normal these are metricsthat

A A AA commute that are
SELF ADJOINT

The eigenvalues 5 and eigenfunctions of

A satisfy and are real Moreover

He eigenfunctions form an orthogonal

setand are a basisfor the column

space of A that is if Xi
and xj

are two eigenvectors of It withassociated

eigenvalues hi and I j Dun

XFXj figy
0 if it j
fo i f is j

This is orthogonality



s y
Hermitianmatrices are self adjoint

Theclaim is that there are asetof
linear differentialoperators L with

boundary conditions that are

selfadjoint
L y s d rG y

a ex eb
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n eu en

and n suitable B Cand certain
conditions placed on piCx

Wewilltouchupon 2nd order linear
self adjoint differentialequations in
what follows



Thepoint is that istleODGBVPissdfadjoint.ittoo will be an

eigenvalueproblemwithorthogonal
eigenfunctions possibly an infinite
of them with real eigenvalues

These eigenfunctionsformabesisfor
Resolution ofthe ODE B.C

The2ndorderSturmLiouvilleProblem
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RudeWesaidthat SLBVP
is selfadjoint

In thefollowing
calculation we see what

consequencesfollowfrom
thisfact
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Groupingterms
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padfukxmxl ua.lv lol

Legrange Identity

Spse uCx and rhd satisfytheBC
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Wewill introducetraditional notation

The innerproductof 2
functions lead ray

over a giveninterval as
b

un s had dx icxlvlxld.is

I is amplex conjugate



So canbe written as
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hi mustbe 0

I must be real

THI It 814 areanytwoe'functions of SL
corresponding to dieand42 and I the teen
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In HWyouwill showthat theevfunchies

of SL are REAL
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thug Theendues of 8h are SIMPLEThatis to
each elvalueHere correspondsONLYONE
Hearty independent eigenfunction

Further

the eigenvalues form an infinite sequenceand

canbeorderedaccordingtoincreasingmegnitude

X L J cc n s

Moreover in es as n A

PI Sketch ofproof assigned inHW I

Returningtotheconnectionbetween
the egauche

problem for a HermitianmatrixA that is

DX fx where ACRn symmetric

Hermitian there are a simple eigenvaluesofA

and n associated e vectors of A So
theAx six

is a discrete counterpart of L s ri

Ring It is often convenient to find
eigenfunctions

of a SL problem in NORMALIZED
form They

are Ken called ORTHONORMAL

Tofind the normalization we use
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of the following 5h problem
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First confirm the ODE t B C is an SL

we didthat previouslyand found also

that rads I
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solves ODE

apply B C
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Sme b fo Rm Sind O

which is true if D na

n 2 i

i I n s hit
the eigenvalues are In HIT

The eigenfunctions are 4ns sin na X
n s1,2

We can confirm that they are orthogonal
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