
 

LECTURE 24 EIGENVALUE PROBLEMS

Let BE
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XE Em is an eigenvector
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X is endue D EE

There are
many specialised

numerical methods

for finding electors devalues They are all

iterative
Arnotdi
Lanczos
QR
PowerMethod RayleighMethod

Montecarlo

SOME BACKGROUND
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Requiredetails0 for X 40 in Mx 0

det M p 0 Thecharacteristic
Cquainter

Xi iz Xm are theGomplex rootsof characteristicelf
Ken's don't allhavetobeunique
Some other facts

detCA s ij trials ij
def Defective Matrix if A c Gm'm

is defective Ahasless than m Ll

eigenvectors In fact

Ais non defective iff

A Xix i

X has mals w eigenfunctions ofA
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def Eigenspace Ei is spannedby all of the

eigenvectorsassociatedwith
a particulars

Eos em

Theeigenspaceisinvariant AE E Eo

din fo is the total number of e'vectors

i e dem null CA XI forsome J

The geometricmultiplicity of his dim
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Thealgebraic multiplicity of his tle

multiplicity ofthe particularroot
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THREE SPECIALSQUAREMATRICES

Unitary Matrix A s A



HermitianMatrix AsA

NormalMatrix AD A A

HermitianMatriceshave in eigenvalues they are

real and m eigenvectors if A is Hermitian

As Q N Q this is also an SVD

i e AQ QA

Q 1 with normalized e'vectors of A

There's a familyofmatriceswhichincludeHermitian

circulant unitarymatrices that are saidto
beUNITARILYDIAGONALIZABLE UD that is
B is UD if

B QAQ

Animportantclassof UD matrices are

normal matrices
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EIGENVALUE REVEALING FACTORIZATIONS

These are factorizationsthatmaketheeigenvalues
explicit

Diagonalizehw A XXX'sapplicable
if A is non defective

UD A QAQ i A isnormal

SCHURFACTORIZATION

A QTQ alwaysexists

Tis atriangular matrix with e'values of
A along its diagonal

THE SCHUR FACTORIZATION

Take A E Emm want to find

D QTQ
Tis asabove Q t



It's a recurrentfactorization Let'sillustrate
the firststep

Suppose we know 14 d theeigenpair For

simplicity normalize u i e Hull

Obviously Au Ju
FIRST SWEEP
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Let
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The H D entry with used u DHullsJ
The GDentry K d u s SH u O

demCK du EganDX

Nothingspecific can besaidabout11,2 and 2,2

let ti a AK c c
and

let A s k B k e 1dm
than D

A lukyoff g a

Atthispointyou can imagine that we can then

make a similar factorization of A e 1dm
MD

toget A lucky ftp
luzkf



and so on till we get
A Q
f I Q sQTQ

by a recurrentprocess
But let's examine further

A Luk i Luk

Kt A sQ TQ cGcm Hm D

is s Cuti f a
InKT

which can be written as

Ascumtoo Ifo 11 a II
A fukQ so t.fi CuKQ

Q T Q K



Rusk A Schur factorization will reveal

unitary or diagonal factorizations the

latter if A is non defective

Rink Therecurrentprocess does notEverwrite

previously founde'values

Rmd if A Q TQ in

A Q 0 we get

QTQ dis Q

QT d IQ T d Q 0
hence A and Tmusthere the same eigenvalues
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