











































































































FIXEDPOINT PROBLEM

def A fixedpointpistle value forwhich
gCp p

We'llrestrict our attention to g functions on the

reel lie x EIR

Rush thGxed pointproblem is related to tle

root finding problem ftp.O bynoticing
that ftp.gcp p so
i inprinciple one can turnmanyfixedpointproblemsinto

root findingproblems and vice versa 4
KEY ISSUES IN FIXED POINTPROBLEMS
What gap have fixed points
when is He fixed point unique
How do we estimate a fixedpoint
ex gCDsx for 05 31 say has fixed
points p cCo D

ex gWsx for US XII say
hes p

O 1 for fixed points














































































































Thm EXISTENCE UNIQUENESS If g E CCab

such that guy c Ea b Vx c Ca b then
gCx has one ormanyfixedpoints in a cCab

spse in addition thet g exists on Cab

and 3 a constant oak I s t

Ightl s k b Xe Ca b

gcp p is unique

PI Existence if glassa or g b b teen

fixedpoint exists Suppose not then
it must

betrue that gcaba and godsb
Detinue

had gcx x Thenh is Cla b and

hca sgca a o h b god bio

TheINTERMEDIATEVALUETHEOREMimpliesthat I pecab

for which hip so i gCp p so Chxedpoints
exist














































































































Uniqueness Spa inaddition 1g l s ke l
V x eca b Spse that p and g are both
fixed points in Ca b with ptg By the

bean value theorem 7 a number between

p and q such that

gcp g g
p.gs gets

for some 3 EEab Then

Ip g IgCp gg I Ig
45111p gI

s k I p gI s Ip gl
i p f K
RI The Keown is one way There is no
amerse statement

Bud fixed pointsmay exist under lessrestrictive
auditions

Howdo we calculate a fixed point














































































































ys x

f
gets

i I u ii t i G
i i i
i
X P XzXo

TterativeStrategy

Xo inttid guess

Xml g Xn n so I

Thisprocedure will find a wigee fixedpoint
if the existence uniqueness conditions aremet

regardless of the starhy guess Xo

Thin Fixed Point Iteration let geccaby
and gCx cCab Vx c a b Spise

g is Cla b with














































































































I g G Ishe1 the lab
If g'Cp 40 flew forany polinitialguess
in Cab the sequence

Pn g Pm not 2

avengeslinearly to the unigee fixed point
in Ca b

Proof TheFP theorem says that p n n p
Since g exists on Cab we can apply the

Neon velutleroren to g to show that
for any inn integer

Pn psgCpn g p gEsn Cpn p

i fig Pj z
945N gigs

and hw 1pmi p
n as if IgYp

f He fixed pointproblemconverge5 linearly

if gyp 0 1pm plshelpn pl
K














































































































Under certain circumstances we can get better

than beer anvegeree e g g Ip O

and g eClab and strictly bonded by M
instant in tee intervel Ca b the

Pn g Pm n I will converge

1pm pl sY lpn p12
converges quadratically

Corolleryoffioedpointiterchantleumens

If g satisfiesthe FP iteratin
them

ten Rebounds on the error
involved

in using pn to approximate p are

grew by
lp pnl.sk max po a b po
Ip pnl s Ip Pol n'h

y














































































































Rush The fixedport theoremisthesimplest
version of a more general result called
11
thecontraction mapping theorem

def Let C S R and F G C We

saythat F is contractive if 3 a

crust at J d s t

1FG Fly11 Ix y l
V x y E C K

F b is i

a b

m caby therelicsof F one

not bigger then a b If














































































































ex consider what happens if we find
the rootG of e x x 0 using
fixed point iteration

a Xs e
X
gCx

then 1g K l for x O

y X

1
x

P

Xnt e Xn

for Xo 0 will convergeto the

unique fixedpoint

Consider instead tle equivalent














































































































problem
Xsln Kx Glx

Take X 70

I G I I
txt

for small txt thederivative
is not

bounded by Ii therestill is a
fixedpoint but the theorem
does int apply Furthermore
try this out

y Glx
y x

t
































A
X htt be Kyu

Xo O 5

Do 2 or 3 stepsof iteratin

to see the trend inthesequence
Also take

B
Mti In Mxn
Xo I 0

Do a fewsteps to see what

happens
A B

t

n s3
i i

h to 0.5669



In case 13 we started in neighborhood
where I G'M k l but once we

left that neighborhood this was
no

longerthe case In any
event eventhe

first iterationlead to a o nonsense

1
ANOTEON SHOWING
CONVERGENCE NUMERICALLY

In fixedpointproblems we saw that

1pm i p l s clpn.pk
where 2 was atleast 1

We willwantto show that our

codefalgorith obeysthe right



convergence rate So we produce
CONVERGENCE PLOTS

Suppose a method has a

convergencerate

11Xna x H s ellxn xD

and we know x We will seek
evidence this is the case bytabulating

Xo X n 0

X X n l
i
i i
X n X n
i

i i

let ynsltxn
xlltlenym.is

C ynd

So Wey gn ti s togC t a logyn



So plot f
line withnegative
slope x

dogyn
i
i

no logn

Youshould see that provided n no

that the code delivers an error

that whenplotted in loglog
drops with a slope or


