
 

EXISTENCE UNIQUENESS Evey AE 1cm fu n

has a full QR factorizations itmust have

a reduced factorization

If A e Emm m n is611rank rsn

QE D is unique

A Spice A is full rank GS ispossible

A QR and isunique
B SpseAi3 not full rank

In the GSalgorithm

Vj will be 0 for somej however we
can always add the requisite

missing orthornormelq is so that

Q is mxm Since theonly

requirement made on
these additional

gig is teettleybe 1 is this

Q canbe built in a variety of



ways not unique

ANAPPLICATION Of QR
Spse want tosolve Apb Bis Square

Also be cold
Axsb QRxsb

Rx Q b solveby
ysQtb matrixlvectormultiply

Rx y
backsubstituting

Hence ifQR factorization is available no needtofind

Lecture 8 9
eqmxnafgigi.net

Vjs aj gigi g Cgiapga i Cg g go
where g gu

aniringy
th n

rij giajitjrjj llaj Efjg.it z



Vj Pjaj
where Pjs I Qj Qj

Qi.is qigi qi.i m

j i

isthebasisfor thefollowing
algorithm

ALGORITHM7.1
CLASSICAL GRAM SCHMIDT

for jslin outer loop

Vj saj eachvectorhasmanponents

for is 1 j I inner loop

rij giaj innerproducthas
moldds minks

Gis G rjj I multiply
end



COMPUTATIONAL COMPLEXITY

Gives the estimated resources required
to complete a amputation via an

algorithm
runtime operationcount storage
wallabek flops memorythe floatingpoint

operchus

count of adds multiplies squareroots
fast shower fit depends

storage memory
doublestyle quadruplepraising

UsefulFacts
z

l n

e
n
e
e ncz

n

El's ninth6
da



Let's estimatethe anputational complexity
of bgo 7 li we'llcount flopsand not

distinguishbetween adds multiplies

Theouterloophas mops repeated
n ties

no Cmn where C is a
constantoforder 1

The innerloop is
performed in tires

n r n

E E 4mm E i 4 m
i jsiti p

4 m isthecostof
the and the lies

Use useful fact G to sum on i

i 4 m M 74rn 2h2m

So all told n Gmn t Grim
where C Cz are order 1 arestarts

for large m n n C m n sincethesecondterm

dominates
if m h teen GS n C th3

eg if m
102 GS n 106 flops

i f m LOG GS 1018flops

very expensive



per
THE MODIFIED GRAM SCHall T
It turnsout that 7.1 isnumerically
ill conditioned explainedlater or

unstable

to numerical errors Themodified
GS is

betterconditioned Let's go
back to

Uj s aj Cgigig GEastep i Cgs g go

where g gu anisringy
th n

rij giaji jrjj llaj.IErijg.it

z9isPipTai or'T i 9 I nI
We will write as a matrixvector product

Using let vj Pjaj
Wwe
Pj Pg Psg PsgIp



thisis the basis forthemodified
GS
Algorithm8 I ModifiedG S
for i L n

vis ai
for is1 n
ri i s IIviHz
gi vitrii
for js it1 n

ri j 9i'rj
UjsVj rij.fi

same amputational complexity as71

Sowhat are these R gj
first wewrite Oj as obtainedby

a product

ofmatrices applied to a vector
l I

let Vj Aj
uj.es P g

v CI g g y



Vj
l s Bg fer

v e isBg Vd
WweBg I 9j 9It

So takethefirst three of these in
reverseorder toseethepattern

vjHR.gov Pig.R.g.ci g.B.glg.aj
where

Uj P a j s gogi'Taj goµgo

so we seehow we obtain above

What is Bo j
l g

s I 9i 9

How is Pj's Bigj Psg PtgBig
thislastone I
canbeomittedsince I



and Pj I Q j Qf
Beauty a

c

Uj s CI gg vj
i

it CI g g Do
I l l

Take Q g g g3 forexaplel I I

14 5 Q QE gig gig

Py si fg.lt9 fg.fi
gin

g
C EE y

Pyajs II gg aj 49.4aj g g aj



Now let'scompute

puts R.pl gPig
II ggills ggills Gigi
I fsgE CI gag gigi

I gigs ggit gg
so it agrees

Later on we'll discusswhy we

prefer Algorithm8 over 7.1

and will understand why 8 I

is betterconditionedthen 1

For now trytheHWwhere

you'll need to
recreate the

lecture9 results


