
 

2.3 Modeling with Istorder ODE's
Reminder

Proposebasicproblem notgiven

Identifytheindependent dependent variables

Units of these

Identify basic principles involved

Principles lead to equations

Check units arsistaoy.ofeguih.ms

Solve equations

Check that stutter satisfies equation

Check that solutinisonsistent with
basicprinciples y



Newton'sLaw of cooling
d T

Ti s temperature

It
A T To t is the

means proportionalto

To is a constant To make this into
an equation look at units

d T

q
tend
the

f To s ETeup

s k ET To

k Ytme constant

let's assure t 30



The equilibrium solution of f
51 0 kGgTo

there is a Teg To

Solving kdt

Separable Integrate b s

f fkdt

In htt c

exponentiate

F Kett 1To tso

k is determined by I C



I C TCto Ta to 30
Ta is given

he is determined by problem statement

k so for cooling problems

EX Apie is pulled out of oven set et

350 F After I hour pietemperature

is 175 F The pie can beeatenwhen

temperature is 110 F The room temperature

is 70 F Q How longdowehaveto

wait to eattee pie

let Ttt temp in CF

the time in hrs

let To 70 F EquilibriumTemp



ODE did b CT 70 Thr

Is Yhr

I C TCO s 350 Of

k must be determinable from the information

After Ihr pieis at 175 F

The solution to ODE is

TH K'ebt t 70 t o

Apply I C tofind

Tco 350 1 81 70

His 350 70 280

f TLDs 280 e htt 70 too



Find ik After Ihr 1 1755

Using f 175 280Ek t 70

105 280 Ek

HI eh
280

k lnfl o
n 0.98

Ttt s 2806098470 t 30

We eat pie at t.tt

1O 28Oe
0u98t fzo

Solvingfor t n 1.98 hrs

t.hn
enclosed



Check solution makes sense
350

7 Teg
i i

t
Ihr 2h r

ex A tank can hold 500gallons It

has 100gallons of brine H2O NaCl

with 5 lbs of NaCl

Abrine solution containing
11b gel of

NaCl is pumpted intotank at a

rate of 3galbum The well mixed

solution is drained at 2 galkin

Find salt in tanh after 1 Go
minutes



let Alt amount of NaCl Abs

t 0 time thin

It

am

1 dB sRatem Rateout
dt

Rate in Igp 39mL 31km

db
a

3 rateout

Rateout 11 of Alt

Accumulative flux difference
3 2 gdfrin ls.cl mn



190 Tot Ya Toft

1 3 21
100ft

dB 2b
dtt foot 3

daft A 3

1st order hear

I e
f tdt e

2h doot t

I e
lnkoot foot tf

I did t A 3 loot 42

IA 3 loot 2



integratebus

I D 3ffloots ds t C

Alt Shoots2dst C

let W loots

dusds

Hoots ds fwtw

zwystffoottpbltlsjsq.pt
l0ottPtfoTo.tp

Alt 100ft t Choo tt
Z

If NOT 5lb for example

5 Ato 100 t go Cs 4.95104



Alt 100 t t 4.95104

07

ex A Pond has 106gal H2O Salty
water flows in at a rate of S 106gallyr
and flows out at samerate Let at
be tee salt concentration at the t lyrs
Depending on the time of year the

concentration of incoming salt is

2 t sin 2T graygal At t O
no salt is found in pond Find Clt

DC grams
g yr

de
g rate in rate out



rate out s 1065 gransgae

grams yr
rate in S 106gal.fr 2tsinl2t 9ragal

i s s 1042t sin2T t Clt

let g s fo i c 106g

06g s.IO 2tsin2tI

l0gqlObde.fqlO65f2tsin2t lO6tzq

or deaf 5 2 tshirt q

beer 1st order



daff t q S 2 tshirt

ett multiply b s of CK

dg q1 I 5kt sin2T

integrate

g I 5 42t sin 4 ds t k

g
feettsdstftetssmzsdsf.tk

g
se Et14eth t ft S sinads Ke Et

Ste'Essmadssintegrete byparts



U sm2svszetsdu2cos2sdsdv.se
dstfetssm2sdss2ettsin2t

4fetscos2sds

Uscos2s uszeks

dus 2smzsdsdv.se
dsftetscos2sds2ettas2ott4Jekssin2sds

2

r Je ssinzsds 2ettsmzt.LI
2ettcos2t

t

16fetssin2sds

9
so se

t

17 Jetssin2sds 2ettsinzt 4 Zettaszt



or ftetssmzsds.pe sin2t 8qettcoszt

Replace into

f 20T fog sin2T
coat t e th k

i f glo so we can find K

0 20 4,0g K 34,0g 20 K

3,40 K
17

g 20 t shirt 4,4 as2T 3,490 e
th

whee f Foo



Current in ASERIES CIRCUIT LRC
R

TIETTET current

E O
d's 9

gqcisdgq.DE

ons g is charge
C is EMF Volts energy

L is inductor Henry

C is capacitor Faraday

12 is resistor 5L ohms

Principle Energy Conservation Ohm'sLaw

KirchhoffLaw

E Ldit Rit
t time independent variable

whee i dog
dt



Replacing is dot tea
is

E L Idea t 12 t E
or

E L d t Rdat t 9g

g got is
the dependent variable

I is a 2ndorder non Homogeneous
Green

ODE ThesolutionofhigherorderODE's will
be presented in the next chapter

Suppose G 0
a

c fkn 27151 KR circuit
t
E s i R th di Creer

dt first order
is it t OD E



ex IO OV
12 2001 and ilo Amp IC

Igf
Eitdia

or dig this Eh A

let eEfdt eftfnultiphb.si

d Ii I
d
integrity
Iis EfteEsdsteiltt.E.ge

sds cp
ict f Left

Et ee Kt



ict In ee
Mat

Apply I C

icosis Ept c c l IR

ikke th E e
Kt
ftp.t e

2otbmilt

I t

Ees R 2

FALLINGBODIES DRAGFORCES

pep
Principle Newton'ssecondLaw

m
mas Fg FD

Ff
m mass mass ofobject

Fg mass bnsthf.me
Gravitatedforce

I



F s masslengthAme
D

Dragforce

ma masslengthhome Netdownwardforce

aistle acceleration lengthythe

a dj therate of change of
thevelocity

as d thesecondderivative ofthedisplacement

Fg my g is th
constantaccelerator

duetogravity s tensthlane

Fp sky since v IY tee units of

the k sfm
me

k o is a constant

the assumption is that thevelocity is
non

negative



mdfi.mg ku

df tkmv.es Ahnstorder
1 new ODE

Comperetleformoftheguihus
K

CHEMICALREACTIONS

1st order chemicalreaction involves a

single chemical

let Qlt be tle radioactive content

of some denial The decayof radioactivity

is givenby skQ k 0

Aseparableeguation

I
been



secondorder denial reactions

Principle mass conservation

Consider a denial reactor that does

not involveheat

A compound C is formedfrom compounds

A and B Theresultingreaction is such

that foreachkg of A 4Kgof B one
heed to formC It is observed that 30

Kg of C are formed in 10minutes Att O

A o s 50 BCD 32 C O 10

Determine C t therateisproportionalto
howmuch D8 Baepresent

dff x amountofA B

To fovne C A t B mess anservation

C At 4A 5A

so As 45 and B 445



By and
Alt Calls or Alt 0 0

at t O Alo so

or so so

at t O BCD 401 so

32 CCD O

i dcq.skfso.cl f32 4

therateof creationofC willbe zero if

theright handside is O

k is a constant Yuan units

Factor 4g fromtheRHS of



dcq.sk zso c C4o c

25
25.5 37 5

D 4

att O Ild O

SepembleIstorderoDE

de 4
250 91405

dt

portiilfrukus
to

42101 ci ao yod.c stfttE
168

bfYf t s 840
25

255

lnfY.to 2E4httCs
25

101kt te
5



exponentiatry

g 254 D e
ht Disa on star

Clt 250 LI
E ht

l De 168ft

Weneedto determine D and
K We

know that 901 0 Umg

250
To D 35

4

250 C 25 e Fk t

To find k C 30 when t.io see

problem statement

250 30 25

too je
610



2,2
0 of e

k lo

8 e
336k

In 8 336k

i L s ln 8 n O 001

att
E

25 4 e
O013T

Note fines at 102 s 40 Kg

let'salso compute theequilibrium solutions

to 6 set dog O

then k1250 c 40 c O



so theequilibriumsolutions are Gg 40,250

1
COMPOUND INTEREST

Money deposited in an
account can make

moneyby accruing
interest These are simple

and compound interestsavingsaccountsand

loans
Compound interest depends on thefrequency

and on the rate

let r be tle yearly rate
ofinterest

let me be thefinverse
offrequency of

timesinterest is compounded
let t be the timeofinvestment inyears

let SID be teevalue In oftee
account



Aninitialdepositoff will be
worth
Slt ItemmtSo

future
Linitidvalue

value

why afteryearI
Sh CitramSo

Std HEmSM HE 2mSo

5137 1 2 6 It'm3mSo

t sate mtSo

Whatistlebnitasm ses of

fight'm L



Take tle log

Ln L be fi It E
m

beL fines mln Item

let's use LHopitals

In L him lnlyhtrhd.mh.grmITt
m es Ynez

Yes Fran r

Nowexponentiating i

een e
r L er

what's thepointof this
calculation

Wewant to knowwhat happens
as m es in

because m is the of tines we compound



and m so means that we compound all
thetime compound continuously

s SH ht E
mt
so

f sun

ex Invest So in an account that earns

r interestperyear If compounded
continuously

with a rate of7.5 annual and you
want to reach 1M in40yrs Howmuch

doyouneed to
invest Note nomoney

is withdrawn or depositedafterHe

initial deposit

8 40 406 sogo
075 40

So I 50,000



Determinehowmuch slyear to investearning

at an annual rate of r 75 compounded

continuously would berequired to reach

5 407 106 amilliondollars in 40yrs

In thiscase we are depositing s year every year
ear yo s
i ser

Cstser er
es se seager

h serfltertent e
Dr

So can we estimate

Herter eenDr

go islet x er

Itxtx't X a geometricseries

It xxx x
I X



I serflterte et f sxa.IM
I X

So if r 0.075 and n 40 teen X e 711.08

s l O8 I 1.0840 106

hence Sn 3786 needstobedeposited

peryear I


