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T7

Gas Processes

T7M.5

Suppose we constrain a gas to follow the three-step
ryclic process shown in the graph below. Prepare a chart
Qike the one shown in example T7.1) that specifies the sign
of Q,W, and AU for each step in the process.

T7M'72 Water has a specifiC heat of 4186 ]/kg.
(a) Calculate the effective number of "degrees of freedom"

f

for water (see equation T7.17).

(b) Speculate physically about why this number might be
as large as it is.

Derivation

T7D.l

Use the ideal gas law to show tha
1
for an adiabatic process, then TV1-

:

tiIPVl = constant
constant for such

a Process.

T7D.2

Use PV?

:

PiVl to show that the work done during

an adiabatic volume change from V; to Vlis

0

5

w=#l('")' '-']

y(m3)

T7M.6 Heat must flow into the gas during the pr-ocess
in the drawing associated with problem
C
- A shown
'17M.5.
Why? If the gas's temperature is 290 K at point
C, find its temperature at point A and the heat that has
flowed into the gas in this process if the gas

iS

monatomic.

T7M.7 A bubble of air forms at the bottom of the

ocean

floor 66 ft below the surface, where the ambient pressure is
about 300 kPa : 3 atm. The bubble has an initial volume of
about 25 cm3 and a temperature of 8'C. If the bubble rises
to the surface so fast that it expands essentially adiabatica1ly, what is its final volume and temperature?

T7M.8 A

research balloon bound for the stratosphere is
filled at sea level with 800 m3 of helium whose initial temperature is 285 K. The balloon is released, and it climbs to
an altitude where *re air pressure is 0.045 times its value
at sea level.

(a) If the helium expands adiabatically, what is the balloon's volume at its final altitude?
(b) \{hat is the helium's final temperature?

-a>

T7M.9 An adiabatic expansion process begins with 0.L mole
of gas at a pressure of 100 kPa and ends with a pressure
of 40 kPa, while its temperature falls from 300 K to 208 K.
(d Is the gas diatomic or monatomic?
(b) How much work did the gas do in this process?

T7M.10 Suppose that while pumping up a bike tire, we fairly
rapidly compress 1500 cm3 of air from atmospheric pressure and room temperature to a pressure of about 5 atrn
(which is about 60 psi above atrnospheric pressure, which
is what a tire gauge would read).
(a) What is this packet of air's volume as it enters the tire?
O) What is its final temperature?
(c) How much work did we do to compress it?
gas's specific heat (notits heat
capacity) at constant volume to be 730 J / Gg'K) and its specific heat at constant pressure to be 1020 ]/(kg.K). Is this

T7M.11 We measure a certain

gas

monatomic or diatomic?

(T7.2s)

(Hint: Solve PVl = PiVT for P as a function of % and then
use equation T7.6.)

T7D.3
cess

One can find the work involved in an adiabatic pro-

in one of two ways. The first way is to use equation

T7.25.The second way is to realize that since no heat flows
into the gas, the work that flows into (or out of) the gas is
the same as the gas's change in intemal energy: W = AU :

NkBAT. Prove mathematically that this second method
yields the same result as equation T7.25.

T7D.4 How does

T vary with P in an adiabatic process?

T7D.5

One can also derive the adiabatic gas law from a
molecular-level perspective. This problem outlines how.
Suppose a piston with area A confines a gas to a cylinder
of length L, and suppose the piston moves slowly inward
with a speed lil = -aU at (negative because L is degeasing). Let's define our coordinate system so that the piston
. moves in the -r direction.
(a) If the piston were at rest, a molecule hitting it would
simply reverse its r-velocity. But if the piston is moving inward, argue that the absolute value of the molec,rle's x-velocity increases by zlnl. (uint: One can do
this either by transforming to the frame in which the
piston is at rest and then back again, or by solving the
one-dimensional elastic collision problem for a light
object hitting a much more massive moving object.)
(b) Show that this means that the kinetic energy of a molecule with x-velocity u, increases by dK= Zmlillo,lper
collision in the limit that li I << I ,,I .
(c) Assuming that the molecule does not interact with
other molecules, the time between collisions with the
piston will be n/lo). Show then that the rate at which
the molecule's energy will ilcrease with time is

ax

_mlilllzt,l'

dtL

(T7.26)

(d) The total amount of energy that the gas gains from the
piston is therefore the number of molecules N times
the value of the right side of equation T7,26 averaged
over all molecules. Argue that this will be
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Heat Engines

Figure T9.7
The five steps in an automobile engine cycle.

.+ T9D.5

Figure T9.7 illustrates the operation of an idealized automobile engine. We can consider each ryde of the
engine to be divided into five steps.
1. The piston moves down the cylinder, drawing in a
mixfure of gasoline and air through an opened valve
at the rylinder's top. We call this step the intake stroke.
2. After the valve closes, the piston moves back up
the rylinder, compressing the gasoline/air mixture
roughly adiabatically. This is the cornpression stroke.
3. When the gas is fully compressed, a spark from the
spark plug at the cylinder's top causes the gasoline/air
mixture to explode. (In a diesel engine, the increase in
temperatue caused by the adiabatic compression itself
ignites the gas; no spark plug is necessary.)
4. The hot gases produced by the explosion drive the piston down (this is lhe power strokt). The exhaust gases
expand adiabatically during this step.
5. Finally, the upward-moving piston pushes the exhaust
gases out of the cylinder through an opened valve at its
top (this is the exhaust stroke).This retums the engine to
its original state.
Here is an idealizsd PV diagram for this cycle.

At point b, the valve

closes and the gas is adiabatically
compressed to volume V" again (point c). The gasoline is
then ignited, and the temperature of the gas (and thus its
pressure) suddenly increases while the piston is almost
at rest. The power stroke (step 4) involves an adiabatic
expansion of the exhaust gases back to volume Vb. At
point e, the exhaust valve is opened, and the pressure in
the cylinder suddenly fuops to atmospheric pressure, taking the exhaust gas back to point b agarn. (The explodive
decompression during this step is why gasoline engines
are noisy and require mufflers.) Finally, the exhaust gas is
pushed out of the cylinder at ahospheric pressure during
the exhaust stroke (step 5). Note that the nu-rrrber of molecules N in the cylinder changes during steps 1 and 5 but
is basically constant during the other steps.
(a) Note that heat energy enters the system during step
3 (from the burning gasoline) and leaves the system
in step 5 (carried away by the exhaust). When the rylinder is finally sealed at the end of step L, the gas at
temperature T, at the end of step 4 has been replaced
by an equal amount of gas at temperature 76, so the net
effect of steps 1 and 5 is the same as if we had not let
any gas escape but rather cooled it from temperature T,
to temperature Tr.Argue, therefore, that the heat flowing into and out of the engine is
I

e"l = TNnren- T") and I e.l = iNk, (r. -

rr)

(T9.25)

(b) Use this to show that the engine's efficiency is
1- _T
c-

I

-

To-7"

(re.26)

(c) Use the fact that TV7-1 during an adiabatic process to
show that

During the intake stroke (step 1), the volume of the cylinder changes from Vo to V6, drawing in the gasoline/air
mixture at atrrospheric pressure and ambient temperafure.

T,-To _lv"\2/s
- T,- \Vrl

T,

$e.2n

(d) Find an automobile's efficiency if its compression ratio

V6/V^:

$.
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-
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T9M.12 Imagine a solar electric power plant that uses a huge
mirror to concenhate light on the boiler for a steam engine.
Assume that the boiler generates steam at a temperature
of 550'C. The only possibility for a cold-temperature reservoir is a nearby creek that has an average width of 4 m
and an average depth of 0.7 m, flowing at a rate of 0.7 m / s.
\A/hat is the maximum electric power that could be produced by the plant if it boils the entire creek dry?

(c) Now consider the adiabatic processes. Argue that since
TV1-t is constant for an adiabatic process, we have

TrVl-':TrV!-t and TnVl-t:TrVl-t

(T9.18)

(d) Show that this implies that
V"

Vd-Vu
Vo

(Te.1e)

(e) Finally, combine equations T9.16,T9.17, and T9.19 to
T9M.13 Let us use a heat pump to cook dinner! You set up a
heat pump that has 45% of its theoretical maximum COp,
and you want it use heat from the kitchen at 23"C to supply
700 W of heat energy for boiling soup.
(a) How much electrical energy must the heat pump use?
(b) How much better is this (if any) than simply using an
electric hot plate?

T9M.14 The rate at which heatflows through the walls of a
building is pretty nearly proportional to the temperature
difference across the walls. Assume also that the air conditioner's COP is a fixed fraction of its maximum possible
COP. Argue that if this is so, the cost of air conditioning
the building should increase roughly as the squarc of that
temperature difference. Explain carefu lly.

Derivation
T9D.1

determine the efficiency of the Carnot engine.

T9D.4

However, we can get some power out of a Camot
engine if we are willing to let the gas's temperature during
the first isothermal step be Tr" 17, (the hot reservoir's
temperature) and the gas's temperature during the second
isothermal step 3 be Tcc> Tc (the cold resewoir's temperature). Suppose that both steps take the same time Af and
that the heat that flows during each step is

0'l : K(Tr-

Aperfect refrigerator would move a certain amount
of heat from a cold reservoir to a hot reservoir without
using any mechanical energy (in obvious violation of the
second law of thermodynamics). Using energy flow dia-

respectively, where the constant of proportionality K is the

grams like those shown in figures T9.1 and T9.4, argue that
if you had a perfect heat engine, you could combine it with
a realistic refrigerator to create a perfect refrigerator.

original state at the end of one complete cycle, mean-

I

Suppose we wish to increase a heat engine,s efficienry. Other things being equal, should we increase the
hot reservoir's temperature Tp or decrease the cold reservoir's temperature Ts by the same amourit? Explain.

T9D.3

In this problem, you will calculate the efficiency of a
Carnot engine without referring to entropy.
(a) Consider the isothermal expansion in step L of the Carnot cycle. Because the temperature of the gas remains
constant, work energy that flows out of the gas as it
expands must be balanced by the heat energy flowing
into the gas. Use this and equation T7.10 for the work
done in an isothermal expansion to show that

THc)Lt and I Qcl = K(Tcc

(b) ln

a

(re.16)

similar manner, show that for step 3 we have

le.l:

+N7c,r.h(#)

(re.17)

(Hint: Be very careful with signs. Remember that
the absolute values imply that I Q"land I Oc lmust be
positive, and also remember that ln (1 / x) = -ln x.)

Tc)Af (T9.20)

ing that its net entropy change after one complete cycle
must be zero. From this, prove both equalities below:

#.+=2 + r*=i#

(Te.21)

(b) Suppose that the adiabatic steps are essentially instantaheous. Argue that the power (energy per time) produced by this engine it p : ]K(Ta - THG - Tcc + Tc).
(c) Substitute equation T9.21 into this equation to eliminate 766 and then show that the engine produces its
maximum power when (with T6 and T6 fixed)
0 = 4T2nc- 4THTHG

+ T2H- T)TH

Ge.n)

(d) Solve the quadratic to show that the engine produces
its maximum power when
Trc

lQ"l= +Mc,r"h(*)

-

same for both steps.
(a) For the engine to run steadily, the gas must return to its

TgD.2

-+

The problem with the maximally efficient Carnot

engine design discussed in the text is that, during the isothermal steps, the temperature difference between the gas
and the reservoir with which it is in contact is zero. But
the rate at which heat flows between the reservoir and
gas is typically proportional to the temperature dilference
between the gas and reservoir, so as the temperafure difference goes to zero, the rate at which energy entersor leaves
the gas must also go to zero! This means that a maximally
efficient Carnot engine will produce zero power.

= ITa

ri'/TJ;

(re.23)

(e) Find the corresponding value of

(0

Ts6, and explain why
we must choose the plus solution in equation T9.23.
Show that the enginels efficiency at maximum power is

e:1-\fE

(re.24)

(Hint:Ekmnate any radicals in the denominator.)
Compare
this efficiency to the maximum Camot effiQ)
ciency when Tu: 500 K and T6 : 300 K.

