1. The bound states in the WKB approximation are found by integrating the momentum between
the classical turning points:

J:zp(x)dx =(n+1)nn

1

However, the factor of %4 comes from assuming that the potential well is linear near the turning
point. For the square well, that assumption is not valid, and the analysis says to not use the %2
factor. For this well, the turning points are /2 and the momentum is

E:p—2+V(X) = p(x)=y2m(E-V(x))= 2mE - —Lf2<x<0

2m 2m(E-V,) 0<x<L/2

Applying the modified WKB condition gives
L2 0 L2
nmh = J_L/zp(x)dxz J_L/2V2mde+J0 ,/2m(E—V0)dx

= L/2N2mE + L/2[2m(E-V})
= 1/232m(VE +JE-V,)

Rearrange and square
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JE+JE-V, =nth———
0 L2

m
n’n’h’
E+2NEJE-V,+E-V, = =45
Note that
EO_ Zn.ZhZ
" 2ml?

Now rearrange and square again
2WEJE-V, =V,-2E+4E"
4E* —4EV, =V —4EV, +8E'V, + 4E> — 16EE’ +16(E)’
16EE" = V7 +8E"V, +16(E")
E=E’+-2 Vo
"2 16E)
The first-order energy correction in perturbation theory is

E(l) :

H'lyl) ="l (x) H' (x) w) (x)dx

The perturbation is different in the two halves of the well, so we break the integral into two
pieces, with the perturbation Hamiltonian equal to zero in the left half and V, in the right half:



0 . L2 g
EV =] vl (x) 0w (x)de+ [ 7wl (x) V, i (x)d

=V, w2

The remaining spatial integral is the integral of the probability density over the right half of the
well. All the energy eigenstate probability densities are symmetric about the middle of well, so
the integral is 1/2, yielding

for all states. So, the two methods agree to this order.

2. a) For the unperturbed case (€ = 0) we have

with eigenvalues £, = V,,, E, = V,), E5 = 4V, and eigenvectors

1 0 0
jH={0], [2)=]|1], [3)=|0
0 0 1

Note that |1) and |2) are degenerate and |3) is nondegenerate.
b) Now look at the perturbation of the nondegenerate |3) state. First we need to write the
perturbation Hamiltonian H'= H — H,

0 2 0
H =V,|2¢e 0 3¢
0 3¢ 0
The first-order energy correction is
ED = <n(°) ‘H’ n(0)>
Eél) — <3(0)‘H’ 3(0)> =0

E{=0




The second-order energy correction is

2

o _2‘<3(°)‘H’ k<o>>2 i K3(0)‘H’ 1(0)>2 ‘<3<o>‘Hf 20)
DT E-E  B-E | BB
2 2

AV, 4V -,
Hence the corrected energy is

E,=E”+EP+EY =4V, +0+3¢%V,

E,=V,[4+3¢]

c¢) Now look at the perturbation of the degenerate |1) and |2) states. Here we need to
diagonalize the perturbation Hamiltonian within that 2x2 space:

0 2 0
0 2¢
H =V,|2¢ 0 3e|= H/,=V,
' 2¢e 0
0 3¢ 0
Diagonalizing gives
A 2&V|
26V, -A|

2

(-2)(-4)-(2¢V,) =0
(/”t2 — 452\/02) =0
A== 2¢V,

E =E”+E" =V, +2eV, =V, (1+2¢)
E,=E"+E" =V, -2¢V, =V, (1-2¢)

d) The degenerate levels split linearly, while the nondegenerate level has a quadratic
dependence and is repelled by the one lower level it is coupled to, as expected.
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3. Particle #1 has spin 1 (s, = 1) and particle #2 has spin 1/2 (s, = 1/2). Use the Clebsch-Gordan
coefficients to find the coupled states in terms of the uncoupled states. The state with total spin
3/2 and z-component —h/ 2 is in the third column in the table:

=33 =3[14,03) + i[14,-14)

The possible measurements of the z-component of the spin of particle 1 are 1%, 0%, —14 , which
correspond to m, =+1,0, —1. To find the probability of any one result we must sum over all the
possible results of the spin component of particle 2, which are #/2, —%/2 (corresponding to
m, =+1/2,—1/2). Thus we get

12 12

¢m|=+l = 2 my=tlm, Z ‘ =1s,= 2 m, =+1,m2|1//>‘2
my=—1/2 my=—1/2
12 , 12
= 2 |<1%1m2|1//>| = 2 11m2|(\/_|12, \/_|15’_1;) =
my=—1/2 my=—1/2
1/2 1/2 )
5DmI=O: Z 7)VVL]=0,WL2 = Z |<1%0m2|1//>‘
my=—1/2 m,=—1/2
12
= frsoml(El 0ty e isf -3
my=—1/2
1/2 1/2
Pt = 2 Pr—tim, = Z | 2> 1m2\1//>‘
my=—1/2 my=—1/2

1/2
2 1

my=—1/2

(1 =ty (B14.02) + 512, -18)

The three probabilities add to unity, as they must. The probabilities of the measurement of the

spin component of particle 2 are
1 1
> fnsmwf - 3 fos
?)’"2=—1/2 = Z mymy==1/2 Z ‘ % __l |

| 1
7)mz:+1/2 = 2 7)ml,m2=+1/2 = Z ‘<S1 =15, = 2L,m1’m2 = +2L,|‘//>‘2
my=—1
my=—1
m 2 (VE15,02)+ E1 1)

my=—1 =1
m 3| (VE[13,03)+ 514,
1
Again, the two probabilities add to unity, as they must.
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