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17.2.1 The first-order energy correction is:
E:L :<n0‘H1‘no>:<no‘2’x4‘no>

Use the ladder operators to make our life easy:

X = (aT + a)
2mw
4 h ’ + 4
X = —— (a + a)
2mw
ho\
X4 = (—2 ) {(ZT(I#(ZT(IT + aTaTaa# + (11—61611—61TL + afaaaf + aaTaTaT + aafaaf + aaaTaT + (l(l(l(l]L +
mao

+ClTClTaTCl + aTaTaa + aTaaTa + aTaaa + aaTaTa + CleClCl + aaaTa + ClClClCl}

When we take diagonal matrix elements, the only terms that survive are those that have two
raising and two lowering operators. Thus we are left with

2

<n0|lx4 ‘ I’l0> = )v % <I’l0|(CITClClCl% -|-ClClTClClT -|-ClClClTClJr + aTaTaa + aTaaTa + aaTaTa)|n0>
m
2
=2 % [n(n+1)+(n+1) +(n+1)(n+2)+n(n=1)+n" +n(n+1)]
m
hoY hoY
=2 — (6n2+6n+3)=3l(—j (20 +2n+1)
2mm 2mm
Hence
3R
E = yem (2n® +2n+1)

Dimensionally, the parameter A must scale like m’w’/h* x hw , so that the perturbation Ax*
has units of energy. If we let € be a dimensionless scale for the perturbation

mo’ me’

A=eho——=¢
h h
then the energy shift is
2 .3 2
B =e™ 2 N (52 00 41)=e2har (20 +2n+1)
h 4m o 4

A small perturbation has the shift much less than the energy level separation

E <ho = s%hw(an +2n+1) < ho

:>s(2n2 +2n+1)<<1
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No matter how small € is, we can always find a large enough n that violates this inequality.
You can see this effect also by looking at the potential energies of the perturbed and unperturbed
cases. For small &, the two look very similar near the origin, but as you look farther from the
origin, the differences grow quickly. The harmonic oscillator well goes to infinity, so we can

always find a region where the perturbation is dominant.
A
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17.2.2 For a spin-1/2 system, the Hamiltonian of the unperturbed spin in a magnetic field
B= Bz is

H' = —peB=—yS-B=—yB,S a5, 2| "/ 0
]’l y yOz o~z O hw0/2

where the Larmor freugency @, =y B, =—geB,/2mc . The zeroth-order energies are
E)=—hw,/2 and Ej =hw,/2. The perturbation Hamiltonian H' is determined by the

additional field B' = BX and is characterized by a different Larmor frequency
®,=yB=—-geB/2mc:

H' B S-B BS S, = 0 a2
=—e = — . = — =— =
ﬂ 1 }/ 1 ’}/ X 1~x —ha)l/2 0

Perturbation theory tells us that the first-order correction to the energy is the expectation value of
the perturbation in the unperturbed state:

E:L =<n°‘H1’n°>

These are the diagonal elements of the matrix representing H' in the basis of zeroth-order
energy eigenstates. The matrix above has zeroes on the diagonal, and thus yields the first-order
energy shifts due to the perturbation:

E' =0
E,=0
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The second-order correction to the energy is

]
X )

m#n

For this simple two-state system, the sum reduces to just one term. For the ‘10> state, the energy
shift is

o 1) e ner
(B -E))  (-hoy/2-hoy2) 4o,

For the ‘20> state, the energy shift is

@l hegf nep
(Ey-E)  (ho,/2-(-hw,/2)) 4w,

E§=’

We can solve the problem exactly by diagonalizing the full Hamiltonian

H=g'+m' =] "% 7
2| —w, o,

Find the eigenvalues A using the secular equation
det|H — Al|=

The secular equation for this Hamiltonian is

_ha)o_l Ea)
2 2! o
Ewl hwo—/l
2 2

This is the exact solution, which we now expand in a power series to second order in the small
parameter @, /@, to compare with the perturbation calculation:
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B 2 1/2
E=+@ |1 @ R0 O
, 2 ,
2
=t ho, 1+ 2
2 20,
ho, ho}
_ 2 4o,
_ho, ho;
2 4o,

Compared to the previous results

ho, ho!

E=zE'+E +E} =——2+0- 9
4w,

ho ho!
E,=zE)+E)+E =—2+0+—!
4w,

So the exact answer, to second order, agrees with the perturbation calculation to the same order.
17.2.5 The helium ground state has a zeroth-order energy of

7z 77
E) , =—Ryd (1—2+1—2J=—4 Ryd (i+li2j=—8 Ryd =-108.8¢V

The helium ground state is non-degenerate, so we find the shift caused by the perturbation by
finding the expectation value of the perturbation in the zeroth-order state

2
e
1 S N
lvls <W1Ylv H |l//lvls> <l//ls,ls _|l//ls,ls>
4P
62

l//100 l)[/100 ( ) ll/l()O (r2 )WIOO (rl )d3rld3r2
It -

-
The ground state wave function is (Z = 2)

23 —/r/a
Yo (r,@,(})) =al =3¢ Zio

ra,

Use the spherical harmonic addition theorem

€

| 22254_1 /<+1 4 (1’¢1)Ym( 2’¢2)

=0 m=—/1

where r. stands for the larger of the two distances r, and r,, and r_ the smaller . Putting this all
together gives

Solution for the exclusive use of students in PH 653 in Spring 2016 — DO NOT DISTRIBUTE



PH 653: Spring 2016 Oregon State University, Department of Physics

Solution to Homework 3 Page 5 of 8
4 ﬂ
Els = —ZZr]/aOe—ZZrz/aO <+ ,¢ 0 ’¢ dSr d3r
Is,1 ;;n; 2€+1 (+1 1 1) ( 2 2) 1 2
- —ZZ r]+r2 /ao 3 3
-2 22 S e o 0.0
Recall that Y 1/ v4m and separate the integrals to get

1151A Z Z j J. 2l 17<| h d’ﬁrz dr,
L, 20+1 r,

(=0 m=—
X[ (6,0, (6,.0,)dL, [¥) (6,.0,)" (6,.,)d,

The spherical harmonics are orthonormal, so the angular integrals require that /=0 and m=0,
giving
£ 1626

lsls

j J‘ ZZr1+r2)/a0r1rl drr? dr,

B 16Z6e
a

>
“ 2Znjay 2 1 —27r, Ja -27r, /a 1
je vordn '[e 2°rdr+J 2/ — 2 dr,
0 n r.
2

J'N 27n/ay .2 %1(46;3)(03—{2@/@{613 +2a0rlz+2r1222})
0 e ‘10’,.1 dr]

+(4azz ) 22/ {ao +2r1Z}

_[0 (aée_zz"/“0 — et {aoz +2a,n,Z + 2rlzZ2 })rl dr, +

_16Z°%’
a

o +J: e 4 (aOZ + 2422)r12 dr,

47°e*| a; a; a, 3a; a; 3a;
=7 5 2 2 2 ;T > T 2
a, |4Z° 16Z° 16Z° 64Z° 327" 64Z

SZe _5(ze
8a, 8 a,

Numerically, we get

2
B =27 |=22(2Ryd) =2 Ryd = 213 6V = 34ev
T8 8 2 2

The new energy is

+E

Is,ls

E=E’

Is,ls

=—-8Ryd + %Ryd =—-5.5Ryd =-5.5(13.6¢V)=-74.8¢V

Another way to solve it is to follow the author's hint, which only works for spherically
symmetric wave functions. The idea is to find the electrostatic interaction energy between the
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two spherically symmetric charge distributions Pl(”]) and pz(rz) of the two electrons From
Gauss's law, we know that a charge dg, = pl(r])dV interacts with the charge q2 rl J.dq2
enclosed within its radius, but not with the charge outside its radius. This energy is

E = qu(r;)dql _ J{Jd%}dql

h

Of course, we can make the same argument with 1 and 2 swapped, so we get twice this energy.
The key aspect is to get the limits right. We integrate dg, from O to 7, and then we integrate dg,
from O to o. Hence the energy shift is

_2JM:2F{K pZ(rz)de}Pl(ﬁ)dV

0 h

ls 1s

—2_[ ‘WIOO h ’47”’1 d”]{ :e‘l//mo(rz)z‘47rr22dr2}

32622 1 i
— j e—ZZrl/aOerr {J. e—ZZrz/aOr22 drz}
0 0

6
a, n

? 3
= 32662 J‘“’le—zzr./aorlz ‘1_03 l_e—zzr,/ao 14240 ZZrl 22722,,12 drl
ay orn 47 a 2

8e’Z° ¢ 27, 27Z°r}
_ e : J' e—ZZr]/aOrl {(l_e—ZZr]/uO |:1+ rl + 2rl dl”l
a(; 0 a() a()

302 36)
a, \ 647’
_5¢Z

8a,

as above.
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17.3.2 For a spin-1 system with a Hamiltonian
_ 2 2 2
H=AS!+B(S;-5?)

with A >> B, we identify the first term as the unperturbed Hamiltonian and the second term as
the perturbation Hamiltonian. Hence

H’=AS? = AR’

SO =
S O O
- o O

Because the unperturbed Hamiltonian is diagonal, we know the zeroth-order energies and
eigenstates by inspection:

Ef=AR" |1°)=|m=1)
E}=0 [|2°)=|m=0)
E{=AR |3°)=|m=-1)

So the system is degenerate. For the nondegenerate state ‘20> , the first-order correction to the
energy is the expectation value of the perturbation in the unperturbed state:

E; — <20‘H1’20>

For the degenerate states, we must diagonalize the matrix representing H' in the degenerate
subspace. The full matrix of the perturbation is

1
HI:B(Sf—SyZ)iB% 0
1

S o O
—_— O
|

S =
S o O
- O

0
= Bh*| 0
1

o O O
oS O =

By inspection, we get
E; — <20‘H1‘20>=0

In the degenerate subspace, we have

H'= Bh* 0 1
1 0

0-A B#H
Bi* 0-A

Diagonalize:

and solving yields the eigenvalues
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2> —(Br*) =0
E ,=+tBn’
The perturbed energies to first order in B are
E =E’+E =An*+ Bi®
E,=E)+E,=0
E,=E}+E)=Ah’ — B’

We can solve the problem exactly by diagonalizing the full Hamiltonian

100 00 1
H=H,+H'=AS!+B(S:-S)=Ar’| 0 0 0 |+BH’| 0 0 0
00 1 100
An* 0 BR
=0 0 0
B> 0 AR’

Diagonalize:

AR =1 0 BHi*
0 ) 0 =0
Bh* 0 Ar*-A

and solving yields the eigenvalues

—A(AR* - ) +/1(Bh2)

l[(Ahz } =0 = A=0 or
—-A=%B
A= Ah2 + Bi®
The exact energies are
E, = AR’ + Bi’
E,=0
E,=Ah’> — Bi’

Hence the perturbation calculation to first order gives the exact values.
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