1. a) To find the energy eigenvalues and eigenstates, diagonalize the Hamiltonian:
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Let's now find the time dependent state vector using the propagator.
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The possible energies that can be measured are the eigenvalues E, =5E,, E, =10E, .
The probabilities are
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Since the energy states are stationary states, this result is time independent.
b) Now find the expectation value of the operator A. The operator A has eigenvalues a,
and a,, so the matrix representation of A in the ‘ai> basis is
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To calculate the expectation value, write the state vector in the ‘ai> basis
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which oscillates at the Bohr frequency, as one might expect.



2. The initial momentum space wave function is
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a) To find the momentum space wave function, do the integral in its definition
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Choose phase real and positive (A = 1/ \J27hx, ), giving
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b) The probability of a position measurement is
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First find the position space wave function
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This result can also be obtained by noting the similarity between the initial state and the
Fourier transform relation between wave functions in position space and momentum
space representations:
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Plug into the probability and integrate:
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sketched below.
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¢) To find the time-dependent momentum space wave function, apply the propagator,
translating from the discrete energy case to the continuous energy case and then the
momentum case:
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Don't waste time with the integral yet, just project into momentum space:
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This just says that each momentum component evolves with the Schrodinger phase for

that energy eigenstate (since momentum eigenstates are energy eigenstates). Hence, the
time-dependent momentum space wave function is
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The probability density in momentum space is
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Using the momentum space wave function from above gives
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This is time independent, which is what we expect for a free particle because there are no
external forces. Probability density is shown below:
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