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7.3.5 The expectation value of position is
(X)={n|X]n)
= v x v, (x)dx

= [l

(including when y, (x) is odd), so the integral is zero.
The expectation value of momentum is

(P)=(n| P|n)
=["wi(p) pv.(p)dp
=" ol (p) dp

. . . 2
The function p has odd symmetry in momentum space and the functions ‘l//n ( p)‘ have even
momentum space symmetry (including when y, (p) is odd), so the integral is zero.
Because these expectations values are zero, the uncertainties are simplified:

ax = (X = () ) =(x*)=(x)" = J(x*) since (x)=0
AP = [((P=(P))") = J(P*) = (P =J(P*) since (P)=0

For the n = 1 state, the expectation values we need are (use the parametrization 8= \/mw/h )

()= v ()2 (x)dr = 2, (x)] dx
: (%J “"dX‘(ﬁ—TzﬁJ

/3_ 3 3n
T 4B T28° 2mo

and (here we use f3=./1/imw )

x)|2 dx

\ (x)‘2 have even spatial symmetry

y=["wi(p)p’w.(p)dp =" p’lw,(p) dp
J [%] Zﬁzpz -B*p? dp = [é; JZZﬁZJ-:Cp4€_ﬁ2p2 dx
[3_ 3 3hmo

n T2 2
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The uncertainty principle is AxAp >7/2. For the n =1 state we get:

Ap = hma)(n+%)
sxse= 7 7]

So the uncertainty relation is obeyed.

For the ground state we get:

and

yielding the uncertainty product:
wxap = ) ()
h |hmo 1
=, f—Q /— =—hw
2mo N 2 2

which is the minimum uncertainty.
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7.3.6 This new potential is "half" of the harmonic oscillator potential. Where the potentials are
the same (x > 0), the solutions should be the same. But for the new potential, the wave functions
must be zero for x < 0, where the potential energy is infinite. For the new wave functions to
satisfy the continuity boundary condition, they must be zero at x= 0. The odd numbered "full"
potential wave functions GO TO ZERO at x = 0 and so will work for this new potential (at least
the part of them for x < 0). So the eigenstates of the new potential are the odd states of the "full"
potential:

w,(x):n=1357...
The energy eigenvalues are

E=3ho,1ho, Y ho,2ho, ...
E, =(n+%)hw for n=1,3,5,7,...

E,=(2m+3)he  for m=0,1,2,3,...

7.4.1 The matrix elements of the ladder operators are given by

(mla|n)=(mNn[n=1)  (m|a|n)=(m|Nn+1]n+1)
=\ns,,., =n+16

The matrix elements of X are

(Xl = ([T (' a)n) = L (a4 )
_ /ﬁ[<m|af|n>+<m|a\n>]: /ﬁ[(m‘ﬁ|n+l>+<m|x/ﬂn—l>]
o [V 8,4 6, ]

The matrix elements of P are

m.,n+1

(m| P|n) = (m] h";“’i(a'*'—a)m:i h”z“" (m)(a’ —a)|n)

:l-,/h”;“’ [(m]a|n)—{m]a n>]:i‘/"’”2w’ [(mNn+T]n+1)=(m|a|n=1)]
-, /h’;"“’ [Va+16,,,~n6,,.]

Both agree with Exercise 7.3.4.
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7.4.2 Calculate using the operators a and a’

()= (0l X|my= |2 (nfa +al)
= ﬁ[@\ﬂ@ﬂ”@‘”ﬂ: /ﬁ[(;ﬂﬁh“)ﬂnwﬂn—lﬂ
_ %[ﬁ(rz\n+l>+ﬁ<n\n—l>}=0 since (n|m)=0

ma@

(P)={nlPln) =1, ™22 (n]a’ ~al)
=2 [l ) (alaln) ] = 1 2 Gl T 1) Gl =1)]
=i«/hn21w [m<n|n+1>—x/;<n|n—l>}=0 since (n|m)=3§,,
Note also that {n|a’|n)=0 and <n|(aT)2|n> =0 in a similar manner, so that
N\ oy h h
() =)=

(" +a) |m)= - —(n|(a') +a'a+aa’ +a’|n)
= w(n\a*a+aa+|n>= f (n|NInNn +n+1dn+1|n)

2m@

nm

) ) hmo + 2 hmw N2t f g
<P >=<n|P |ny=- 2 <n|(a —a) |n)=— > <n\(a) —d'a—aa' +a*|n)

= hn21w <n\a*a+aa+|n>= 4 <n|x/;x/;+\/n+1\/n+1|n>

2mao

= hmTw(2n+1) = hmo(n+1)

The uncertainty principle is AXAP >7/2 where

ax = (X = () ) =(x*)=(x)" = J(x*) since (x)=0
AP = [((P=(P))") = J(P*) = (P =J(P*) since (P)=0

)
AX = |——(n+1
ma)(n+2)

AP=Jhmw(n+%)
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AXAP:J;%#n+%%ﬁmwﬂn+ﬂ:{n+ﬂh2—

So the uncertainty relation is obeyed.

7.4.5 The initial state is
v (r=0))=4(0)+1)
1) Time evolution:
‘l//(t» — ﬁ( —iEOt/h|O> —iElz/h‘1>)

:eﬂwz/z 1 (‘ O>+e ta)t|1>)
2) Expectation values:

(X(0) = (w (O] X|y (1)) ==tz (w (1)]a" +alw (1))
= ot L (0] + ™ (1])(a" +a)e ™" (|0} + 1))
=z 2L (0lalt)+ ™ (1]a’|0)]
\/Ti[ o 1+ et o1 } L cos wt
= (X(0))=\7
Momentum expectation value:
(P(0)) = (w (1)| Ply (1)) = i/ {y ()| a ~aly (1))
= iyt L ((0]+ "™ (1])(a" —a)e ™" (|0} + e |1))
=iJzet L[~ (0] al1) + "™ (1]a’|0) ]
= i\t ‘[ 7’wt\/—+e+“‘”\/—}— \/'"Tmsina)t

+

|a

=(P(0))=0
3) Ehrenfest's theorem is
()= x.A))
“(P)=—<(P.H))
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For the harmonic oscillator, the commutators are

[X,H]:[

Sy (a+ + a) ,ha)(afa + %)}

=hw ﬁ ':(aT + a),aTaJ =hw, /% {[af,aTa]+ [a,aTa]}
=hw f {cfa*a—a*aaT +aaTa—aTaa}
2mo
=hw 2}:@ {(fafa —a' (a*a + 1) + (a*a + l)a - a*aa}
_ h o
=hw ZY {a a }
_ilp
m
and
[P,H] = [i hrga) (czT —a),hw(a*a+%)}
=iho hmTa) [(cf — a) ,ab} =ihw, /hmTa) {[a*,cfa] — [a,a*a]}
=ihw fma {acha—aTaa+ —aaTa+aTaa}
2
=i w‘/hn;w {aTa+a—aT(aTa+1)—(a#a+1)a+aTaa}
= —iha)«/hn;w {a+a*}
=—ihmw*X
These give

dt h\ m m
%( )= —é<—zhma)2X> =-mw’ (X)
Plug one equation into the other to get
d2
(X) =0 (X)
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The solution to this differential equation is

(X(t))= Acoswt + Bsinwt
which also gives
(P(t))=m(X(t))=—mwAsinwt + moBcos ot
Using the 7 = 0 expectation values from (2) requires B=0 and A= \/% . Hence we get
(X (1)) = {525 cos ot
<P(t)> = — 2L sin @t

which agree with the results from (2).

7.4.6 The expectation values we need are

(a(t))=(w (1) alw ()
(a' ()= (w(t)|a|w (1))

A generic time-dependent wave function is

o

‘W (t)> = zcne_lE t/h| 'w’/zzc e—mwz

n=0

The expectation value of a is

(a(t)=w () aly (1))

— +zwz/22c* +1mwt m‘ a e—iwt/zzcne—inwt

m=0 n=0

_zzcm ” zm nwt m| ‘ >

m=0 n=0

=SS e i 1)

m=0 n=0

_ * +i(m—n)ot
= ZZcmcne Vno,,

m=0 n=0

-t
- Z Cm m+1

m=0

n)
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For t =0, we get

(a(0))= X i m+1

m=0

Hence we get

<a(t)> =e <a(0)>
Likewise
(@ (0) =o'l ()

— e+iwr/22c;e+imwt <m‘ a'{' e—iwz/chne—inwz
m=0 n=0

+i(m—n wt<m| | >

Y cree " (m|Nn+1|n+1)

n)

c,c,e

3
I
=)

1l Il
i ag U NGk
8 ng

=0 1=0
:22 " c +i(m—")wt\/m6m’n+1
m=0 n=0

_ +lwf
- zcmcm 1

m=1

= <aT (O)>
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