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5.2.1 The particle is initially in the ground state of a box of size L. Hence the initial state is

V. (x):\ﬁcos(ﬂ)
initial L L

between —L/2 and L/2 and zero elsewhere. If the box is expanded "suddenly," this means the
wave function remains unaltered. Now we want the probability that the particle in the expanded
box is in the ground state of the expanded box. The probability that the initial state
|l//inirial>i W, (*) is measured to be in the final state ‘l// ﬁml>i v ﬁml(x) is the square of the
projection of the two states:

2

I%f ‘<l//fnal l//initial >

= J. _Z w;inal (x) Y iitial (x ) dx

2

The ground state energy eigenfunction of the expanded box is (just change L to 2L):

2 ™
Q- f0r2L( ) 2 L E
between —L and L.

The probability integral can be limited to the range between —L/2 and L/2 because the initial

wave function is zero outside of that range. Hence
2

:Di—)n:l = J.j; gon:lforZL* ('x)y/initial ('x) dx,

L2 2
= 1/—cos( ),/—cos( jdx
L/2 2L 2L

~ L. (ﬂx]+£. (@j/
\/_L 3m \2L /],

2

2

4
8 = 62:072
37t Y

There is a 72% chance that the particle is measured in the ground state of the expanded box.
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5.2.3 For a delta function potential, we must reconsider the continuity equation for the derivative
of the wave function. The position representation of the energy eigenvalue equation is

(_h_zd—2 + V(x)]goE (x)=Eq,(x)

2m dx?

Integrate from —& to € to get
e B d* ¢ e
_E—ﬁw%(x)dx"’I_SV(X)Q’E(X)dx:EI_g@g(x)dx

In the limit that € — 0, the integral on the right is zero because the wave function must be finite.
The first integral on the left yields the wave function first derivative, leaving

do,(x)| _ do;(x)
dx | dx

€

2 i [V (%), (x)dx

B2 eo0d-e

—&

If the potential energy is finite, then the integral on the right is zero, and the wave function
derivative must be continuous. If the potential energy is infinite at the boundary, then the wave
function derivative need not be continuous, as in the infinite square well problem and this delta
function potential. We will use this below.

Start by solving the energy eigenvalue equation:

( n d_z—aV(ﬁ(x)j(pE(x): Eg, ()

_% dx?

Outside of the potential well, V =0, so the solutions are real exponentials. Assume a solution of
form
Ae” +Be ™™, x<0

xX)=
¢E( ) Ce™ +De ™, x>0

with g= \/—ZmE/ 7’ . The boundary condition at infinity (normalizability) requires that
B =C=0. The boundary condition on the continuity of the wave function at x = 0 gives A= D,
SO

Ae”, x<0

xX)=
¢E( ) Ae™, x>0

The boundary condition on the wave function derivative from above gives
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do (x) _ doy(x)
dx | dx

€

2m . (e
=?hm V(x)p,(x)dx

-0 J-¢

—&

. —qe € 2 . €
lgl_rg(—qu * —qAe? )=—aV0 h_T%;lirol _86(x)(pE(x)dx
2m
—2qA=-aV, 72 ¢E(O)

2
—2qA =-aV, h—TA

with the result

maV,
hz

This yields the allowed energy

Finally, we normalize the wave function:
“ 2 2 (% —2gx ‘A|2
1=(E|E)=[|p,(x)] dx=2|4 L e dx = o
s

The delta function potential energy well has only one bound state with solution

/ 2y72
_ ma‘/() —maVU\x\/hz . E _ ma ‘/0

(DE(X)_ A e > th

There are no other bound state solutions. Plot below shows the cusp in the wave function with a
change in slope of

do, ()| _dge (), (ma)”

dc | dx | n’

£ —&
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3.a) Possible values of H must be eigenvalues. H is already diagonal, so the eigenvalues can be
read off by inspection:

E=1hw,,2ho,(x2) (note degeneracy)

Initial state is

|w(0))=[1)+4{2)+4[3)
The probabilities are

2, =|(Elw) =|(1)(H0)+42)+43)) =]
(D)(E0+ 20+ 43 +(B(F+ 420+ 43)

v) =

The two probabilities add to unity, as they must. The expectation values are
(H)=(E)=Y E®, =1hw,++2ho,}=3ho,

<E2> = ZEizij‘- = (171600 )2 3+ (2hw0 )2 3 =3h,

The uncertainty is

AE = [(E")=~(E) = \3(hw,) -(3h0,) = tho,
b) Find the wave function at time ¢ by adding in the Schrodinger time-evolution phases:
[ (1)) = dr e 5 1)+ S| 2) 4L 3)
= e [+ (25 3)
c) The expectation values of the operators A and B are:

Q
]
]
ﬁ_

_ _ 1 iagt 1 20 1 2w —i2nt
(Wy=lalw)=( e 3™ e ) 0 0 o | g
0 a O 1 ,—i2w,t
7€
1 ,—iogt
aﬁe
_ 1wyt 200t 1 ,i200¢ —i2nt 1 1 1, —
—( 5e Te " L™ ) ate ™™ sat+gat+ya=a
1 2wt
ase

and
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Le—iwor
0 b 0 V2

<B>=<1//|B\t//>=( e L& 1P ) b 0 0 | Leio

0 0 b %e—iZth
b%efﬂﬂ)ot

i i2 i2 —i —i i

:( Loy L ) b ™ |=obe ™ 4 —Lbet o 1 4

b%e—ﬂwot

= b(%+fcoswot)
Note that the expectation value of A is time independent, while the expectation value of B is time

dependent. This is related to whether or not the operators commute with the Hamiltonian H. A
commutes with H, but B does not:

1 00 1 00 1 0 1 00
[H,A|=HA-AH=hw,)| 0 2 0 |afl 0 0 1 |-al 0 0 1 |hw, O 2 0
00 2 010 0 1 0 0 2
1 00 1 00
=ahw,| 0 0 2 |-ahw,] 0 0 2 |=0
020 020
and
1 00 010 010 1 00
[H.,B]|=HB—-BH=hw,| 0 2 0 |b| 1 0 0 |-b] 1 0 0 |hw,| 0 2 0O
0 0 2 0 0 1 0 0 1 00 2
010 020 0 -1 0
=bhw,| 2 0 0 |-bhw,/ 1 0 0 |=bhw,] 1 0 0 |#0
0 0 2 00 2 0 0 0

4. The initial wave function is
‘//(x’o):AJ-jo eI girsih g,
a) The probability of a momentum measurement is
41 41 2
P(-p<p<p)= f_p] P(p)dp = f_pl|1//(P)| dp

Now find the momentum space wave function
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v (p)=(plw)=|_(plx){xly)dx= J— [ ey (x)dx

Im e_ipx/hAJm e1PVpo piv's/n dp’ dx

1
~ \2rh

— 2A - Im o710 {‘r’ PP/ dx}dp'
Ph o

_ ZAEhJ' Iﬁ\/Po{27.Ch5 p —p }dp

= A27h e PP

This result can also be obtained by noting the similarity between the initial state and the Fourier
transform relation between wave functions in position space and momentum space
representations:

v (%)= (xlw) = [ (x| p)(ply)dp = J—I ™"y (p)dp

Plug into the probability:
‘7)( -p <p<p1 J: ‘ dp = f ‘A 27 o olfpo |

=|A 2zn (" e dp=|A] 22 [ e dp
P 0

=|A" 47th{ ‘;0 -ZP/PU} =|A]" 27hp, (1- &'

Note that the probability with p, = o must be unity, so the normalization factor A must be
1 1
A" = =

= = A=
2rthp, \27hp,

where we have chosen the real, positive solution as a choice of overall phase. This gives
,p(_pl <p< p1) _ (1 _ e 2nim )

sketched below.

Prob
101

0.8+
0.6+
04+

0.2+
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b) To find the wave function do the integral in its definition

e J' Adl/po pivxin g dp = 27ihp [J ePIm girilh dp""J =plpo gipx/h dp:|

1 |: 0 (1¥/h+l/p (ix/m=1/py) ]
0 d + Po )P d
27rhp '[ P J. P
tx/h+1/p0 O e(ix/h—l/po)p <
+ .
lx/h+1/p0 (ix/h—1/p,) S

1
JZnhpo{IX/h+1/Po ) (ix/n- I/Po)}
{ (ix/h=1/p,) . (ix/h+1/po)}

\/ 27rhp0

\/27thp0 2/h2+1/l’o) (xz/h2+1/p§)
2 1
7P, X+ h—z
Po
Shown below
Psi

x(h/2rpg)

¢) Find the wave function at time ¢ by adding in the Schrédinger time-evolution phase to each
energy eigenstate. Momentum eigenstates are also energy eigenstates, so the wave function is
already in energy state superposition format:

l//(x)=<x\1//>=_[_ (x| p)(plv)dp = J—J MMy (p)dp

From the results above we have y(p)=e Ari/po / \ P, »so the time dependent wave function is

1 = Abipe ipxin -ip*t/2mn
t)= o d
x,t) T J_ e M it e p

Now use this to find the momentum space wave function as before
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w(p.)=(ply)=] (plx)(xly(r) dX—\/—L iy (x,t)dx

©o ) bl |7 . I~ —in" 2
J- e 1px/hAJ‘ e 1P’/ Po ezpr/he ip’*t/2mh dp/dx

1
NG

_ 2Ah [ e,,q/,,oei,,fz,/zm““ e hin dx}dp’
) -

1 o 1PV gmivi/2mn ’
o 27hé(p d
277:71\/170'[ { p)} P
- ! o PP pmip®t/2mh
Do

meaning simply that each momentum component acquires the relevant Schrodinger time-
evolution phase. Because the probability density in momentum space is just the complex square
of this, the phase disappears, giving

P(p=-p,— p.1) —j |l// p0| dp

The momentum measurement is time mdependent, which is what we expect for a free particle
because there are no external forces.

5. Bra-ket practice
a) v
b) v(p)=(rly

d) v (x)=(xlw)= [ (x] ><p|l//>dp=mjie"”“/hl//(p)dp

¢) P(x) =[xl )| =lw (x)

) ?(p)=l(plw)l =lw (p)

2) Pa<x<b)=[ |y (x) dx

h) P(p<p<p)=]"lv(p) dp

b =l = Wi lvlaes v a=( o) O =Tl
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cl
) )= (o) aly)ax= "o (W ()ax=( & 5 b | C =2.be,
P(E,)=|(E,|w) =’ [ (E|x)(x]w)ax =‘Iiw2”(X)w(X)dx
C 2
k)
=(0 0 1 ) 2 =lef
G
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