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2 Electrostatic fields.

2.1 Basic formulas.

Given a distribution of static charges, what is the force on an arbitrary test
charge at an arbitrary point?

Definitions:

Electric field ~E(~r): force per unit of charge on test charge at point ~r.
Charge density ρ(~r): amount of charge in a small volume d3r at point ~r is
ρ(~r)d3r.

Basic relations, differential equation:

~∇ · ~E =
1
ε0

ρ(~r)

~∇× ~E = 0

Formal solution:
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~E(~r) =
1

4πε0

∫
d3Rρ(~R)

~r − ~R

|~r − ~R|3

Integral forms:

∮
d2S · ~E =

1
ε0

Qenclosed

∮
d~L · ~E = 0

Special cases:

Field of point charges

ρ(~r) =
∑

i

Qiδ(~r − ~Ri)

~E(~r) =
∑

i

Qi

4πε0

~r − ~Ri

|~r − ~Ri|3
Field of line charges

~E(~r) =
1

4πε0

∫
dRλ(~R)

~r − ~R

|~r − ~R|3
Field of surface charges

~E(~r) =
1

4πε0

∫
d2Rσ(~R)

~r − ~R

|~r − ~R|3

Definition:

Potential V (~r) is potential energy per unit charge of test charge at point ~r.
Possible because Coulomb force is conservative.

~E(~r) = −~∇V (~r)

Basic relations, differential equation:

∆V (~r) = − 1
ε0

ρ(~r)
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Formal solution:

GOAL 2

V (~r) =
1

4πε0

∫
d3Rρ(~R)

1

|~r − ~R|

2.2 Solutions in special cases.

Point charge , infinite straight line , infinite plane, infinite cylinder, etc.

GOAL 1

High symmetry: use Gauss (integral form)!

Potential far away from localized charge density:
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Multipole expansion:

V (~r) =
1

4πε0

∑

l

1
rl+1

Ml(r̂)

Ml(r̂) =
∫

d3RRlPl(r̂ · R̂)ρ(~R)

Monopole: Q =
∫

d3Rρ(~R)
Dipole: pi =

∫
d3RRiρ(~R)

Quadrupole: Qij =
∫

d3R(3RiRj −R2δij)ρ(~R)

V (~r) ≈ 1
4πε0


1

r
Q +

1
r2

∑

i

r̂ipi +
1
r3

1
2

∑

ij

r̂ir̂jQij + · · ·



Regions without charge, use separation of variables and boundary
conditions.

Cartesian coordinates.

∆V = 0
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If V (~r) = X(x)Y (y)Z(z) then

d2X

dx2
= CxX

d2Y

dy2
= CyY

d2Z

dz2
= CzZ

with Cx + Cy + Cz = 0.
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General solution: sum over all allowed values of Cx, Cy.

Spherical coordinates.
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In this case the angles θ, φ are restricted and the corresponding solutions have
integral quantum number.
General solution:

V (~r) =
∑

lm

(
Almrl + Blmr−l−1

)
Y m

l (θ, φ)

Spherical coordinates, cylindrical symmetry:

V (~r) =
∑

l

(
Alr

l + Blr
−l−1

)
Pl(cos(θ))

Boundary condition at conducting surface:

V (~r) = V0

~E(~r) =
σ

ε0
n̂

Mirror images.

Field of point charge Q in front of conducting plane is equal to field of Q and
field of -Q at mirror image.
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2.3 Charges bound to material.

Dipole moment: ~p = q~d
Torque on dipole: τ = ~p× ~E
Energy dipole: U = −~p · ~E
Polarization density: ~P = n~p for n units per unit volume

Bound charges and polarization density.

GOAL 5

σb = ~P · n̂

~∇ · ~P = −ρb

Displacement field.

~D = ε0 ~E + ~P

~∇ · ~D = ρfree

Linear medium.

~P = χε0 ~E

~D = ε ~E

ε = εrε0

εr = 1 + χ

Boundary conditions at dielectric boundary.

GOAL 4
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~D1 · n̂ = ~D2 · n̂

~E1 × n̂ = ~E2 × n̂

2.4 Additional information.

Energy of charge distribution.

U =
1
2

∫
d3R1d

3R2
ρ(~R1)ρ(~R2)

|~R1 − ~R2|

U =
1
2
ε0

∫
d3r ~E2(~r)

Capacitance.
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C =
Q

∆V

U =
1
2
CV 2

Parallel plate: C = εS
d

3 Magnetostatics.

Given a static current distribution, what is the force on a magnetic pole at
arbitrary points?

Static current density distribution ~J(~R) in Coulomb per second per unit area
does not change with time.
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3.1 Basic current definitions.

Conductivity σ from ~J = σ ~E
Resistance R = V

I depends on geometry.
σ = −eµne in terms of mobility µ and density n.
Dissipated power P = IV
Continuity equation ~∇ · ~J = −∂ρ

∂t

3.2 Fields due to currents.

Basic relations, differential equation:

~∇ · ~B = 0

~∇× ~B = µ0
~J

Formal solution:

~E(~r) =
µ0

4π

∫
d3R ~J(~R)× ~r − ~R

|~r − ~R|3

Integral forms:

∮
d2S · ~B = 0

∮
d~L · ~B = µ0Ienclosed

Special cases:

Field of current loop
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~B(~r) =
µ0

4πr3
(3(~m · r̂)r̂ − ~m)

~m = I ~A
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3.3 Solutions in special cases.

Infinite straight line , infinite coil, etc.
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High symmetry: use Ampere (integral form)!

Potential far away from localized charge density:
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Multipole expansion. More complicated. No monopoles. Lowest order:

~B(~r) =
µ0

4πr3
(3(~m · r̂)r̂ − ~m)

~m =
1
2

∫
d3R~R× ~J(~r)

Intrinsic dipoles due to spin of particle.

3.4 Forces.

~F =
∫

d3r
(
ρ(~r) ~E(~r) + ~J(~r)× ~B(~r)

)

Torque on dipole

τ = ~m× ~B

3.5 Currents bound to material.

GOAL 11

Magnetization density ~M = n~m

Bound currents and magnetization density.

GOAL 12

~∇ · ~M = ~Jb

~M × n̂ = ~Kb
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~∇× ~H = ~Jfree

~B = µ0( ~H + ~M)

Linear medium.

~M = χ ~H

~B = µ ~H

µ = µrµ0

µr = 1 + χ

Boundary conditions at magnetic boundary.
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~B1 · n̂ = ~B2 · n̂

~H1 × n̂ = ~H2 × n̂
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