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Worksheet Solutions to Trandating Tensors page 2

A. CHECKING PREVIOUS EXERCISES

We can use formula C.7 in the chapter on Rigid Bodies to compare the tensors we
calculated in the worksheet Inertial Integrals, in the center of mass and another
coordinate system. (Thisequationisaso 11.49 in Marion and Thornton.)

Theinertia tensor in the center-of-mass coordinate system is given by
I'ij =1lij —Tij (C7)

where Tjj istheinertiaof apoint mass M at the center-of-mass's position R :

Tij = M(Rij-RR). (C.79)
A.l. Brick z
. &a0
Q H
Center of mass: XY = % B -
S ﬁ -

1~

2C o
Thetrandation tensor is

B2+C2 -AB  -AC §

Tij =M (delj -R RJ ) = IXI ~AB A2+C2 —BC :

B AC -AC A2+B20

The tensorsfor the brick, calculated in the Worksheet Inertial Integrals, are

origin at corner, ljj = center of mass, I'jj =
aB(B2+C2) —3AB —3AC
M T M a§2+C2 0 0 5
10 ¢ 3AB 4A2+C2) -3BC = .12 ¢ 0 A2+C2 0 .
g - e 0 0 AZ2+B2g
-3AC  -3BC  4(A2+B2)@
These 3 matrices actually work in eg. (C.7)! O

© 2003 Philip J. Siemens Paradigms in Physics: Rotational Motion Oregon State University



Worksheet Solutions to Trandating Tensors page 3

A.2. Cage
. &0 ’
g 1. A
Center of mass: Y. = (C2B—+ y
< =~ C
2 1~= /
2C QO ( B

The trandation tensor is the same as for the brick. The tensors calculated in the
Worksheet on Inertial Integrals are

origin at corner, ljj =

B2C+8B3(A+C) —6AB(AB+BC+AC) -B6AC(AB+BC+AC) ()
12ABC2+8C3(A+B) hd

S X GAB(AB+BC+AC) 12A2BC+8A3(B+C) —6BC(AB+BC+AC) .

12 +12ABC2+8C3(A+B) B
“BAC(AB+BC+AC) —6BC(AB+BC+AC) 12A2BC+8A3(B+C) =
+12AB2C+8B3(A+C)d
center of mass, I'jj =
aB3(A+C)+3AB2C O 0 o)
C3(A+B)+3ABC2 -
s A3(B+C)+3A2BC O -
6 +C3(A+B)+3ABC2 H
0 A3(B+C)+3A2BC ~
+B3(A+C)+3AB2CH
check
The differenceis 24C2 -AB  -AC § compartSon:
. M 2,2 | + the differenceis
lij Iij = 4 AB  A4+Cs —BC < equal to Tjj
2 AC -AC  A2+B20
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B. TRANSLATING THE CAGEX INERTIAL TENSOR

Use formula (C.7) in the chapter on Rigid Bodies to compare the tensors you
calculated in the worksheet Inertial Integrals, in the center of mass and another
coordinate system.

Theinertia tensor in the center-of-mass coordinate system is given by

l'ij =1lij —Tij (C.7)
where Tjj istheinertiaof apoint mass M at the center-of-mass's position R :
Tij = M(Rij-RR). (C.79)

B.1. From corner of cageto center of mass

The CageX apparatus consists of a hollow rectangular
cage with two sguare faces and four narrow
rectangular faces.

Itslength in the x and y directionsisL, and the |
length in the z directionish.

The walls of the cage have a uniform surface mass h
density, and itstotal massisM .

x  /
\

In addition thereisaclay sphere of mass m fastened /y mass M
to the corner of the cage at the origin. The radius of radius r
thissphereisr .

The expression for the center of mass of the cage-ball systemintermsof M, m, L,
h,andr is

M

—

_ L L h,

R= M+m £2'2'25
Ho X 0O
The numerical values from - —
the Inertial Integrals Worksheet are XY~ = -
R 6 B

© 2003 Philip J. Siemens Paradigms in Physics: Rotational Motion Oregon State University



Worksheet Solutions to Trandating Tensors page 5

B.1. From corner of cageto center of mass (continued)

The trandation tensor for the cage-ball apparatus expressed intermsof M, m, L,
and h is

242 L2 -Lh§

Mt (R2dij —-RiRj) = Tijj = -2 L2+h2 -Lh T

M+m 4

h -lLh 229

Theinertial tensor for the cage-ball apparatusin the original coordinate system from
section C of the Worksheet on Inertial Integrals expressed intermsof M, m, L,
and h is

4+20L3h  —6L3(L+2h)  —6L2h(L+2h))
121 2h2+16Lh3 =
M

lij = 24 2+2Lh)

£ 6L3(L+2h)  8L4+20L3h  —6L2h(L+2h)
+12L.2h2+16Lh3 ;

L2h(L+2h) —6L2h(L+2h) 16L4+40L3nD

The center-of-massinertial tensor calculated from theseresultsisI'jj =

a2+h2 12 —-hQ

Mm 1 ¢_» 2h2 A hT
M+m 4 L LZ2+h Lh _ +
®_h -lh 220
ab4+L3n 0 0 o
M +8Lh3 ot 3 -
o L4+Lsh O B
0 2L4+8L.3h &
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B.2. From center of cage to center of mass

This time we work in a coordinate system with origin
at the center of the cage.

The expression for the center of mass of the cage-ball
systemintermsof M, m, L ,and h is

NI

NI
[SYek

<

+

3

(0]
NIT™

The numerical valuesfrom
the Inertial Integrals Worksheet are Y

R —

7]

. .I.O:

\ l \8
-l

The trandation tensor

for the cage-ball apparatus

expressed in terms of

M,m,L,andh is 2th2 12 —Lh@

Mt (R2dij - Ri R ) = Tj= ™ 1C2 122 nZ

1h -h 2120
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B.2. From center of cage to center of mass (continued)

The inertia tensor for the ball only in the cage-centered coordinate system of
section B of the Worksheet on Inertial Integrals may be approximately expressed in
teemsof m , L ,and h as

242 L2 -Lh§

&3

12 |2+h2 LhT

—

N\

h -lLh 229

Theinertia tensor ,for the cage only in the cage-centered coordinate system found
in section B of the Worksheet on Inertial Integrals, expressed intermsof M, m, L
,h,andr is

4+41 3h 0 0 0

M 3L2h2+2Lh3 n -

li= oo VL L4+4L 3h 0 A
] = 12(L2+2Lh) G +3L.2h2+2Lh3 B
0 2L4+8L.3hd

Theinertia tensor for the cage plus ball in the cage-centered coordinate system of
section B of the Worksheet on Inertial Integrals, expressed intermsof m , L , and
h istherefor

a2+h2 42 -hQ

ltot = = lball + lcage :%q —L2  L2+h? —Lhi +

N\

h -h 2120

a84+4L3n 0 0 o

M 3L2h2+2Lh3 nt 3 -
e L4+4L 3h 0 B
12(L2+2Lh) +3L.2h2+2Lh3 H
0 2L 4+8L.3hD
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B.2. From center of cage to center of mass (concluded)

The trandation tensor for the cage-ball apparatus, expressed intermsof M, m, L,
and h , found on page 6, is

2+4h2 <12 -h{
_om 1
Tii = M+m 4

N\

12  L2+h2 —th
1h -h 220

The inertia tensor for the cage plus ball in the cage-centered coordinate system,
calculated on the previous page, expressed intermsof m, L, and h is

a2+h2 L2 —hQ

NP

12 L2+h2 Lh T +

—_
[

(\

1h -h 220

ab4+4L.3h 0 0 0
M 3L2h2+2Lh3 ot 3 N
M __ L4+4L3h 0 5
12(L2+2Lh) G +3L2h2+2Lh3 o
0 2L.4+8L3nD
The center-of-massinertial tensor calculated from theseresultsisI'jj =
a2+h2 12 —-1hQ
Mm 1 & > 2.2 4pt
M+m 4 L L2+h Lh% +
8Lh -Lh 2120
a4+L3h 0 0 0
M +8Lh3 ot 3 N
12(L2+2Lh) Ly © H
: 0 2L4+8L.3h ¥

Comparing this result to that of part B.1, we observethat they arethe same .
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C. Numerical values

Theinertial tensor for the cage-ball
apparatus in the original coordinate
system, found in section C.3 of
Worksheet 3 Inertial Integrals, isljj =

numerically expressed in units of :

The measured numerical values of the
center-of-mass coordinates, from page 5
of the CageX1 Workbook, are

O R 0

Y2 = -

. —
R —

2 7]

The corresponding trandlation tensor for
the cage-ball apparatus, evaluated
numerically from the expression

Tij = M(R2ij—-RiRy) isTjj =

The center-of-mass inertial tensor
calculated from these results, isl'jj =

numerically expressed in units of .
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B.3. Numerical values continued

We can compare some of the elements of the inertial tensor to the measured results
from the CageX 1 Workbook, page 10:

Cases Observed Corresponding | Calculated Comparison
moment I'gphs | lement ', value above

(units ) (units )
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InertiaCalcs_cage.nb

CageX Inertia Tensor in Center-of-Mass frame (correction to Translating Tensors worksheet
solution, p. 5 and p. 8, to Rotating Tensors worksheet solution, p. 4, and to Principal Axes

worksheet solution, p. 6)

Written as one piece:

M (3h?2 L (2m+M)+2h3 (4m+M)+L3 (4m+M)+2h L2 (5m+2M)) _ L2nM _ hLmM
12 (2 h+L) (m+M) 4 (m+M) 4 (m+M)
_ LM M (3h2 L (2m+M)+2h3 (4m+M)+L3 (4m+M)+2h L2 (5m+2M)) _ hLmM
4 (m+M) 12 (2 h+L) (m+M) 4 (m+M)
_ hLmM _ hLmM L2 M (10 hm+4 Lm+4 h M+L M)
4 (m+M) 4 (m+M) 6 (2h+L) (m+M)

Written as two pieces:

" h2 + L2 -L2 -hL
m
-L2 h?2+L? -hL| +
4 (m+ M) )
-hL -hL 2L

2h3L+3h%2L%2+4hL3+1L"
0
0

M
12 (2h L + L2)

0
2h3L+3h%2L%2+4h1L3+1L"
0

S8hL3+2L*



