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A. APPLYING THE PREVIOUS ROTATION — ALGEBRA
The CageLab apparatus consists of a hollow
rectangular cage with two sgquare faces,

Itslength in the x and y directionsisL, and the L
length inthe z directionish . hisshorter than L.

The walls of the cage have a uniform surface mass h
density, and itstotal massisM .

There is a clay sphere of mass m and radius r

fastened to the corner of the cage at the origin. X mass M

radius r

In the worksheet Rotating Vectors we found a rotation which keeps the sphere
fixed and rotates the cage so that its long diagonal isalong the z axis.

z

X

First, there was a rotation about the Next, there was arotation about the
zaxis by an anglef, such that x axis by an angle q such that
h

sinf = /2 cosf==C2 SN9= 55-5 L2412
These values can be substituted in the general expression for the rotation matrix ,

cosq =

aesy cosf cosy sinf siny sing ()
R = osqgsinf siny +cosqcosf siny -~
Ry Rq Rf =x-siny cosf -siny sinf cosy sinqi

osqgsinf cosy +cosqcosf cosy

ingsinf —sinq cos f cosq %)
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Theresult still contains

thelast angley asan

undetermined parameter: RY) =
intermsof L, h, etc.,

we found

gmsy . hsny —cosy hsiny L sny

- + :
@ \22+hr) @ \222+h2) W22+ T

siny hcosy  siny hcosy P cosy —

=+ + :
@ 202L2+h2) @ \[2(2L2+h2) L2+ +

L L h -

2L2+h2 \/2L2+h2 V2L2+h2 @

-1 0 e

o @ 9
For smplicity, -
we can choose h h 2L ~

thecasey =0. R(YY=0) =
Then, interms
of L, h, etc.,

2(2L2+h2) \2(2L2+h2) \2L2+h2 —

L L h
oL+ 2022 \2L2+n20
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We can apply the same rotation to the apparatus in
Its center of mass.

Theresult will also have the ball on the z axis, but
the center of mass will be at the origin.

The inertial tensor for the combined ball plus cage,
in their joint center of mass, was found in the
Worksheet Trandating Tensors :

ltot = lball + Icage = expression interms of L, h, etc.

a2+h2 12  —-1hQ
= % L2 L2+h2 -LhT+

1h -h 220

264+4L3n 0 0 o

M 3L2h2+2Lh3 e 3 H
e L4+4L3h 0 H
12(L2+2Lh) +3L.2h2+2Lh3 B
0 2L4+8L3ng
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Therotated inertial tensor R I' RT is calculated in two steps.
First, multiply I' times RT to compute I'RT: (expressed in terms of L, h, etc.)
M 1

12(L2+2Lh) , [2(2L2+h2)

SL2+h2(L4+4L3n  h(L4+4L3h  CeL(L4+4L3h O
+3L.2h2+2Lh3) +3L2h2+2Lh3) +3L2h2+2Lh3)~

SL2r2(L4+4L 30 h(LA+4L3h  (RL(L4+4L3h
+3L2h2+2(Lh3) +3L2h2+2Lh3) +3L2h2+2Lh3) T

—ALAL+4h)  2CeL3h(L+4h) D

L2+h2n/2L2+h2 2. 2h+h3 00

m

+ 2+h2 2:n2 2L2h+h3 0+
w222 g AN 2LEh H
2L (2L.2+h2) 0@

Next, multiply on theleft by R to get RI' RT : (expressed intermsof L, h, etc.)

M 1
12(L2+2Lh) 2L2+h2

L2+h2) 0 0 O
4+4) 3h -
+3L2h2+2Lh3) 4L6+16L5h+L4h2 C2(L.5h—4L4h2 .
+41 3h3+3L2hA+2Lh5 +3L3h3+21.2h4) T
Cp(-L5h-4L4h2 2L6+8L5h
+3L3n3+2L.2n4) +4L.4h2-41 3n3 D

L 2+h2)2 0 00

1

T 4 2(2L2+h2)

&3

2(2L.2+h22 0

0 0g

Remarks on this result: the x axisisaprincipa axis: Ixy =0 = Ixz
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