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Worksheet 2 Solutionsto Inertial Integrals page 2

A. SAMPLE CALCULATION: RECTANGULAR BRICK

A rectangular brick lies in the first z
octant of a Cartesian coordinate system
with one corner at the origin. A

Its lengths in the %, y, and z directions
are A, B, and C respectively.

C

The brick hasauniform density r . X

A.l. Center of mass. r (x,y,2) © mass per unit volume

The center of mass of amass distribution r (r) isdefined as
R © I\l/lfoi3r rer.
Thetotal massM isthe norm of the density distribution,
M = @B3r r().

The components of R are the normalized first moments of the density distribution

r(r),

X = I\l/l Qiz @y @x X r(xy>2,
Y = I\l/l Gz @y @x yrxy2,
and Z = I\l/l Qz @y @x zr(xy2.

The order of integrations doesn't matter for the result, and can be chosen for
convenience,

The brick isa specia case where the density r is constant inside afinite region.

r(xy,2) =1 qX)a(Ax) a)aB-y) a@alC-2 .

Find the total mass M and the center of mass R for the brick.
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Solution

page 3

In the case of the brick, it is equally convenient to do the integrations in any order,
because the range of integration for each variable is independent of the other

variables.
M =r "~ volume=rABC
19 B A 1 1 a0
Then X=m()coizc§niy(§31xxr=mCB§Ar
) C B A g
and Y:mémzomyyémxr:mCQBAr
1(\: B A 1 1~
and szocdzzcgmyocnixrzmQCABr

check: the center of massis at the center of the brick, as expected.
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A.2. Inertial tensor

Theinertial tensor of amass distributionr (r) isdefined as
lij =@Brr () (2dij—rirj).

To caculate the inertial tensor, it is convenient to first calculate the second
moments Mj; , defined by

Mij =@B3rr@)rirj.
Then theinertia tensor is
e Mij ifil] 5
lij =-Mij +dij rM =¢ L
Sakii Mcifi=jg

The procedure for calculating Mij is just like the procedure for calculating R;
except for an extrafactor of rj in theintegrand.

Then Mxx =Qiz Gy Qix X2 r(xy.2),
Myy =@z @y O y2 r(xy.2),
Mz =0z Gy Gx 2 r(xy.2),

Mxy =Myx =Gz Qly Gix xy r(xy.2),

Myz =Mz =@z Gy @iX yz r(xy.2),

and Mxz =Mz =@z Qly QX xz r(Xy,2) .
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Solution
A B C L L
caculate Mxxzénix xzcgnjy(gnizr:3A3BCr:3A2M

symmetry argument: interchanging X « y amountsto interchanging A « B

b Myy = 3B2M; similalyMz = 3C2M
caculate Myy = gixx ?{dyy gjz r = A; BZZC r :%AB M
0 0 0
check with symmetry argument: no change when interchangingA « B O

symmetry argument: interchanging X « z amountsto interchanging A « C

b Myz = %BC M ; similalyMyz = 5AC M
B2+C2) —3AB  -3AC

usetheseresultsfor Mjjto . . _ M ¢_ PO
construct the inertial tensor I = 12 SAB  4(A+C9) —3BC

5
2 _3AC -3BC 4(A2+B2)J
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A.3. Inertial tensor with the origin at the center of mass of the box

A rectangular brick lieswith its center at
the origin of a Cartesian coordinate
system, and with its edges parallel to the
axes.

Itslengthsin the X, y, and z directions
are A, B, and C respectively.

The brick hasauniform density r .
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Solution

o

Il

+
N T

The boundaries are now Xmin = —

N\>

LA
§ » Ymin = =5, Ymax

, Xmax
C
2

NIO

Zmn=—5,Zmax =t

A2 B/2 Cl2 %
Then Myy = dex2 Gdz r = E(A23—~A/23)O0BC r
XX = NG _8/2/ (( )3—( ) )Q,

=1 asgcr =M

2
12 v

A« BP My = 5B2, smilalyMz = 15 C2.

A2 B/2 Cl2

- 4 - 2 2 _
My = @ x_Qlyy iz 1= GAPAN2A(BZBIPC T =

Smllarly, Myz = Myz = 0.

Note: the vanishing of the off-diagonal elements reflects the symmetry of the mass
distribution in this coordinate system.

M B+C 0 0 &
UsethisMijj tofind Iem = 12 ¢ O A2+C2 0 -
e0 0 A2+B2g

Thisresult isrelated to the result of A.2 above by the trandlation theorem for inertial
tensors, aswill be verified in the Worksheet Translating Tensors.
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B. APPLICATION: HOLLOW RECTANGULAR CAGE

A hollow rectangular cage lies in the
first octant of a Cartesian coordinate
system with one corner at the origin.

Its lengths in the %, y, and z directions
are A, B, and C respectively.

The walls of the cage have a uniform
surface massdensity s .

The total mass of the cage is the sum of the masses of itswalls.
The top and bottom walls each have area AB and mass ABs .
The front and back walls each have area BC and mass BCs .
The left and right walls each have area AC and mass ACs .
The total massis M =2(AB + BC + AC)s

The mass density of each wall is

r top(.y,2) = s d(z-C) q(x) q(A—x) a(y) a(B-y) ,
M bottom(Xy,2) = s d(2) a(x) q(A—xX) a(y) a(B-y) ,
r front(x,y,2) = s d(x-A) q(y) a(B-y) a(@ a(C=),
M back(Xy:2) = s d(x) a(y) a(B-y) a(@d a(C-2) .
rright(x,y,2) = s d(y-B) a(¥) a(A-x) 9@ a(C-2 ,
reiXy,2) = s d(y) q(x) a(Ax) a2 q(C3) .

In each case, theq funcitons limit the ranges of integration for two of the variables,
and the third integration uses the delta function.
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B.1. Center of mass.

We can find the contributions of each wall
to the center-of-mass coordinate X :

1 & B %
front: M Cg}dz émy _}(é}dx X s dx-A) =
1 & B ¥
back: M é{dz Oc(dy _gdx X sdx =0
g ¥ B A 1 g
top: M _é?dz é{dy (Szdx xsdzQ=p; B 5A2 s
g ¥ B A 1
bottom: M _é}dz ézdy é}dx xsd@=y B 5A2 s
1 ¢ ¥ A 1 1
right: M gdz _giy (gidx x sdy-B)=y; C 5A2s
1 © ¥ A 1 1
. 4 N\ \ Y :7 4L 2
| eft: Moadz _gjyocojxxsd(y) M C 5Ass

_ _ S _ S _A
total: X = M A(BC+ AB + AC) = 25 (AB+BC+AC) ABC+AB+AC) =

2

We can obtain similar results for Y and Z by repeating the computation, or by
permuting A, B ,and C appropriately:

A« B P Y=|523, A« CPbB Z=C2:
Comment: no surprises here! But we confirm our computational method. O
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B.2. Inertial tensor for therectangular cage

We calculate the contributions of each face to the
moments Mxx and Msy . The other moments can

be obtained by permutations.

First, contributionsto Myx :

C B ¥
front: @z @y @x x2 sdx-A) = CB AZs
0 0 =¥
C B ¥
back: @z @y a@x x2sdx =0
0 0 ¥
¥ B A L
top: @z Qy @x x2 sdzC) = B 3A3 s
p gz ay ( (<) 3
¥ B A 1
bottom: Qz @y @x x2sd@= B 3A3s
- 0 O
C ¥ A 1
right: Qz @y @x x2 sdiy-B)= C 3A3 s
g Jiz gy (-B) 3
C ¥ A L
|€ft; Qz @y @x x2 sdy)= C 3A3 s
Jz. gy ( V) 3
A2 1 S
total: Myxx =S 3 (3BC + 2AB + 2AC) = 3 MAZ + 3 AZ2B C

We can obtain similar resultsfor Y and Z by repeating the computation, or by
permuting A, B ,and C appropriately:

_ B2 1 S
X « y P A« BiMy =55 (3AC+2AB+2BC)= §MB2+ 5 ABXC

Cc2 1 s
X « z P A« C:Mg = S§(3AB+2AC+ZBC)= QMC2+§ABC2
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B.2. Inertial tensor for the rectangular cage (continued)

Next, contributions to Myy :

C B ¥ L
front: Qlz @x x sd(x-A) = C 5B2 A s
iz« y y_¥ (x-A) 2
C B ¥
back: Qz @y y (]ix X sdx) =
0 O
¥ B L L
top: Qlz @ Coi X sdzC) = B2 5A2 s
p gz y y § (0 2Bs 5
¥ B A Lo 1
bottom: Qiz Gd y @x x sd(@ = 5B2 5A2 s
— O
C ¥ A
right: @z Qyya@xxsdyB) =CB In2 s
g iz ¢ 0 (y-B) 2
C ¥ A
|ft: Qz Qyyaxxsdy =0
§ y yO )
total: Myy = A48 (2BC + 2AB + 2AC) = Af M

We can obtain similar resultsfor Mxz and My by repeating the computation, or by
permuting A, B ,and C appropriately:

Z « Yy b C« B My = A;EM
further permutethisresult: X « 'y P A « B :Myz = B4C M

B2C+8B3(A+C) —6AB(AB+BC+AC) —6AC(AB+BC+AC)
12ABC2+8C3(A+B)

.I.O:

| = S (&OAB(AB+BCHAC) 12A2BC+BA3(B+C) —6BC(AB+BC+AC)
12 +12ABC2+8C3(A+B)

N 6AC(AB+BC+AC) —6BC(AB+BC+AC)  12A2BC+8A3(B+C) =
+12ABZC+8B3(A+C)ﬂ
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B.3. Inertial tensor in the center of massfor therectangular cage

A hollow rectangular cage centered on
the origin of a Cartesian coordinate Z
system with sides parallel to the axes.

Its lengths in the %, y, and z directions
are A, B, and C respectively.

The walls of the cage have a uniform

surface massdensity s .
to find My :
C2 B2 ¥ A2
front: Qiz @ix X2 s d(x-A/2) = CB &0 s
e —B/2y UA2) &20
c2 B2 ¥
back: Gly Qb 2 s dcrAl2) = CB aéo s
—C/2 —B/
¥ B2 A2 3
top: Qiz de x2 s dzC/2)= B %@%‘5 s
¥ —B/Zy 20
¥ B2 A/2 3
bottom: Qiz c(dx x2 s dz+C/2)= B %@éﬁ S
¥ —B/2y e20
Cl2 ¥ A/2 2 é
right: Qz o Gix X2 s d(y-B/2) = 0 s
? cr ¥ VBI2)= C 38,
Cl2 ¥ A/2 3
|€ft; Qz ay @x x2 sdy+B/2)= C %@%ﬁ s
—Cl2 ¢  -A2 eso
total: Mxx = s (SBC + AB + AC)
permuting:

2
X « y b A« B:Myy:s'36(3Ac+AB+BC)

2
X « z P A« C:Mgz-= S%(3AB+AC+BC)
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B.3. Inertial tensor in the center of massfor therectangular cage
(continued)
Tofind Myy :
Cl2 B2 ¥

front: Qz Q@yy @x x sdxA2) = 0.
-C/l2 -BI/ —¥

Indeed, every off-diagonal moment vanishes, because the integrands are odd, while
the ranges of integration are even.

result;

(3A+C)+3A|32c 0 0 o)
(A+B)+3ABC?2 =

olwn

A3(38+C)+3AZBC 0
+C3(A+B)+3ABC2
0

A3(B+C)+3A2BC 5
+B3(A+C)+3AB2C

© 2003 Philip J. Siemens Paradigms in Phyiscs. Rotational Motion Oregon State University



Worksheet 2 Solutionsto Inertial Integrals page 14

C. APPLICATION: CAGEX APPARATUS

The CageX apparatus consists of a hollow rectangular
cage with two sguare faces and four narrow
rectangular faces.

Its length in the x and y directionsis L, and the
length in the z directionish.

The walls of the cage have a uniform surface mass
density, and itstotal massisM .

In addition thereis aclay sphere of mass m fastened K mass m
to the corner of the cage at the origin. The radius of radius r
thissphereisr .

1. Center of massfor CageX apparatus

Theexpressonintermsof M, m, L, h,andr is

210

&0
S M ®1, T
Y= Mem G2t T
[\ a :
N1
>h g
2. Inertial tensor for CageX apparatus
The expression for
the inertial tensor
of the ball 0 00
intermsof r and m 5 -
isapproximately |y, = erz 10:.
0 10
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From B.2 above
the expression for
the inertial tensor
of the cage
in terms of
M,L, andh 4420030  —6L3(L+2h)  —6L2h(L+2h)A
IS approximately %12L2h2+ 16Lh3 ( ) ( )9
| cage = _ M Cg34on)  8L44+2003n  —6L2h(L+2h) "
24(L2+2Lh) ( ) +12L2h2+16Lh3 ( )T
L2h(L+2h) —6L2h(L+2h) 16L4+40L3n D

3. Numerical values

The numerica coordinates of the center of mass are

0 T &£ 0
S 0M X1, 1 B
Y% = M+m &2t T H
S5 : ﬂ
1, —
>h g
inertial tensor inertial tensor it
of ball of cage units!
Q g Q
S 1] é 1]

We can see that the contribution of the ball to the inertial tensor (with respect to the

givenorigin) is negligibly small
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