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A. CALCULATION: SSMPLE DUMBELL

A uniform rod of mass m, length L and
diameter d connects the centers of two 1
spheres, each of mass M and radius R.

The spheres have a uniform density r 2
and the diameter of the rod is much less
than the radius of the spheres, d <<R .

A coordinate system with 3 orthogonal axes has its origin at the center of the rod.
The third axis of the coordinate system coincides with the direction of the rod.

A.l. Longitudinal axis.

Find the moment of inertia about the longitudinal axis (axis 3 in the drawing)

The density of therod isr rod = voIrSme = p(d/n21)2L .
M M

The dengity of the sphereisr = volume = 4 _pa °
3PR
For the rod, choose cylindrical coordinates with zalong the length of the rod:

L/2 2p d/2 4 md2
= i 3 /\2 - A A 2 - 1‘ 0 -
llong = @Ir A2 (r) c/n%zocmlf Cgbdr r2r rod L2p4£gj frod="g

For each sphere, choose spherical coordinates with g = 0 along the z axis:

. 2p P R
llong = Q@I3r rAZr(r)zégtIf c?sinqdq O02dr (rsing)2r

1
= 2p (1‘)d(cosq) (l—COqu)%R5r =2p (2_%) %R5r =%MR2

Altogether,  liong = llong(rod) + 2ljong(Sphere) =% mdz2 + g M R2
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A.2. Transverseaxes
Find the moment of inertia about each of the transverse axes (axes 1 and 2) .

The moments will be the same, by symmetry:
nothing happensif werelabel theaxes 1« 2.

For the rod, use the same coordinates, but now ra = \Jy2+z2 = \[(r sinf )2+22 :

L/2 2p d/2
I =Q@Br r2r()= Q@zaif dr (rsinf)2+22) r og .
trans (r) 7> O@I 0 (( ) ) rod

Integrating term by term, we find

2 2p A2 2 2p d2
ltrans = GdZ Cﬁif sin?f Odr r3 rrod + C(dZZ2 Giif OOdr r rod

—Lp4£0 Mrod + 32%8 2p28g° I rod

= maesd + 5126 .
elGd i2L<0

For the sphere, the moment is the same about every axis through the center, by
symmetry, because every direction is the same:

L] 1 2
I'trans = | long = |Iong: 5 MRZ.
But the center of each sphereis adistanceizL L from the center of therod, so
.t oo’ = 2 4 2 Q26
ltrans = I'trans + M &5 —|V|§L +5 R0

Altogether,
ltrans = ltrans(rod) + 2l yrans(Sphere) =m ﬁ; 02+ 3 120+ 2M g L2+ 2 R20

_L23@+§o+ R24M agof_
[4]
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B. Application: trapeze with axle

string

string

string bearing

bearing
Find approximate numerical valuesfor the inertial tensors of:
B.1. Theaxleand itsbearings

The key observation here is that d/2 and R are both much lessthan L : therod is
much longer than itsradius, or the radius of the sphere. Because of this, the terms
proportional to RZ or to (d/2)2 are smaller the terms proportional to L2 , by a
dimensionless factor (R/L)2 or (d/2L)2 which is much less than 1.

The transverse moments are then approximately L2 g% + '\Z/Ig,
and the longitudinal moment is 3 md2 + & M R2,

L=80cm,m= g9’ 21g=20g,M=4(30g-200) =50, R» 3 » 0.4cm

20 J, 59; ,
ltrans = (80 cm)2é 10 +g2 8: 2.7 104 g cm?,
||ong = ég%g+47§g8(04 Cm)2 =22¢ cm2 << ltrans )

71040 09 71030 0o 9

1 =Go 2.7 104 0 Tgem2=&o 2.7 103 0 kg m2
0 220 S 0 22 1070
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B.2 Theupper crossbar of the trapeze with the strings wound onto its ends.
The same result holds as for B.1.
L=83cm m=21g,M=059g,R»0.4cm

ltrans = (83 cm)2 GLQ@O 1.4" 104 g cm?2,

llong = %gmg(o 4cm)2=1.7gcm2 << lrans O

4 104 0 00 4103 0 0 0
| =G0 1.4 104 0 Tgem2=6o 141030 = kg m2
- 0 179 S 0 17 1079
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