Wom (r,G,q)) =K, (’”)GZ (Q)Q)m(qj)
W(F,H,(P,t) = chszM (,ﬂ)@Zi (G)Q)m(¢)e—iEnt/h

nim

The quantum central force problem:
three dimensions & separation of
variables




The 2-body problem

= 2 = 2 * Separates into a CoM part
H = P 1+ P> +V(¥,,F,) and a relative part with
2m, 2m, same definitions as in
— _ classical problem for
P> f)z center of mass, relative
H=|—4+>="214+V(r) coordinates. Again, we
2M 2p will treat the CoM part of
the problem as “solved”.
. (.0 .0 d .
Pirery = —lh(la—x + Ja_y + kf)_zj =—ihV,,,,

hz Warning: always ask yourself -> is this

. 2 tor or a number? H, P and
H . \V n V(l’ ) an opera , p
(rel) 2 (rel) (rel) are operators here.
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Spherical polar coordinates

r =rsin@cos@i+rsin@sin@j+rcosOk
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Spherical Coordinates



Spherical polar coordinates

X
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Separation

of Variables

Flowchart

Fiyrr B0 = Ewrir )

743

Y

wir B, = R0,

i

8, b0 8y d)

it

N

. %qur=ﬂ@‘

-
e .?ﬁ.ﬂ:i

T2

Y

QL-'-'II'MW}.] = iy --1|:-¢':]J

AL

M eostiy

F(0.9)
7141

(rr0m=eer1weryos ) \\

v i Bdr =R A (0.8)
8.69

(fﬁrml!'.ﬂm =Ew, | r,H.dn)

ar

eqn = ER

K jr)
B67




Spherical coordinates

* Energy eigenvalue equation for reduced mass part of the 2-body
problem with kinetic energy operator explicitly in spherical
coordinates

2
2
—_V + V(V) l//(r909¢): E W(r’9’¢)
2 H ) h g g eige:\jalue h g g
N - ,  potentialenergy | qjoenfunction eigenfunction
kinetic ener operator
gy
| operator

L 1a(r2ij+ : (asinei)+ )
2ul| r* or or )] r*sinf\ 00 00 ) r’sin’0 d¢’ v



Angular momentum

* This is angular momentum in rectangular

coordinates
L=rXxp

L =yp.—zp,=—ih

L, =zp, —xp =—ih
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L,,L,|=iiL,
L,,L, |=ihL,
L.,L |=ihL,
L. |=0

L*|tm,)= (L +1)R*|tm,)
Lz‘fm»:nfth‘émg)

BUT JUST LIKE SPIN!



Angular momentum

* This is angular momentum in spherical
coordinates (homework)

o0 a)
L. =ih|sin¢g—+cos¢cotl—
N 06 10

L =ih (—cosqbi + sind)coté?i
S 00 ¢
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Angular momentum

* Here comes the big simplification:

SRR £ TR I YL A R
o oulrPor\C 9r) r%sin6 06 00 ) r’sin’0 d¢’

Al 1 0 , 0 | R
_2.UL2 or (’” 5]_ h2r2L }W(’”’G’qj)JrV(’”)W(’"’Gﬁ): El//(r,9,¢)

 Assume a separable solution:

v (r.60.0)=R(r)¥(6.9)



Separation of variables:

* Blue has angular dependence, red is radial:

Pl 1 o ,0 1 _,
S Bt (e e KO M R CEE T

= ER(r)Y(G,gD)
Algebra (follow book 7.4):
L d r’ dR(r) —2—'U(E Vir)r = 1 ( ) A
R(r) dr dr

Vo

function of r only functio



Separation of variables:

* Once we solve the (blue) angular problem, it is
the solution to the angular part of ALL central
force problems!

|

—17 =4

hz Y(H’(P) Y(Q,(P)

* Once we find A (and Y), plug back into red
equation and solve to find E (and R(r)).

d| ,dR(r ) ,
E[r dfﬂ ))—h—'l;(E—V(r))r R(r)EAR(r)



* But we need to work on blue equation more,

Separate angular equation

first.

L’ =-n’

1 d

_sin@ do
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 sin® 00
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Summary

* Here’s the plan: d’®(¢)

1 df . . d 1
sin® d@(smed_e) sin29_®(9):_A®(9)

dR(r
i[rz ( )]— ;—‘?(E — V(r))rzR(r) = AR(r)

dr dr

Voulr08)- . (010,
r00)= S ey, 107(6]0, 054"



Summary

Here’s the plan:

We’'ll consider 3 different systems, a ring (to solve
the ¢ problem), a sphere (to solve the 0 and ¢
problem), and the full hydrogen atom (to solve
the (r, 0, ¢ problem)

We'll find the quantum numbers and wave
functions that solve each problem

We'll apply all the things you’ve learned in PH424
and PH425

Please read ahead — the math is much more
intense (though not harder) than before




