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The H atom: The radial wave func6on
(more)

Reading: McIntyre 8.5‐8.6
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Back to radial wave func6ons
• The power series we found is an associated
Laguerre polynomial, and we mul6ply by the
asympto6c forms we found.

• Then we normalize.  So what is the condi6on
associated with R that normalizes the probability?
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Full Wave Func6on:
orthonormality

• Orthonormal over all space
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This factor of r2  from the
volume element  is important
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Back to radial wave func6ons
And here is the radial wave func6on:
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Radial wave func6ons
• Here are more of them.

Know where to look them
up.

• Exponen6al at large r :
decay length depends on
energy.

• Power law at small r: non
zero at origin only for s
states

• Poly of order n‐el‐1
• Fits into the box!
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Full wave func6on

• What is the ac6on of these operators on the full solu6on?
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• Do  these 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commute?
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Probability density

• Define
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Visualizing probabili6es in 3‐d
• In 3‐d, we don’t have another axis to plot probability as
height.  We MUST use color!  We can access that color by
looking at slices in the various planes.  Which state is this?
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s‐ states
• What addi6onal structure does the radial wave
func6on impose that you can’t see from the Ylms?

1s   and   2s
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p‐ states
• What addi6onal structure does the radial wave
func6on impose that you can’t see from the Ylms?

2p0   and   2p1
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p‐ states
• What addi6onal structure does the radial wave
func6on impose that you can’t see from the Ylms?

2p0   and   3p0
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Visualizing probabili6es in 3‐d
• There is a Mathema6ca worksheet that will allow you to

generate a similar plot for any state.  The final visualiza6on
step is unfortunately computa6onally intense, and can take up
to 5 minutes to generate one plot.  Let’s see what we can learn
…
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Radial wave func6ons
• Plot on the right is the radial probability

distribu6on (see next page).
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Shell probabili6es
• Suppose we wish to calculate (for
example), the number of
electrons in a par6cular volume

• Some6mes, that volume is a shell
centered on the origin

• The volume of the shell is
weighted by r2, so we define a
“radial probability density” that
takes account of this weigh6ng
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Shell probabili6es

• It is necessary to use this “radial
probability density” that takes
account of this weigh6ng to
calculate quan66es such as
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Now you inves6gate
• Use Mathema6ca to draw radial
wave func6ons, radial probability
distribu6ons and look for pajerns

• Calculate some average
quan66es.
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H atom wave func6ons as a basis set

• 1s‐2p hybrid and 2s‐2p hybrid
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H atom wave func6ons as a basis set

• 1s‐2p hybrid and 2s‐2p hybrid (BOOK error)

No 6me evolu6on of this
state – sta6c dipole –
more electron density at
–z.  (Stark effect)
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H atom wave func6ons as a basis set

• Hybrid orbitals: the orbitals that describe bonds are
onen superposi6ons of the eigenstates we have just
described.  Discuss the orbitals of Cdiamond and
Cgraphite

• This is very important in molecular orbital theory.
We consider the molecular orbital of the H2
molecule as a linear superposi6on of the H atom
wave func6ons of the two cons6tuent H atoms –
leads to bonding and an6bonding.  A similar
construct is the basis for considering solids as “giant
molecules”.
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H atom wave func6ons as a basis set
• sp3 hybrids: Carbon diamond (this is just Ylms in this depic6on)
• www.mcat45.com/content/valence‐bond‐theory

No 6me evolu6on of this
state – sta6c dipole –
more electron density at
–z.  (Stark effect)
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H atom wave func6ons as a basis set
• sp2 hybrids: Carbon graphite (this is just Ylms in this depic6on)
• www.mcat45.com/content/valence‐bond‐theory

No 6me evolu6on of this
state – sta6c dipole –
more electron density at
–z.  (Stark effect)
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H atom wave func6ons as a basis set
• sp hybrids: alkynes (this is just Ylms in this depic6on)
• www.mcat45.com/content/valence‐bond‐theory
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Summary
• The fact that the series must be a finite
polynomial is what (mathema6cally) leads to a
maximum (and integer) value of n, and restricts el.

• The radial wave func6ons depend on n and el, but
the energy depends only on n ‐ degeneracy
Write form of En

• We pull out the asympto6c dependencies of the
wave func6on (power law at small r and exp
decay at large r); what remains is an associated
Laguerre polynomial.

• Probabili6es, radial probability, normaliza6on


