Chapter 3.

Many-Electron Atoms

Reading: Bransden & Joachain, Chapter 8



Central Field Approximation

Assumption: each of the atomic electrons moves in an effective spherically
symmetric potential V(r) created by the nucleus and all the other electrons.

Hamiltonian of the N-electron atom

N n No spin-orbit interactions,
H = —%Vﬁ y 224 spin-spin interactions,

i=1 el )T i oy relativistic effects, nuclear

N1 : corrections etc.

i=1 2 f i>j j=1 Ij

Schrddinger equation

{ZNJ(}V—) H3 } (0 Gz e Oy )= E¥ (0 G Oy ). G = (F5)

=1 2 i>] j=1 |J

Total wave function: antisymmetric
WG @) = Pl e G ) = (s G )



Schrodinger equation for spatial wave function
1 , .
Z __V‘ o +ZZ "rN):EW(rl’rZ’“"rN)
=1 2 f i>j j=1 'J

Central field approximation (independent particle model):
Each electron moves in an effective spherically symmetric potential V(r)
created by the nucleus and all the other electrons.

V (r) _——+S(r) ZS(r) ZZ—

=7 2 i
V(r)— —%, r—0

Screening V(r)—>—z_(:,\| —1), o
V(r)—>? at intermediate distance

Thomas-Fermi and Hartree-Fock methods




Unperturbed Hamiltonian

H=H_,+H,
chi(—%vg +V(ri)j=ZN:hi, hi:—%v'ﬁi +V (1)
O ES I RS ORI 35

Schrodinger equation for central field wave function

Sl : :
H.uy, = Z[—Evé +V(ri)},yc =E vy, separable into N equations

i=1
Vo =g, (L)Ug, (1) Ug, (1) one-electron or
[—lvi +V(r)j|unlm, (F) = Eyy Uy (F) centralfleld orbitals
2 unImI (r) — RnI (r)YImI (91 ¢)

# W (F) - hydrogen
wave function

* V/(r) spherically symmetric — E,, are independent of m,
E., depend on both n and I.



Spin-Orbitals and Slater Determinants
Spin—orbitals: unlm|mS (q) = unImI (I_;)Zl/&mS = RnI (r)YImI (‘9’ ¢)Z1/2,ms

{_%Vi +V(r):|un|m|ms = En Unimm,

Slater determinants
Total N-electron (central field) wave function ‘¥, (d;,q,,-..,dy)
. antisymmetric (Pauli exclusion principle).

ua (ql) UIB (ql) uv (ql) Quantum numbeI’S

LPc(qllqzv--,qN):ﬁua(;qZ) U,B(:qz) uv(:qz) @ By

— (n,I,m;, m,)

ua(qN) uﬂ(qN) UV(CIN)
describing an atom in which one electron is in sate «, another in state 4, and so on.

Eigenvalue: E. =E +E, +---+E, Eigenstates  Electrons
V— N .3

LP(---’qj’---’in-):_\P("-’q“---’qjv') ®

a= — Y=0 Pauliexclusion principle é: 1




The Slater determinant will vanish if two electrons have the same values of the
four quantum numbers n, I, m, and m, (two columns are equal in the determinant).

=) | Pauli exclusion principle: no two electrons in an atom can have the same set
of the four quantum numbers n, I, m, and m..

The Slater determinant includes N! permutations of g, ,0,,. .., Q-
+1: even permutation, —1: odd permutation
1
¥ (0,,0,,-,qy) =—— > (=17 Pu_(q,)u .U
(G, Gz---+ Gy N;( )T (0,)u,(0)...u, (ay)

T Permutation of the electron coordinates

Sum over all permutations

e.g. He ground state (15)2 1S : Ujgg1/o = Uygo (1) X4y Usgg 172 = Uigo(F) 1)

YV (q g ):i Ue (ql) uﬂ(ql) :i ulOO(rl)ZT(l) uloo(rl)}(¢(l)
c\M11 M2 @U (qZ) uﬂ(qz) ﬁuloo(r )ZT(Z) uloo(r ))Q(Z)

= Uloo(r )uloo(r )——= [Z¢ (1)Z¢ (2) - X1 (2)Z¢ (1)] uloo(r )Uloo(r )——= MT‘L>_“LT>]
J2 V2



Electron States in a Central Field
. 1
Eigenstate Y. (G, 0z, Ay) = WZP: (-1)° Pu, (q1)uﬂ(Q2) ...u,(ay)
Eigenvalue E.=E_+ Eﬂ +...+E
= unlm|mS (q) = Rnl (r)YImI (‘9’ ¢)Z1/2,m5 J E = EnI

_1{dz+2 d _I(I+l):|Rn|(r)+V(r)Rn|(r):Eannl(r)

2l dr2  rdr r?

Ordering of individual energy levels E,

A n=1 n=2 n=3 n=4 n=5 Enl T <— N T forgiven I
|—0L.on-1 M gy E,T « IT forgiven n
4d 5s—— more screening because of

= 30—— js the larger angular momentum
3Jp—
3s Degeneracy E, T « (+)7
2p—— g, = 2(21 +1)
= | - 0 1 2 3 .| B4 <Egy different from H atom
1s Spectroscopic notation s pd f. (En+1>En)




Shells and subshells

nlm ?ao

Electrons which have the same value of the principal guantum number n are said
to belong to the same shell.

- Maximum number of electrons in a shell = 2n?(closed or filled shell)

Average radius of electron orbit in a hydrogenic atom <|’>

Electrons having the same value of n and | are said to belong to the same subshell.
- Maximum number of electrons in a subshell, degeneracy = 2(21+1)
- Closed (or filled) subshell: an assembly of 2(21+1) equivalent electrons

Degeneracy

Ol v : number of electrons occupying a E, level
d= V(5 —)! 0= 2(2I+1) : degeneracy of the level
' ' c.f. d=1 for a closed subshell.

e.g. Ground state of the carbon atom (1s? 25%2p?)
1s: v=2, 6=2, d=1
2s: v=2, 6=2, d=1 === 0=15
2p: v=2, &6=6, d=15



Periodic System of the Elements

Ground state of neutral atoms (Pauli exclusion principle):
Z electrons (Z: atomic number, nuclear charge) occupy the lowest individual energy
levels.

Valence electrons: electrons are in the the subshell of highest energy
* least tightly bound electrons
« in insufficient numbers to form another closed subshell

T AM e IS
q 0

Russell-Saunders notation 23T+1|_
T. Spin AM J=L+S



Electron configuration: filling up shell and subshell structure

n =1 (K-Shell)

Z | Element | EIl. Config.
H 1s

2 He 152

5 -
d— o
b=
3d——
3p 4s
3s
2p——
28—
I =01, 2 3.
1s Spectroscopic notation s pdf.

n =2 (L-Shell)
Z | Element | El. Config.
3 Li [He]2s
4 Be [He] 2s°
5 B [He] 2s%2p
10 Ne [He] 25%2p®
n =3 (M-Shell)
Z | Element | El. Config.
11 Na [Ne] 3s
18 Ar [Ne] 3s23p°

Since E,, < E;, (screening by [Ar]), the added electrons in K (Z=19) and

Ca (Z=20) go into the 4s rather than the 3d subshell.




n =4 (N-Shell)

E4 - E3d

S

First transition (iron) group, 3d

Second transition (palladium) group, 4d

> (from Z=39 to Z=48)
Third transition (platinum) group, 5d

(from Z=71 to Z=80)

Rare-earth elements (lanthanides), 4f ~ 5d
from Z=57 to Z=70

Actinides, 5f ~ 6d

Z | Element El. Config.
19 K (Ar]4s

20 Ca [Ar] 4s2

21 Sc [Ar] 4s23d

24 Cr [Ar] 4s3d° o

25| Mn |[Ar]4s3ds  /
29| Cu |[Ar]4s3dw*

30 Zn [Ar] 4523d1°

31 Ga [Ar] 4s523d1%p
36 Kr [Ar] 4s23d194p®

from Z=89 to Z=102

For large Z, relativistic effects (e.g., spin-orbit coupling) become important and
prevent the simple decoupling of the space and spin parts of the wave functions.



lonisation potential (¢V)

Li (z=3) Ne (Z=10) Na (Z=11

lonization Potentials

noble (inert) gases: closed shell

alkall metals: ns

10 20 30 40 50 6() 70 80

Atomic number Z

K-Shell
3st

25t
L-Shell 2s'2p°

—>

2

n
<r>nlm - ?ao



Chemical Properties and Periodic Table .
inert gas

halogens
|—Atf:+mir: number
3 CIetal

C |~ Symbol [1Semimetal 13 14 15 16
‘Ef” CIMonmetal E E IE' é‘l 2
.I‘E"LT.DI'I'IIE WEIth 1051 | 1201 | 14.01 | 1600 .

13 14 15 1

Al Si | P | S

L 5 ] 7 8 9 10 M 12 | skes| cson | soor | seor
=& | =9

26 30 31 32 33 S

22 =<4 25 27

Ti| V |Cr(Mn|Fe|Co|Ni |Cu|Zn | Ga| Ge| As | Se
d7gs | S094 | S2.00 | 5494 | 55585 | 5595 | 5569 | 6355 | 6559 | 69.72 | 72.61 | ¥4.92 | 7596
45 49 S0 51 L=

40 4z | 43 | 44 | 45 47
Zr [Nb|Mo|Tc|Ru|Rh|Pd |Ag|Cd|In | Sn| Sh| Te

Q122 | 9299 [ 9594 | 9599 | 101.1 | 1029 ) 1064 | 1079 | 1124 | 1146 | 1157 | 121.5 | 1276
T3 T4 T = [=1u] Sl Sia D3 i<

T2 = TE =
Hf | Ta|W |Re(Os | Ir (Pt |Au|Hg| Tl | Pb| Bi | Po

1785 | 18049 [ 1558 |1S6.2) 1902 | 1922 | 195.1 | 197.0 | 2006 | 2044 | 2072 | 209.0 | 209.0
104 | 105 | 106 107 | 105 | 109 | 110 | 111 I 114 116

Rf |Db | Sg | Bh| Hs | Mt [Uun|Uuu|/Uub Uug Uuh

2611 | 2621 | 2651 ] 264.1 | 2651 | 268 2649 2ra 277 2549 2549

51 (=5 53 54 55 [=1=] =¥ 55 =3 To

&0
La|Ce| Pr|(Nd Pm|Sm|Eu|Gd|Th |Dy|Ho| Er [Tm|Yb

1559 | 140.1 | 1409 ) 1442 | 1469 | 1504 | 152.0 | 1575 | 15849 | 1625 | 1649 | 167.5 | 1689 [ 173.0
= 9.3 94

a1 as
Ac|Th|Pa| U |[Np|(PuAm|Cm|Bk|Cf | Es |[Fm|Md|No

22r.0 ] 2520 | 2510 ) 2550 | 2570 | 244.1) 2451 ) 247 1] 2471 ) 2511 ] 2520 2571 | 2551 [ 259.1

[=1199%

Eremer Faul

Pauli’s exclusion principle — diversity of chemical and material properties



Models for Central Field Approximation

Central field approximation (independent particle model):
Each electron moves in an effective spherically symmetric potential V(r)
created by the nucleus and all the other electrons.

V(r) _——+S(r) ZS(r) ZZ—

7 2 i
V(r)—> —%, r—-0

Screening V(r)_)_z_(? —1), o
V(r)—>? at intermediate distance

Thomas-Fermi and Hartree-Fock methods




Fermi Electron Gas

Fermi electron gas:
A system consisting of a large number N of free electrons confined to a certain
region of space (large cube of side L: 3D infinite potential well).

ne (o> 0° ©°
Free particle Schrddinger equation: — [

+ + r=Ew(r
2m{ ox* oy’ GZZJW() v (1)

8 )2 Xﬁ).(nyﬂ'j.(nzﬂ'j
X |sin| —=—y |sin
L L

. 2 . (n
Spatial Eigenfunctions ¥, , (r)=(Fj sm( i
n,n,n =123,
X y z

vanishing at the boundary

22 T2h? (i) degenerated

n +n +n n?
n =3 omLz (i) AEoci2
L

Energy eigenvalues E_ 2 >
v mL

Total wave functions ¥, n.n M, (q) Winnn (r)lez m,

xytlz Xy'z



Density of states D(E) :

Number of electron guantum states (spin-orbitals) per unit energy range

D(E)dE - Number of electron states

N

yA
nz\/nf+n§+nz2

between E and E+dE

T°h° L [2mE
E= -n" — n=— >
2mL 7\ h

Total number of states for energies up to E
= volume of the piece of the sphere x 2




3/2

D(E) 4 D(E) = 212 EZ_TJ VEY? Fermi energy E.
T
3/2
/ B Er _ 1 2m 1/2
//// N _-[0 D(E)dE o 272_2 ( h j VI E™dE
/1 1 (ZmTIZVEs/z
- 372 | #2 F

ground state 4
at T=0 K 2/3 N
| A w - == EFZ—(?’”ZP) Py
e ‘ m v

filled vacant hok?

— o K =(37zz,0)“3

=) Thomas-Fermi theory

: 1 (2m\"” (e 1 (2mY"” 3
F F /
E = |~ ED(E)dE = = ( h2 j V| " E¥?dE = — ( - j VEZ” = - NE,




Thomas-Fermi Theory

N-electron atom: Fermi electron gas in the ground state, confined to a region of
space by a central potential V(r) (V > 0,r > x). | V(r)=?, p(r)=?

2

Total energy of an electron E = 2p—+V(r) <0, E,., =Ec+V(r)
m
Independent of r

_h k¢ Zm[

S V() o k) =T [E, V()] ke = (372p)"

maXx

k3 1 (2m 312 3/2
r)= . =V (r
(=25 37[2(,_12) [Epex —V (1)]

=0 (V>E

max)

E...=V(,) atr=r,:boundary




Electrostatic potential @(r) = —EV (r)
e

D(r) = ¢(r) — ¢, (1 (2m)*"? »
¢ — _ Emax —> ,O(r) =< 372.2 ( hZ j [ (D(I')] . O 2> 0
| ° 0 , ®<0

Poisson’s equation  V*®(r) = Ed_z[rq)(r)] = i,o(r)
r dr &,

2 ( € 2m\** 3/2
1d—z[r<I>(If)]=<37zzgo(hj o], ©=0

)
r dr

0, D <0

e

Are,

Boundary condition ['Lg rd(r) =

Normalization 47zjor0 p(r)rédr =N



Dimensionless variable x and function y
3 2/3
b 87

e
r=bx, rd(r)=—— y(x) where 9.7 13
"= 20 T
d ZZ(X) X—l/2l3/2(x)’ ;{ > 0
2 Thomas-Fermi equation
dx 0, ¥ <0
Bounflary condition for neutral atoms:  ¥(0) =1, y()=0
X

Universal function y(x) for all neutral atoms <— numerical integration

1.0
Central potential
ﬂ ; 2 2 2
VA r Z Z r
- V(r=--= z(—j} e 1—75(—)
] Are,r| \ b Are,r  dre,r b
PN Screening: monotonically decreasing as r increases

l neutral atom

:«.t‘



Hartree-Fock Method: Self-Consistent Field

- : 1
One electron Schrddinger equation: {_Evg +V(O)(r):|ur(1}r)n,ms =EW Uﬁr)n.ms
vk=1
Trial function for N-electron atom: W (q,,q,,...,q, ) | Iteration
v

Spherically symmetric electrostatic potential energy:

Z
V&(r) = — SY(r)«¥"(q,,q,,.,qy) self-consistent field

v

: . 1
One electron Schrodinger equation: [——V? +V(k’(r)}u(k+1) = Dyl
2

nlm,mg nlm,mg

No: k= k+1

YO0, GGy ), EV =Y ELD
n,l




Non-relativistic Hamiltonian for N-electron atom H =H, +H,

Variational method: trial function for N-electron atom = Slater determinant

Expectation value of Hamiltonian (energy) for a trial wave function, ¢
E, <E[®]=(®|H|®), (®|d)=1

ua(ql) uﬂ(ql) o uv(ql)

1 |u,(q,) u4(g,) - u(q,) Quantum numbers
(D(ql’qz’""q'\‘):f ; 2 ﬂ: T : e By

NI ' ' ' (n,I,m,m.)
—> y By PRRp s Tl g
ua(qN) uﬂ(qN) o uv(qN)

Orthonormal spin-orbitals <Uﬂ ‘Uz> = jU; (Qu,(a)dg=95,,



v
(G Gy o qN>=J%Z(—NPua(ql)uﬂ(qz)...uv(qN)=NA$H

1
where A:WZ(—l)PP and @,(q,,0,,..., CIN)=Ua(q1)uﬁ(q2)---uv(qN)
- P

Hermitian and projection operator (A2 = A)

H, and H, are invariant under permutations of the electron coordinates

H, Z(—V _J Zh H —ZZ => [H,,Al=[H,,A]=0

i>] j=1 |J

Energy expectation value for the trial wave function, ®
E|@]=(®|H|®)=(D|H,|®)+(D|H,|D)

(®|H,|®)=NKD, |AH,AD,) =N D, [H,A*|D, )= N(D, |HAD,)

N

Z(—l)P<q>H\hiP\q>H>=Z<q>H\hi ®,) = (u,lu)=5,
(U @) |hju, @) =1, 1, =(u,(@)|nu,(a))

M 1P



<c1>\H2\c1>>— (D, |AH, A\ 1) =NKD, |H,A*| D, ) =N D, H,AD,,)

DD PASCMESTIES 3 FEHEI LI

i>j j=1 P |J i>] j=1 Ij

- Z[@(qi)uﬂ<qj)\%\uﬂ<qi>uﬂ<q,->>—<uﬂ(qi)u,,<q,-)\%\u,l(qi)um,-)ﬂ

:—sz +(@)u, (q )\—\u (@)u, (@)

A#p p

_<uﬁ(qi)uﬂ(qj)\;\uﬂ(qoui(q,-»}

/I;t,u 7 term

223l K,] (3, = (0@, @) Hu @, @) o
Au=a,pB,...,v ) ”

1 Exchange
(K= <uﬁ(qi)u,l<q,-)\r—”\u,l(qi)ui(q,-)> o



Energy expectation value for a trial wave function, ®

Efo]= (@ @)+ (@[H] @)= 31, %;;[M K,

E[®D] is stationary with respect to variations of the spin-orbitals u, (1=¢,f,...,v).

Variational equation (p130-136):

E-D%¢6,0(,lu)=0 > FE->&0u,lu)=0
A u * T A

Lagrange multipliers | | diagonalization

Hartree-Fock equations

(—%VE—%juﬂ(qih_;juz(qj)r—iuﬂ(qj)dqj u, ()

_Z J‘u;(qj)rlu)t(qj)dqj uy(qi):Egug(qi); l,ﬂ:a,ﬂ,...,l/

J




Spin-orbitals: U (g,) = u, (Fi)luz,mf

dz=\ - A
:Vﬂ (ri)_ . direct operator

[—%vé —%jum{z [ u:,(r,-)?ljuy(mdr,- u, (F)

i u

*x L, 1 — — — —
DI Duﬂ(rj)r—ul(rj)drj}uﬂ(ri) =E,U,(F), Au=a,pB..v
JZ ij

=V, (F)u, (F)
. exchange operator

1 VA . ex [ ) o ) for
- {(—Evg —7j+z&;<n>—5mg,mfv,, (n)]}uﬁk 9(7) = Eul (F)
i 7

= {(—%Vﬁ —%)—I—Vd (ri)_v ex(ri)}uz (ﬁ) =E,u, (Fu)



Corrections to the Central Field Approximation

Correlation effects

N
H = HHF + Hl’ HHF = ZhHF (I) Ecorr — Eexact o EHF <0
N because E, < E,. = E[®]=(D|H|D)

Spin-orbit interactions

H, =Y &n)L S, &(r)= 2m12C2 %d\(/jﬁﬁ)

relativistic correction

Total Hamiltonian
H=H, +H,+H,

(i) |H,>>|H,| L-S (or Russell-Saunders) coupling case:
small and intermediate Z

(ii) |H, <<|H,| j-i coupling case: large Z



L-S Coupling
Unperturbed Hamiltonian H =H . +H; where |H,|>>|H,]

Energy eigenstate of H, ¢,

y) (v : level configuration of H,) is degenerated.

e.g. carbon atom, C, 1s? 2s22p?, g=15
H, lifts part of the degeneracy, but not completely: 3 states. 'S, 'D, P

Since [H,I:]:[H,§]:O where I::ZI:i, §:Z§"

— energy eigenstates can be written as ‘7/ LSM M s>

— Energy eigenvalues are independent of M, and M . \7 LS>

\

Terms: energy levels corresponding to definite values of L and S, 2>

Multiplicity: 25+1 = 1(singlet), 2(doublet), 3(triplet), 4, ... L=0,1 2, 3,--
S,P,D,F,---

Closed subshell: L=0, S=0, 'S



Incomplete subshells: optically active electrons

1. Non-equivalent electrons: electrons belonging to different subshells

Pauli exclusion principle is automatically satisfied.

—

Addition of angular momentum L=L +L, and $=S§, +§,
L=l =L|, l, =1, +2, -+, 1, +1,
S=ls,—5,| |5, —S,|+L -+, 8, +5,
(i) Configuration np n’p
,=1,=1 s=5,=1/2 = L=0,1,2, S=0,1
Terms: 'S P D, °S, °p, °D
(i1) Configuration np n’d
,=11,=2, s=5,=1/2 = L=123 S=0,1



(ii1) Configuration np n’p n”’d

configurationnpn’p | =0,1,2, s,=0,1

+ configurationn”d |, =2, s,=1/2

'S(,=0,5,=0) — L=2,S=1/2, D

'P(,=1s,=0 — L=123S=1/2, *P,D,°F

'D(,=2,5,=0 — L=01234,5S=1/2, °S,°P,°D, F, G

S(,=0,5,=1) — L=2,5=1/2,3/2, D, ‘D

‘P(,=1s=1) — L=123S5=1/23/2, °P,°D,°F, P, D, F

‘D(,=2,5,=1) — L=1234S5=1/23/2, *S,°*P,°D, °F, °G,
‘S, P, D, F, ‘G

Tel’mS: ZS, ZP, 2D, ZF, ZG, 48, 4P, 4D, 4F, 4G
Number of identical terms: 2 4 6 4 2 2 3 2



2. Equivalent electrons: electrons belonging to same subshells
Pauli exclusion principle rules out certain values of L and S.
(i) Configuration ns?

Closed subshell: M, , Mg =0 — L=0, S=0, term 'S
| =1,=0, s,=s,=1/2 = L=0, S=0,1

Terms: 15, 3§ |—» Not allowed because of the Pauli exclusion principle

(ii) Configuration np?, g =15
,=1,=1 s =s5,=1/2 = L=0,,2 S=0,1

Terms: 'S |'P|'D,|°S| °P, PD

I

Not allowed because of the Pauli exclusion principle
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Terms: 'S ['P['D,|°S| °P, D

(M =2,M =1) ismissing:no*D, (L=2,S=1)

(M, =2,M,=0) (M, =-2,M, =0) :term with L=2 must exist.
- 'D, (L=2,5=0)
degeneracy =5
(M, =LM.=1) (M =-1LM,=-1) .. :termwithL=1, S=1 must exist.

- P, (L=1S=1)
degeneracy =9

5+9=14 : eliminate P and3S

(ML:O’MSZO) — % —1D
~+ — 4P
—-4- — 4 —— 'S degeneracy=1



Fine Structure of terms in L-S coupling

Total Hamiltonian

H=H, +H,+H, H, Correlation effects

28+1L

H, = YOS, )=y St

Spin-orbit interactions

Energy eigenstates

H,|>>|H,| L-S (or Russell-Saunders) coupling case

H,.L|=0, [H,,8|=0 but [H, J|=0 where 7_[ 1§

A
HZ:KE-§=%K(J2—L2—SZ)

H, lifts part of the degeneracy of a state represented by a term 2>+ _ 28+1|_J

J=L-S|,|L-S|+L..,L+S



Degeneracy 2>+

g=(2L+1(2S +1)

Configuration np n’p

L =1, =1,

Terms: 'S, P, D, %S, °P, °D

Hund’s rules

1. For given term,

largest S — lowest energy

2. For given S,

largest L — lowest energy

s, =S,=1/2
= L=0,1,2, S=0,1

28+1L
J

L+S

g= > (2J+1)=(2L+1)(2S +1)

J=|L-|

L=0.5=0,"S

Solution of:
HC Hc + H]

W — o e

J= 0, lS(|

J=1,'P,

I1=2,D,

J=1.78,

.] - 2. '}Pz

J=1.°P,

#=0.%P;

.]23. 2D:\

J=2.°D,

J:1,3D|

H.+H +H,



J-) Coupling
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