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Mixing times of statistical mechanical models



Mean-field Blume-Capel model

Spin model defined on the complete graph on n vertices. The
spin at site j is denoted by wj, taking values in A = {1,0, —1}.
The configuration space is the set A" of sequences

w = (wq,ws,...,wn) with each w; € A.

In terms of a positive parameter K > 0 representing the
interaction strength, the Hamiltonian is defined by



Mean-field Blume-Capel model

For n € N, inverse temperature 5 > 0, and K > 0, the Gibbs
measure or canonical ensemble for the mean-field B-C model
is the sequence of probability measures

’
Pnsk(B) = Z(3.K) /BeXp[—ﬁHn,K] dPnp

where P, is the product measure with marginals
p = 3(6_1 + 8o + &1) and Zy(3, K) is the partition function

Z3(6,K) = [ expl-3Hn] dP;

Taking the system size n to infinity, called the “thermodynamic
limit”, yields the equilibrium state of the system.



Mean-field Blume-Capel model

Absorbing the noninteracting component of the Hamiltonian
into the product measure P, yields

. exp [nﬁK(S",(;U)>2] Py s(dw).

In this formula Sy(w) equals the total spin 377 ; wj, P s is the
product measure on A" with marginals

Pn,ﬁ,K(dw) = Z (3. K)

ps(dw;) = Zgﬁ) -exp(—fwf) p(dwy),

and Z(3) and Z,(83, K) are the appropriate normalizations.



Mean-field Blume-Capel model

With respect to the mean-field Blume-Capel model P, 5 x, Sp/n
satisfies the large deviations principle with speed n and rate
function

lo.x(2) = Js(2) = BK2® = inf {Js(y) - BKY?}

where

1+e (e +e)
1+2e 78

cs(t) = log //\ exp(twi) pg(dwy) = Iog(

and

Js(z) = sup{tz — ca(t)}.
teR



Mean-field Blume-Capel model

Large deviations principle.

(a) For each closed set C,

lim sup%log Pk (i” € C) < —inf I x(2)

n—oo zeC

(b) For each open set G,

Iiminf1 log Pp 5. (i" c G) > — inf I3 k(2)

n—oo N zeG
Equilibrium macrostates:

sk = {xe[-1,1]: lsx(x) =0}
= {x € [-1,1]: x is a global min pt of J3(x) — BKx?}



Mean-field Blume-Capel model

Free energy functional:

Gk (x) = BKx? — c5(28KXx)

Esx = {x € [-1,1] : x is a global min. point of G x(x)}

G,k exhibits two distinct behaviors for (a) 5 < 5. = log4 and

(b) 8> fe.



Mean-field Blume-Capel model

B < Bc =log4

K= K(EZ)(B) second-order, continuous phase transition point

K = KIAp) K> K|

B)
f K>>KAp



Mean-field Blume-Capel model

> (e = log 4
= Ki(3) metastable critical point
b

B
K
K Ké )(ﬂ) discontinuous, first-order phase transition point

K< K(p) K= K(p) K(p) < K < K/(f)

K = K'(B) K> K'p)



Mean-field Blume-Capel model

Equilibrium phase diagram
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Glauber dynamics for BC model

Choose vertex of underlying complete graph uniformly then
update the spin at the vertex according to P, g x conditioned on
the event that the spins at all other vertices remain unchanged.

Reversible Markov chain with stationary distribution P, 5 k.



Mixing time of Markov chains

Total variation distance:

1
I = vli7v = sup |u(A) = v(A)] = 5 D In(x) = v(x)|
AcQ 2
Maximal distance to stationary:
d(t) = max [|[P(x,") — v
xeQ

where P!(x, ) is the transition probability starting in
configuration x and 7 is the stationary distribution.

Mixing time: Given e > 0

tmix(e) = min{t : d(t) < e}

Rapid vs. slow mixing



Path coupling method

Let {(X, Y)} be a coupling of P(x,-) and P(y, -) for which
Xo=xand Yy =y. Then

IP(x;) = P(y;)llrv < Pxy(X #Y)

Define a metric p on the space of configurations and let

(X = Xo, X1, ..., X, = y) be a minimal path joining configurations
x and y such that each pair of configurations (x;_1, x;) are
neighbors with respect to p. Then

Pry(X # Y) < Exylo(X, V)] < 3 By, lo(Xi1, X)]
j=1



Path coupling method

Suppose the state space Q2 of a Markov chain is the vertex set
of a graph with path metric p. Suppose that for each edge

{0, 7} there exists a coupling (X, Y) of the distributions P(c,-)
and P(r,-) such that

Eo-[p(X,Y)] < p(o,7)e™™ for some a > 0

Then

() < {— log(e) + Iog(diam(Q))w .

a

Contraction is required for ALL pairs of neighboring
configurations.



Mean coupling distance for BC dynamics

Path metric p on Q" = {—1,0,1}" is defined by

plo,7)=>_ 1{oj #7}

=

For a coupling (X, Y) of one step of the Glauber dynamics of
the BC model starting in neighboring configurations ¢ and 7,
asymptotically as n — oo,

B, [p(X,Y)] ~ n-1 + Q [c}, (25KM) —Ch <2ﬁKSn(U)>:|

n n n

n;1 n (n; 1)25K {S,,nr) _ Sn,(70'):| o <2ﬂKSnI(70))

8




Behavior of ¢
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Rapid mixing for 5 < .

n n

E, . [o(X, Y)] ~ ”;1 n ("7;1)2% {sn(T) B sn(a)} (2ﬂKSn(U))
Contraction of mean coupling distance between neighboring configurations o

and T if
cl <2ﬁKS"r(,U)) < —2; %

For 8 < Bc = log 4,

1 Sh 1 1
Cs <2BK4 570)> < Cﬁ(o) = QﬁK(2)(ﬁ)

Rapid mixing when K < K& (5).



Rapid mixing for 5 > .

Aggregate path coupling
Let (o = xo, X1, ..., X = 7) be a path connecting ¢ to 7 and monotone
increasing in p such that (x;_1, x;) are neighboring configurations.

Eor[p(X,Y)] < ZEX:'A»Xi[p(X/—hXi)]

(n—1)

= o)
A0 g (K)o ()|
Assume Sy(c)/n ~ 0.
Eo-[p(X,Y)] < Kf((ﬁ) [Sn(r)zsn(a)}
<

e |5 (- ki)



Rapid mixing for 5 > .

Let (X, Y) be a coupling of one step of the Glauber dynamics of
the BC model that begin in configurations o and 7, not
necessarily neighbors.

Ki (ﬁ)—K)

Suppose 5 > c and K < Ky(3). Then for any a € (O, N ACE
there exists an ¢ > 0 such that, asymptotically as n — oo,

Eo-[p(X,Y)] < € %"p(0,7)

whenever |Sy(0)| < en.



Rapid mixing for 5 > .

For 5 > . and K < Ky(3)

Pnsk{Sn/n € dx} = 0y asn— co.

dist

For Yo = Pn,ﬁ,K,

|P"(Xo, ") — Png.llTv P{X; # Y}
P{p(X:, Y) > 1}
E[p(X:, Yt)]

e_O‘t/n]E[p(XO7 Yo)] + ntPn7ﬁ7K{|Sn/n| 2 8}
ne—ot/n ntPnﬁ,K{|Sn/n| > e}

INIANIAN T IA

Rapid mixing when K < Ki(f3).



Bottleneck ratio (Cheeger constant) argument.

For two configurations w and 7, define the edge measure Q as

Qw,7) = Prpk(w)Pw,7) and QA B = > Q)

w€eA,TEB

Here P(w, 1) is the transition probability of the Glauber dynamics of
the BC model. The bottleneck ratio of the set S is defined by

~Q(S, 89 7 .
®(S) = 7Pn,ﬂ,K(S) and ¢, = S:ngll?s)gé o(S)

Then
1

49,

tmix = tmix(1/4) >



Suppose Gg  has a minimum (either local or global) point at
Z > 0. Let Z’ be the corresponding local maximum point of Gg
such that 0 < Z’ < Z. Define the bottleneck set

AZ{w:z’<S”I(7w)§1}

The bottleneck set A exists, and thus slow mixing, for (a) 5 < ¢
and K > K?(3), and (b) 8 > s and K > Ki(B).



Equilibrium structure versus mixing times
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Generalizing

Configuration space: '
Let g be a fixed integer and define A = {#',...,69}, where ¢’
are any q distinct vectors in R? and w = (w1, ws, ...,wn) € A".

Logarithmic moment generating functions:

Let Xj(w) = wj be the spin at vertex i. X;fori=1,2,...,nare
identically distributed with common distribution p. For z € R9,
define the function

S
[(z) = log (Z erq>
i=1



Generalizing

Hamiltonian: Hy(w).

Interaction representation function: For z € RY, define H(z)
such that
Hn(w) = nH(Yn(w))

Canonical ensemble:

Pop(B) = m / exp [ BHy(w)] APy = / exp [ H (Ya(w))] dP,

1
Z(8) Js
where Z,(8) = [\, exp [—BHn(w)] dPh.



Generalizing

Macroscopic quantity:
Yn(w) = (Yn1(w), Yn2(w), ..., Yng(w)).

Large deviations principle: We assume that Y, satisfies the
LDP with respect to prior distribution P, with rate function /(z).
Then Y, satisfies the LDP with respect to canonical ensemble
Pn 5 with rate function

Is(2) = I(z) — BH(z) —inf{I(t) — BH(D)}

Equilibrium macrostates:

Ez = {z: z minimizes I(z) — fH(z)}



Generalizing

Glauber dynamics: Select a vertex i uniformly and update the
spin at / according to the distribution P, g, conditioned to agree
with the spins at all vertices not equal to /.

For a given configuration o = (01,02, ..., 0n), denote by o; o
the configuration that agrees with o at all vertices j # i and the
spin at the vertex i is #%; i.e.

t
Ojpt :(J1a027"'70/—170 a0i+1a-~>0n)

Then if the current configuration is ¢ and vertex i is selected,
the probability the spin at i is updated to 6! is equal to

. enﬁH(Yn(Ui,ef))
Pot(o, i) = 2_1 @BH(Yn(j ¢s))




Generalizing

Transition probability in terms of derivative of H: Since the
configurations w and w; o only differ at a single vertex, we have

H(Yn(wig)—H(Ya(w)) = VH(Ya(w)) [ Ya(wigt)— Yn(w)]+O <r112>

Assumption: Y(w; ) — Ya(w) = (6" — wy)

n

1

H(Yalo0)) = H(Yo()) + L [VH(Ya(w)) - (6~ )] + (1)

2
H(Yn(w ))‘i‘*[Def (Yn(w)) = DyyH(Yn(w))] + O (12>

:H(Yn(w))+%(D9z— D.,;) [H(Yn(w ]+O<12)

where D, is the directional derivative w.r.t. p.



Generalizing

Then the transition probability py:(w, /) has the form

& (Dpt =D )IH(Ya(@)]+O( 5 )

g (Des =D H(Ya(w)]+O( %)
s=1

p@’(wai) =

Dot H(Yn(w))1+0( %)

q

1 o DosIH( Ya(@)+0 ()
s=

1
n?

= Dy T(BVH(Yn(w))) + O

N



Generalizing

pgz(w, I) - Dgtr(ﬁvH( Yn(w))) + O <f:2)

Probability of updating differently: There is a subset M; of
{1,2,..., g} such that the probability of updating differently is

2 (Pas(w, k) = Pas(7, K))

seM

= Z (Dot T(BVH(Yn(w))) — DT (BVH(Yn(7)))) + O ( 1 >

n2
seM;



Behavior of c;; for the Blume-Capel
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