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e [ he adjustment coefficient.

e Lundberg inequality.

e Solving the differential equations.
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The Cramér-Lundberg Process.

N,
Ci=u—+ct — Z Y;,
j=1
where

e (U} is the insurance portfolio at time ¢t > 0
e 1 IS the initial capital
e c iS the premium rate

e N; is the Poisson process with rate A > 0

Premium calculation: finding the right ¢
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The Cramér-Lundberg Process.
Ci=u-+ct — Z Y

e INntegral equation:
h u+tct

o(u) = e)‘h5(u—|—ch)—|—/ / S(u4-ct—y) fy (y) dyre M dt
0

0

e Differential equation:

u

c8'(u) = X [8(w) = [ 8u~ ) (w) dy
0
Initial conditions: if ¢ > Apu,
lim é(u) =1 and 6(0)=1-— A—M
C

U— 00
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The (Lundberg) adjustment coefficient.

Recall the compound Poisson model:

There, N ~ Poisson(\). Then E[S] = \pu,

Var(S) = Auz, and Mg(s) = exp{A\(My(s) —1)}.

For 0 <t <t, consider the difference

N,
Cy—Ci=—ct—t)+ > Y,

j=Ny+1
where N; — Ny ~ Poisson()\(t — t’)). Thus,
N,

Elexpgs- Y Yol =exp{A(t—t)(My(s) —1)}.
j=N,+1
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The (Lundberg) adjustment coefficient.

For O <t <t, consider the difference

N,
Cr—Cr=—ct—t)+ Y Y,

j=Ny+1
where N; — Ny ~ Poisson()\(t — t’)). Thus,
N,

Elexpgs- Y  Yip| =exp{A(t—t)(My(s)— 1)}
j=N,+1

and therefore, the moment generating function

E [exp {S(Ct/ — C’t) H = exp {—(t—t’) (cs — MMy (s) + )\) }
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The (Lundberg) adjustment coefficient.
For O < t' <t, consider the difference

N,
Ct/ — Ct — —C(t — t/) —|— Z Y?

ijt/—I_l

The moment generating function

E [exp {s(Cv = C1) }] = exp { = (t—=t) (cs = AMy () + A) }.

The value of s* > 0 (if exists) such that
cst =AMy (s*) +X=0

is called the adjustment coefficient (aka the Lund-
berg exponent).
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The (Lundberg) adjustment coefficient.

The value of s* > 0 (if exists) such that
cs* — AMy(s*) +X=0
is called the adjustment coefficient.

e Example: If Y; ~ FEzxponential(a), then

1)
cst — )\

+A=0

o — s*

implies cs* — 22 =0 and therefore
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Lundberg inequality.

e Example: If Y, ~ FEzponential(a), then

(8

cst — )\

+A=0

o — s*

implies c¢s* — 22 =0 and therefore

. A

S — o — —.

Recall: 2 <1 and
acC

Y(u) = O%Cexp {— (a — %) u} <e s,

e Lundberg inequality:
Y(u) < e
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Lundberg inequality.
Recall

Uu

c(3(w)—5(0) = A [ 6(2) [ fr(w)dyde =X [ s(u—2) [ fv(y)dydr,
/ [e0]

0 U—x
where §(0) = 1—2£. Plugging ¥(u) = 1—§(u), obtain

u

cb() == [ (1= w(u-2)) [ fr@)dyds

0

Next, since p = [ [ fy(y) dydz,
0 x

cp(u) = A (7 Oofy(y) dydm+/uw(u—w)/oofy(y) dydw)-
U T 0 T
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Lundberg inequality.
Y(u) < e

e Proof:

cp(u) = A (7 oofy(y) dyd:c+/u¢(u—x)7fy(y) dydw)-
U x 0 T

Here, v is continuous and ¢ (0) < 1 = e~ 0. Suppose
there is smallest ug > 0 such that ¥ (ug) = e 5%, then

et (up) = A ( / / fr () dy da: + O/ o — ) / Fr(y) dy dx)
< ( / / fr () dy da: + O/ e (o) / fr(y) dy dx)
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Lundberg inequality: (u) < e 5%
e Proof (cont.):

e (o) < A / fy (y) dy dz + / ¢ (o) / fy (y) dy da
Uy 0 T

(0.} (0.}

<A / e~ (wo—) / fy(y) dydz = Xe > / e / fr(y) dy dx

0 0

S

oo Yy 00
. . . 1 .
o / / e fy () do dy = e~ / L e 1) () dy
0O 0 0

My(s*) —1 .
S* o
Thus, there is no ug > 0 such that ¥ (ug) = e 5%,

ce *" - CONTRADICTION.

= \e W
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Existence of the adjustment coefficient.

The value of s* > 0 (if exists) such that
cs* — AMy(s*) + A =0
is called the adjustment coefficient.

e Claim: The adjustment coefficient s* > 0 exists if
and only if

c > \U.
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The (Lundberg) adjustment coefficient.

e Theorem. Suppose the adjustment coefficient co-
efficient exists (¢ > Au), and

M (s*) = /a:es*mfy(a:) dr < oo.
0

Then

, . C— A\l
lim e* = :
u—>oo€ w(u) )\M}l/(s*) —cC




MTH 467/567 14

Solution to the differential equation.

We substitute §(xz) =1 — ¢(x) into

8/ () = A [6(@ - / 5(z — ) fy (y) dy]
0]
and obtain

A O X
YP(x) = — {w(@ — [ iy dy — | ¥(z—y)fr(y) dy] :
|- froa- ]

Since by Lundberg inequality ¢¥(u) < e 5%, the follow-
ing integral transform

oo

P(s) = /esw(x) dr is well defined for s < s*.

0



MTH 467/567 15

Solution to the differential equation.

>\ O X
P(x) == |v(@)— | rw)dy— [ v(x—y)fyr(y)dy
o fron-

Since by Lundberg inequality ¢¥(u) < e 5%, the follow-
ing integral transform

oo

P(s) = /esw(a:) dr is well defined for s < s*.
0]
Here, for s < s*, we have

0.0} o0 0.9} 0.} o0 x

/esxlb’(w) dx:% /65"”10(513) dx/e”/fy(y) dydflf/ffsx/w(wy)fy(y) dy dx

0 0 0 x 0 0
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Solution to the differential equation.

/ (o) de = { / (@) da - / / v (v) dy dz - / / ERITA) dydx] ,

0 0 0 x 0 0
where
[ ! OO [ AL -
/esx¢ (z) dx = e**Y(x) — S / e*“p(x) dr = —7 — s(s),
0 0 ]
0 00 0o Yy o
M -1
/esx/fy(y) dy dz = //e“fy(y) drdy = /é(esy—l)fy(y) dy = %
0 T 0 0 0

oo X

and / es” / V(z—y) fy (y) dy dz = / / e (z—y)e® fy (y) dy dx = P (s) My (s).
0O O

0 0
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Solution to the differential equation.

/65%'(:6) dw=% Ue%(w) dw—/es“"/fy(y) dydw—/e“/w(w—y)fy(y) dydw] ,

0 0 0 T 0 0
where
/ e () do =~ si(s), / / (o) dydo = DL
0 0 T
and /e“’/w(w — ) fy (y) dy de = P(s)My(s).
0 0
Thus,

My() =1 Gy ()| .

i) =2 i) -
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Solution to the differential equation.

For s < s*, the integral transform

oo

P(s) = /esw(:p) dx is well defined

0

and
A ~ A~ My(s) —1
) =2 o) - HDEE g )|
Thus, we have the following solution:
~ c— A\ 1 .
P(s) = — — (s < 8%).

cs —AX(My(s)—1) s
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Solution to the differential equation.

For s < s*, the integral transform

oo
C— A\l 1

ls) = 0/6%(‘”) W A () —1) s

For any choice of r > 0, let s = s* — r, then

oo

/emes*xw(x) dr =

0

c— A\l B 1
c(s* —r) = AX(My(s* —r) —1) s*—1’

where for r small enough,

My (s* —r) = My (s*) — My (s*)r + O(r?).
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Solution to the differential equation.

For any choice of r > O,

oo

/e_mes*xw(:v) dx =

0

Cc— A\ B 1
c(s* —r) = AX(My(s* —r) —1) s*—1’

where for r small enough,
My (s* —r) = My (s*) — My (s*)r + O(r?).
Thus,

c— AU 1 1

/e e’ “Y(x) de = AM{/(S*)_C_I_O(T) .;_S*_T
0

as

cs* — MMy (s*) + X =0.
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Hardy-Littlewood Tauberian Theorem.

e Hardy-Littlewood Tauberian Theorem

>0 if >0
Feller, Vol. 1II): S ose - _ - .
( ) upp f(a:){zo <0

Consider the Laplace transform of f(x),

oo

w(r) = /emf(a:) de (r > 0).

0

If
lim r? =C
T_)(H_r w(r)
then
lim 2177 f(2) = ——
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The (Lundberg) adjustment coefficient.

e Theorem. Suppose the adjustment coefficient co-
efficient exists (¢ > Au), and

oo

M (s*) = /xes*"”fy(a:) dr < oo.
0

Then
lim e (u) C— Au
e u) — .
U—00 AM&(S*) — C
e Proof: Recall
Cc— A\ 1 1

/e © w(m)daj:)\M)’/(s*)—c—l—O(r).;_3*—7“
0
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The (Lundberg) adjustment coefficient.

e Proof (cont.): Recall

oo
C— A\l 1 1

/e_ @yl = o ST
0

e Hardy-Littlewood Tauberian Theorem:

I C
i p —rx _ : 1—p _
If r|_|>rc‘)n+ r /e f(z)der = C then l!l_}h(jo x P f(x) —I_(p)'
0
Thus, since |Iim r [ e e’ *Y(x) dx = ,
r—0+ AM, (s*) — c
0
lim e *¢Y(x) = (for p=1).

T—r00 AM{;(S*) — C
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Connection to martingales.

For O <t <t, the moment generating function

E [exp {S(C't/ — C’t) H = exp {—(t—t’) (cs — MMy (s) + )\) }

The value of s* > 0 (if exists) such that
cs® — AMy(s*) +A2=0
is called the adjustment coefficient (aka the Lund-
berg exponent).
Let h(u) = e 5% Then, M; = h(C;) is a martingale:
for 0 <t <t,
E[Mt ’ Ct/] — Mt/.

Such h(u) is said to be the probability harmonic func-
tion, and we know from the Lundberg inequality that



