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Moment generating functions.

Definition. For a given random variable X, the function
Mx(s) = E|e*¥]
is called the moment generating function (m.g.f.).

Properties: e Mx(0) = 1.

(Y ep(x) if X is discrete,
z:px(z)>0
o Mx(s)=E[eX| =< _
[ e fu(x) da if X is continuous.
K—OO

e The derivatives of Mx(s) are computed as follows

d
My (s) = EE[eSX] = E[Xe*X]  and

(n) _a sX1 d" SX} _ n_sX
M = —F =F|— = F[X .
x () ds™ ] [dS”6 [X7e]

Thus, M)((”)(O) = E[X"] (the nt" moment), and

B[X] = My(0), E[X?] = M%(0), Var(X)=M%(0)—(Mx(0))".
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Moment generating functions.

Definition. For a given random variable X, the function
Mx(s) = E[eSX]

is called the moment generating function (m.g.f.).

An important property of Mx(s): If X and Y are independent
random variables with the respective moment generating func-
tions Mx(s) and My(s), then the moment generating function
of X4+Y s

Mxiy(s) = E[es(X"'Y)] =F [eSXeSY] = E[eSX] E[esy] = Mx(s) My (s).

Hence, if X1, X5,...,X, are independent random variables, then
the moment generating function of X = X;1 4+ Xo 4+ ... 4+ X,
equals

Mx(s) = Mx,(s) - Mx,(s)-...- Mx,(s).
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Moment generating functions.

Example. Consider a Bernoulli random variable X with param-
eter p € [0,1], i.e., X ~ Bernoulli(p). Then,

Mx(s) = Ele*] = Y e*p (k) =1-(1—p)+¢ p.
k=0,1
Hence,
Mx(s) =1—p+pe®* with the domain s &€ R.

Example. Consider a binomial random variable X with param-
eters (n,p), i.e., X ~ Binomial(n,p). Then,

X=X1+Xo+ ...+ X,,

where X1, X5,...,X, areindependent Bernoulli(p) random vari-
ables. Thus,
My (s) = M, (s)- My, (s)-. . .- My, (s) = (1 —p —|—pes) . seR

Hence, E[X] = M}(0) =np, E[X?] = M{(0) =np+ n(n—1)p?,
and  Var(X) = E[X?] - (E[X])” = np(1 - p).
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Moment generating functions.

Example. Consider a binomial random variable X with param-
eters (n,p), i.e., X ~ Binomial(n,p). Then,

Mx(s) = <1—p+pes) : s € R,

Alternative derivation via Binomial Theorem:

Mx(s) = 2”: et () pF(1—p)nF = Zn: (7) (pes)k(l—p)”"" = (1 —p -I-pes)n

k=0 k=0

Example. Consider a Poisson random variable X with parame-
ter A > 0. i.e., X ~ Poisson(\). Then,

oo 00 00 s k
Mx(s) = E[e**] = Z eFpu (k) = Z eSke_/\z—T = Z —()\Z') = e e,

k=0 k=0 k=0

Hence,
Mx(s) = exp{A(e’—1)}, s € R.
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Poisson vs Binomial.

Picture credit: Wikipedia.org
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Poisson vs Binomial.

Let A > 0 be given. Suppose Y is a Poisson random variable
with parameter X and S, is a Binomial random variable with
parameters n and p = 2

n"

e Theorem. For a given integer k > 0, lim P(S, =k) = P(Y = k).

n—o0

Thus, for n large enough, P(S, =k) ~ P(Y = k).

Alternative proof: Vs € R,

Ms, (s) = <1 —p+pes>n = (1 A 4 i65> = (1 + M)
n n n
Hence,
lim Mg, (s) = lim (1 + M) — A1) = M1y (s).
n—>00 n—>00 n

Theorem. The cumulative distribution function Fx(z) is unique
for a m.g.f. Mx(s). Moreover, if Iim My, (s) = Mx(s), then the

n— o0

cumulative distribution functions also converge, i.e.,
lim Fx (a) = Fx(a) Va € R

n—oo
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Moment generating functions.

Example. Consider a geometric random variable X with pa-
rameter p € (0,1), i.e., X ~ Geometric(p). Then,

e 9] ©.@)

Mx(s) = BleX] = " etp(k) = Y e (1-p)1p

S

> k—1
pe
= pe’ 1—p)ef = when (1 —p)e® < 1.
ey (A-mer) = (1 pe
k=1

Hence,

pe
My (s) =  se(—o0, —In(1=p)).
x() = Ty #€ (-0 —In(L-p))
Differentiating Mx(s) = %ﬁpw we obtain
pe’ pe’ + p(1 — p)e?
M (s) = (s) = :

(1 —(1 —p)eS)Q,

Therefore, E[X] = M’ (0) =1, FE[X?2]= M"(0)= 22, and
X P X p

— P
P2

Var(X) = E[X?] (E[X])2 1
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Moment generating function for X ~ Exponential()\)

Example. Consider a exponential random variable X with pa-
rameter A > 0, i.e., X ~ Exponential(\). Then, for s < A,

Mx(s) = /e“)\e—’\“j dr = 3 i - /()\ _ s)e—(/\—S)x dx
0 0
Let y = (A — s)z, then
Mx(s) = ﬁ/e_y dy = ﬁ, s € (=00, A).
0
Here,
M (s) = S implies  E[X"] = M{(0) = ”_!’
(A —s)ntt X Am

and therefore, E[X] =1 and Var(X) = 3.
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Moment generating function for X ~ Gamma(a, \)

Example. Consider a gamma random variable X with parame-
ters (a, A), i.e., X ~ Gamma(a,X). Then, for s < X,

0.@)

- I_()

Mx(s) = %a)/esxk()\x)a_le_’\xdm — ( A S)@ 1 (A—s)(()\—s)x)a_le_(/\_s)z o

Let y = (A — s)z, then

Mx(s) = (}\is)a r(la) /Ooyaley dy = ()\ i s)a, s € (—oo, A\).
0

Here,
(n) ala+1)...(a+n—1)A\* Mo+ n)\>
My (s) = = .
(A —s)otn M(a)(\ — s)otn
Hence,
Ma+n)
Ex" =MM0) =212
X" = M{(0) = oo
Therefore, E[X] = +1) =9 and Var(x) =2t o = o

(@)X )
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Moment generating function for X ~ Gamma(a, \).

o If X and Y are independent gamma random variables with the
respective parameters (a,\) and (B,\). Their sum X 4+ Y is a
gamma random variable with parameters (a + 3, ).

Alternative derivation: the moment generating functions are

My (s) = (Ais)a and My (s) = (A;)B, s <A

By independence of X and Y,
A\ >a+5

My (s) = M(s) My () = (2

Since the cumulative distribution function Fxiy(x) of X +Y is
uniquely determined by the m.g.f. Mx4y(s), the sum X +Y is
a gamma random variable with parameters (a4 8, ).

s < A.

o Let X1, Xo,... be independent exponential random variables
n

with parameter A > 0. Then T, = > X; (n = 1,2,...) is a
k=1

gamma random variable with parameters (n, ).
Alternative derivation:

M () = M) o My () = (52)
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Moment generating functions.

Example. Consider a standard normal random variable Z, i.e.,
Z ~N(0,1). Then, its moment generating function equals

Mz(s) = E[e?] = / e f(x) dxr = \/% /Oo T3

—0o0

0.}

(©. 9] ©.9)

1 10,2 12 1 1 2
— —2(x°—2sx) — =8 —=(x—s)
- e 2 dr = e2% ——— e 2 dx
Vo J_ Vo |
Hence,
52
My (s) = exp S5 (0 seR

Theorem. The cumulative distribution function Fx(z) is unique
for a m.g.f. Mx(s). Moreover, if lim My (s) = Mx(s), then the

n—oo

cumulative distribution functions also converge, i.e.,
lim Fx (a) = Fx(a) Va € R

n—o0
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Central Limit Theorem.

e Central Limit Theorem (CLT). Let X3, X5,... bei.i.d. ran-
dom variables with mean p and variance ¢2. Then,

b
1 1.2
im P(a <Y, <b)= /—e_ix dr < lim Fy, (a) = ®(a),
J— — @ n

n—o0 n—oo

a
where Y, = XlJFX?J%;“X“_”“ and ®(a) = [ \/%7@_%“32 dz is the
— OO

standard normal cumulative distribution function.

The de Moivre-Laplace Theorem is a case of CLT when X;, Xo,...
are independent Bernoulli random variables with the same pa-
rameter p € (0, 1).

e de Moivre-Laplace Theorem. Let S, be a binomial random
variable with parameters (n,p), then

Sn -
lim Fy (a) = ®(a), where Y, = e
e v/ np(1l —p)

Thus, it is sufficient to show that

2
lim My, (s) = exp {%} - m.g.f. for N(0,1).

n—oo
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de Moiver-Laplace Theorem via m.gd.f.

Proof. Consider S, ~ Binomial(n,p) and let Y, = %.
np{l—p

Then, FE[Y,]=0 and Var(Y, =1.

The moment generating function

My, (s) =exp{ —s op - Mg, i
’ { \/np(l—p)} ’ (x/np(l—p)>

~os i) (o el i) ])

and

In My, (s) = —s np +nin| 1-— 1 —exp i
"’ v/ np(1 —p) ( p[ {\/np(l—p)}]>
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de Moiver-Laplace Theorem via m.g.f.

Proof (cont.): S, ~ Binomial(n,p) and Y, = —22="2_
( ) (n, p) T

n

)

In My, (s) = —s

Here,

4 S _ S B s2 1
T exp{vnp(l—p)}_ v/ np(l —p) 2np(1—p)+0 <n3/2)

and therefore,

. p2a 1 . ps 52 ps? 1
In{1=pa) = —pa- 2 +O (W) B v/ np(1 —p)+2n(1 —p)_Qn(l _p)+o (m)

2
2oL

Vnp(l—p) 27 n3/2
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16

de Moiver-Laplace Theorem via m.g.f.
Proof (cont.): S, ~ Binomial(n,p) and Y, = —22—"2

Vnp(1—p)

np + nin(l — pa),

v/ np(1 —p)

In My, (s) = —s

where

S S 82
a=1l—exp = — — +
{ v/ np(1l —p) } V/np(1 —p) 2np(1—p)

and
2 1
In(1 - pa) = ——2= +f—+0(—_>
Vrp(l—p) 20 n/2

Thus,

| . 52 1 52

nMYn(S)—E-i‘O m —>E as n — oQ.
and

n—o0

Hence, Iim Fy (a) = ®(a).

n— 00

dl

2
lim My, (s) = exp {%} - m.g.f. for N(0,1).

1
n3/2

)
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Central Limit Theorem.

e Central Limit Theorem (CLT). Let X3, X5,... bei.i.d. ran-
dom variables with mean p and variance o2. Then,

lim Fy (a) = ®(a),

n—oo

a

where Y, = X1+X2%:X”_”“ and ®(a) = f —jﬂe_%xz dx.

— 00

Proof. It is sufficient to show that lim My (s) = exp {%}

n—oo

Let M (s) denote the moment generating function of % Then,
M) =1, M'(0)=E|[2=] =0,

M"(0) = E [(Xj“)zl = Var (Xj_“) =1,

and
My, (s) = (M(s/vn))" as Yn=% Xja_“
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Central Limit Theorem.

Proof (cont.): It is sufficient to show that lim My (s) = exp {;}

n—o0

Let M (s) denote the moment generating function of % Then,
M(0) =1, M'(0)=E 2] =0,

M"(0) = E [(Xja ”‘)2] = Var (Xja_ “) =1,

and

5
VY
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ey
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o
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e
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| I— |
I
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&
1
o)
X
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Central Limit Theorem.

Proof (cont.): It is sufficient to show that lim My, (s) = exp { }

n—o0

Let M(s) denote the moment generating function of @ Then,
M(0) =1, M'(0)=0, M"(0) =1 and My (s) = (M(s/ﬁ))n.
Therefore,

In My (s) =niInM (%) :

where Taylor expansion yields

M(h) = M(0) + M'(0)h + %M”(OW +Ohd) =1+ %hz + o)

and In(1 4+ 2) = =+ O(z?). Thus, for a given s € R,

mMn(S):n,nM(%):nm <1+ +O(n\1/_>) < —I—O(n\l/_)>

He||ce |||M ( ) ——+O(—) — — a||d M ( )—}eX[) - as
y S S n — oQ.
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Moment generating functions.

Example. Consider a standard normal random variable Z, i.e.,
Z ~N(0,1). Then, its moment generating function equals

82
My (s) = exp 5 ([ s € R.

Example. Consider a normal random variable X with mean u
and variance 02, i.e., X ~ N (u,02). Then, Z = £=£ is a standard

g

normal random variable. Thus, the moment generating function
of X =07+ u equals

Mx(s) = E[eSX] = eME [e‘”Z] = e®* My (so) = exp{us} exp {0282}

2
2.2
:exp{,us—l—J; }, s € R.
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One-sided Chebyshev inequality.
Recall Markov and Chebyshev inequalities.

Theorem (Markov inequality). If X is a random variable that
takes only nonnegative values with finite mean E[X] = u, then
for any a > 0,

E[X] p

P(X >a) < =~
(6% (8%

Theorem (Chebyshev inequality). If X is a random variable
with finite mean E[X] = p and variance Var(X) = ¢2, then for
any a > 0,

2

P(IX —ul>a) < %
(87

Next, we prove the following inequality.

Theorem (One-sided Chebyshev inequality). If X is a ran-
dom variable with mean E[X] = 0 and variance Var(X) = o2,
then for any a > 0,

0.2

PIX>a) < ——
(Xzo) < ST
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One-sided Chebyshev inequality.

Theorem (One-sided Chebyshev inequality). If X is a ran-
dom variable with mean E[X] = 0 and variance Var(X) = o2,

then for any o > 0,

0_2

02 + a?
Proof: For any g > 0, by Markov inequality, we have
E[(X + B)?]

P(X >a) <

P(X 2 0) = POXH 2 at9) < P((X+5)° 2 (a46)?) <~

Hence, since o2 = Var(X) = E[X?] - (E[X])” = E[X?]

E[(X+8)?]  EBX?+28BEX]+8 o2+
PRz == T (a+ B)2 “tator P

. . . o24p2 .o
for any S in the domain (0,c0). Function ¢(8) = a5y 1S mini-
mized at g = %2 yielding the following upper bound

o2 o2
P(X > < — | = )
( _oc)_cp(a 02 + o?
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One-sided Chebyshev inequality.

Theorem (Chebyshev inequality). If X is a random variable
with finite mean E[X] = p and variance Var(X) = o2, then for
any a > 0,

2

P(IX —ul>a) < %
(8

Theorem (One-sided Chebyshev inequality). If X is a ran-
dom variable with mean E[X] = 0 and variance Var(X) = o2,
then for any a > 0,

0.2

P(X > < —
(X2a) < 02 + o2

Corollary. If X is a random variable with mean E[X] = p and
variance Var(X) = o2, then for any a > 0,

o2

P(XZpta)=P(X-pza) < 703
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Chernoff bound.

Theorem (Chernoff bound). If X is a random variable with
finite moment generating function Mx(s), then for any a € R,

P(X >a) < e **Mx(s)
for all s > 0 in the domain of Mx(s).

Proof. For any given s > 0 in the domain of Mx(s), Markov
inequality yields

P(X >a) =P(sX > sa) = P(eSX > eso‘) < = e *““Mx(s)

Example. Consider a standard normal random variable Z and
a > 0. Then,

P(Z 2 CL) S e—saMX(s) — e—sa€s2/2 — 6(32—23a)/2 — e—a2/2€(s—a)2/2,

where the right hand side e=%"/2¢(s=9)*/2 js minimized when s = a,
yielding

P(Z >a) <e /2
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Chernoff bound.

Example. Consider a binomial random variable S,, with param-
eters (n,p).

Sp = E[S,] £ 1/ Var(S,) =np=++/np(l—p).

For a € (p,1), we want to find an upper bound on the tail prob-
ability P(S, > an).

0.08 T T T T *

0.07+ i

0.06 i

0.05 B

0.04} N N . Case n =100, p = %
0.03+ * * _

Here, S,, = 50 £ 5.
0.02+ * " *
0.01} * * 4

o | | | | ,
0 10 20 30 40 50 60 70 80 90 100
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Chernoff bound.

Example (cont.): Consider a binomial random variable S,, with
parameters (n,p). Fora € (p,1), we want to find an upper bound
on the tail probability P(S, > an). Applying Chernoff bound, we
have

P(S, > an) <e " Mg (s) = e_s‘m(l —p —I—pes)n = exp {—n(sa —In(1—-p —l—pes))}
for all s > 0. We minimize the right-hand side:

d pe’
—(sa —In(1 — )) =a— =0
ds<sa ( p—|—pe)) @ 1 —p+ pe’

yielding the extremum at s* = In (Zg:g;) > 0. Plugging s* into

the above Chernoff bound, we obtain

P(S, > an) < exp {—n(s*a, —In(1—-p —I—pes*))} = exp{—nH(alp)},

—a

where  H(alp) = —aln (S) —(1—-a)ln (1 _p>

is relative entropy (aka Kullback-Leibler divergence).
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Law of Large Numbers (LLN):

S
on 4, p asn—ooo < S,=np-+ ‘smaller terms’
n

Central Limit Theorem (CLT):

Sn —np

\/np(1l —p)

where Z ~ N(0,1) (standard normal), and
P(S > np+bv/in) = P(2y/np(1 = p) > b/ ) +o(1) — P(2 > \/bi)
p(1 —p)
as n — oo, While

P(Sy > an) = P(np-2/np(1 = p) > an) +o(1) = P(2 > — Vi) Fo(1).

Hence, P(S, > an) — 0 as n — oo.

°sZ asn— o0 < S, =mnp+Z+/np(l—p)+‘smaller terms’,

Chernoff bound: P(S, > an) < exp{—nH/(a|p)}

Large Deviations Theory:

-1
P(S, > an) xexp{—nH(alp)} < Ilim —InP(S, > an) = H(a|p).
n—oo M
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Convex functions. )

Ap[a) 1)) E6) €ce)

(F(M,.f(n-)) (J

4 } ]
a Aet(1-2)6 ¢

(]
L]
)
.
]
]
P —

A function ¢(x) is said to be convex over an interval Z, the do-
main of the function, if

e(Aa+ (1 —=A)b) < Ap(a) + (1 —N)ep(b)
for all A € [0,1] and all real a and b in T.
If function ¢(x) is twice differentiable, then
o(x) isconvexin T <« ¢'(z)>0 Vzxel
A function ¢(x) is said to be concave if —p(x) is convex. If
function ¢(z) is twice differentiable, then
o(x) isconcavein T <« ¢'(z)<0 VreZl
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Jensen’s inequality.

A function ¢(z) is said to be convex over an interval Z, the
domain of the function, if

p(Aa+ (1 —=2)b) < Ap(a) + (1 —N)p(b)
for all A € [0,1] and all real a and b in T.

Jensen’s inequality: Suppose ¢ is convex. Then

(E[X]) < E[p(X)]

Proof. Let u = E[X]. There is a line 4(x) = ax + b such that
(z) <p(z) and £(p) = p(p)

Then
p(p) = £(p) = E[E(X)] < Elp(X)]
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Jensen’s inequality.

Jensen’s inequality: Suppose ¢ is convex. Then
e(E[X]) < Blp(X)]
Examples:
2
o E[X?] > (E[X]) as o(x) = 22 is convex for z € R.

e For any given a € R, E[e®X] > e*FIX] 35 p(x) = e is convex
for z € R.

e If X >0 then E[X3]> (E[X])3 as p(x) = z3 is convex for
x € [0,00).

e If X >0 then E[X-In(X)]> E[X]-In(E[X])
as o(x) = xIn(z) is convex for z € (0, o).

o If X >0 then E[In(X)]<In(E[X]) as ¢(z) = In(x) is
concave for z € (0, c0).
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Characteristic function.

Definition. The characteristic function ¢px : R — C of a random
variable X is defined by

ox(s) =FE [eiSX} Vs € R.

Properties:
e Euler's formula states that e = cos6 +isin@ for all 6 € R.
Therefore,

px(s) = E[e"Y] = E| cos(sX)| +i E[sin(sX)]

is well defined for all s € R.

( > etp(x) if X is discrete,
z: px(z)>0
o ox(s)=E[e*N] =4 _
[ e f(x) dx if X is continuous.
\—OO
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Characteristic function.

Definition. The characteristic function ¢px : R — C of a random
variable X is defined by

ox(s) =FE [eiSX] Vs € R.
e ox(0)=1.
e The derivatives of px(s) are computed as follows
dn

d" . . _
(,D‘()?)(S) — @E[ezs,}(] — E [@ezs)(] — 4 E[Xnest].

Thus, E[X"] = (=i)"¢{’(0) (the nt" moment) as —i = 1.

o If X;1,X5,...,X,, are independent random variables, then the
characteristic function of X = X; + Xo+ ...+ X,, equals
px(s) = px,(8) px,(s) ... - vx,(s).

e CLT can be proved via characteristic functions without assum-
ing the moment generating function of X, is well defined.
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Characteristic function.

Definition. The characteristic function ¢x : R — C of a random
variable X is defined by

ox(s) =FE [eisx} Vs € R.
Connection to harmonic analysis: for a continuous random variable,

\/%%((—s) =¢% / e () da

is a Fourier transform of f(x), and

\/%_Wgox(s) — \/%_W / e f(x) dx

is the inverse Fourier transform of f(x).

Similar statements apply in the case of a discrete random vari-
able.
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Generating function.

Definition. For a given random variable X, the function
GX(S):E[SX}7 S>O7

is called the generating function.

e Connection to m.g.f. Gx(s) = MX(In s).

(Y s"p(x) if X is discrete,
x: px(z)>0
o Gx(s) :E[SX] =9 .
[ 5% fu(@) da if X is continuous.
[ —o0
o If X1,X5,...,X,, are independent random variables, then the

generating function of X = X7 4+ Xo 4+ ...+ X,, equals
Gx(s) = Gx,(s) - Gx,(s)-...-Gx,(s).

e If X is nonnegative integer valued random variable, i.e.,
X =0,1,2,..., then its generating function is convex.



