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Covariance and correlation.

Consider random variables X and Y with finite means u, and p,
and finite variances o7 > 0 and o7 > O respectively.

e Definition. The covariance of X and Y is
Cov(X,Y) = E[(X = p)(Y — ).

The correlation of X and Y is
Cov(X,Y)

Ox Oy

corr(X,Y) =

Properties:

o Cov(X,X)= E[(X — ,U,X)Q] = Var(X).

e Lemma. The covariance can be expressed as follows:
Cov(X,Y) = E[XY] — E[X]|E[Y] = E[XY] — pix ty.

Proof:

Cou(X,Y) = E[(X — p)(Y — )] = B[XY — 1Y — iy X + pupay |

= BIXY] — wEY] — pyE[X] + sy = E[XY] — i 1y
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Covariance and correlation.

e Example. Consider a joint probability mass function

1 1 1
1,2 = T 2,0 — > 273 = -, 3’3 —_— —
p(1,2) 1 p(2,0) c p(2,3) 1 p(3,3)

Then,
1 5 1
and
1 1
5 1 25 9
Hence, FE[X]=1- —|—2 E—|—3-§ =1 E[Y] = 0. —|— —|—3 E =7 and
E[XY] =1-2-p(1,2)+2-0-p(2,0)+2-3-p(2,3)+3-3-p(3,3) = %+0+§+3 = 5.
Thus, Cou(X,Y) = E[XY] — BIX] E[Y] =5-22.2 =5_"2 _ 2 _ (3105
12 4 16 16
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Covariance and correlation.
e If X and Y are independent then
E[h(X)g(Y)] = E[R(X)] E[g(Y)]

for any pair of functions, h and g for which the above expecta-
tions exist and are finite.

Proof: Suppose X and Y are independent continuous random
variables with density functions fx and f,. Then, the joint prob-
ability density function equals f(z,y) = f«(z)fy(y), and

E[R(X)g(Y)] = // h(z)g(y) f(z,y) dedy = // h(x)g(y) fx(x) fy(y) dx dy
R2 R2

= /g(y) /h(w)fx(a:) dz | f,(y)dy = /h(w)fx(x) dw-/g(y)fy(y) dy

= E[r(X)] E[g(Y)]

The case of independent discrete random variables is proved similarly.
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Covariance and correlation.
e Definition. The covariance of X and Y is
Cov(X,Y) = E[(X — p)(Y — ).

The correlation of X and Y is
Cov(X,Y)

Ox Oy

corr(X,Y) =

Properties:

e Cov(X,X)=Var(X).

o Cov(X,Y)=E[XY]—E[X]E[Y] = E[XY] — ptx jty.

e If X and Y are independent, then Cov(X,Y) = 0.

Proof: Cov(X,Y) = E[XY] — E[X]E[Y] = E[X]E[Y] — E[X]E[Y] = O.

So, X and Y independent = X and Y uncorrelated.



MTH 464/564 §)

Covariance and correlation.

e Example.

2\1-22—y? if 2?42<1,
flzy) =
0 if 224 y% > 1.

We obtained

fx(z) = fy(x) = —(1 —2?) for ze€(-1,1) implying E[X] —ZF;[Y] = 0.

1
//a:y\/l—m —y da:dy——/ /a:y\/l—x —y dxdy

a:2—|—y2<1

3 3
= /y/x\/l—xQ_dexdyz—/yOdyzo
T 27
-1 /12 ~1

Thus, Cov(X,Y) = FE[XY] — E[X]E[Y]=0. So, X and Y are
dependent and uncorrelated at the same time.
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Covariance and correlation.
Other simple properties: e Cov(X,Y)=Cou(Y,X).

e Cov(aX,Y)=aCouv(X,Y) forall aeR.

o Cov (ZXi, ZYJ) =
i=1 j=1

Z Cov(X;,Y)).
i=1j=1

Proof:

i=1 j=1 j=1

:Elzi ] ZE[X ZE[Y =S By 3OS mxaE

i=1 j=1 =1 j=1

= Z (E[XiY] E[X;|E Y] ZZCOU(XZ,Y})

3
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Covariance and correlation.

The covariance is bilinear:

e Cov(X,Y)=Cov(Y,X).

e Cov(aX,Y)=aCov(X,Y) forall a €R.

o Cov (Z Xi, ) Yj> = > > Cov(X;Y)).
i=1 j=1

i=1j=1
In linear algebra, the inner (dot) product (x,y) is also bilinear:

o (x,y)=(y,X).

o (ax,y)=ua(x,y) for all a €R.

Compare (x,x) = |x|? to Cov(X,X) = Var(X) = o2.
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Covariance and correlation.
Other simple properties: e Cov(X,Y)=Couv(Y,X).
e Cov(aX,Y)=aCov(X,Y) forall aeR.

e Cov ( " X, il@) = z": iCov(Xi,Y}).

1 j=1 i=1j=1

~

o Var < ” XZ-) i i Cov(X;, X;) = z”: Var(X;)+2 Z Cov(Xi, X;).
=1

i i=1j=1 i=1 i,:i<j

Proof:

Var ZXi = Cov ZXi,
i=1 i=1 j

n

X; | = i i Cov(Xi, X;).
1

i=1 j=1

In particular, Var(X +Y) =Var(X) + Var(Y) +2Cov(X,Y).
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Covariance and correlation.
Other simple properties: o Cov(X,Y)=Cov(Y,X).
e Cov(aX,Y)=aCov(X,Y) forall a €R.

n

o Cov (i Xi, i Y}) = Z i Cov(Xi,Y)).
i=1 j=1

i=1j=1
e Var (
1

In particular, Var(X +Y) =Var(X) + Var(Y) +2Cov(X,Y).

i

XZ-) Z Z Cov(X;, X;) = Z Var(Xi:)+2 > Cov(Xi, X;).

1=1j5=1 1,11<J

o If X1, Xo,..., X, are independent, then

zn: X, | = zn: Var(X;)
i=1 i=1

as Cov(X;, X;) = 0 for all i # j.
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Covariance and correlation.

Observe that
0< Var(X—aY) = Var(X)+ao? Var(Y)—2aCov(X,Y) for all a > 0.
Thus,

1 1
Cov(X,Y) < 504_1 Var(X) + 5 Var(Y).

X

Recall that Var(X) =02 and Var(Y) = O'}?.

Next, we substitute a = g— obtaining

y

1 1 oy
Cov(X,Y) < — %y Var(X) + = Ix Var(Y) = oxoy.
2 ox 2 oy
Therefore, —Cov(X,Y) = Cov(—X,Y) < oxoy as Var(—X) = Var(X) = o2.

Thus, we proved the following inequality

{CO’U(X, Y)‘ < oyoy = \/Var(X) Var(Y)

which is a probabilistic version of the Cauchy-Bunyakovsky-
Schwarz inequality.
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Covariance and correlation.
We proved the following inequality
|Cov(X,Y)| < ovoy = \/Var(X) Var(Y)

which is a probabilistic version of the Cauchy-Bunyakovsky-
Schwarz inequality.

Recall |(x, y)‘ < |x||y| in linear algebra.

e T he correlation of X and Y is measuring statistical association
of X and Y on the scale from —1 to 1:

Cov(X,Y
L1 < corr(x,y) = 5D
Ox Oy
Proof:
’CO’U(X, Y)}
’corr(X, Y)} = < 1.
Ox Oy
Compare to linear algebra:
—1 < cosfh = x,y) <1,
%] [y

where 6 is the angle between x and y.
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Multivariate normal distribution.

Multivanate Normal Distribution

0.0012

0.001

NN(M Z) 0.0006

0.0002 -

1
exp
(27)/2y/det = {

and X = AAT for some n x n matrix A satisfying det(A) # 0.

0.0012
0.001

0.0008
0.0006
0.0004
0.0002
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Multivariate normal distribution.

e Example. Consider independent standard normal random vari-
ables X and Y. Their marginal probability density functions are

the same:
! exp{ ! 2}
—=T
\ 271 2

By independence, the joint probability density function
1 1

Fa ) = £@5W = 5-exp { -6+ }
271 2

f(x) = fy(z) =

olot ¥ = [é ﬂ — I, then =~ =T, and

Par=leyl|§ ] |]=xTzx

where x = &z )
y “.:“'.:

Hence, f(x) = f(z,y) = % exp {—%XT Z‘lx}.
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Multivariate normal distribution.

e Example. Consider independent normal random variables X
and Y with respective parameters (u.,07) and (uy,02). Their
marginal probability density functions are

1 1 1 1
fu(z) = ——=——==exp {——(x - ux)Q} and fy(z) = ————=exp —=——(z — py)?
\/2m o2 203 ’ \/2m 03 203 ’
By independence, the joint probability density function
1 1 (z—p)? | (y—py)?
f,y) = f(@)fy(y) = 3 exp {—— ( —— + —
T OxOy 2 o; oy
2 -2
elets =% 9| then =-1= % 0.1, and
0 oy 0 oy
(. —p)? | (Y — py)? o2 0 . B
=t ay2y = [z — p,y — 1y [ 5 ay—z] [i_ﬁy} =x-w' =7 (x - p),

where x = [i] and p = [ZX} Hence, the joint probability
y

density function is

FO) = foy) = 0 {5 c-m) = - |

1
— €
2mvdet X



MTH 464/564 16

Multivariate normal distribution.

The independence assumption is not necessary. For parameters
—o0o < px <00, —o0< <o, 0<og, 0<oy, and —1<p<1,

consider a symmetric matrix

S — 0-3 P OxOy
| poxoy o?

e Definition. Let [if] be a vector of random variables dis-

tributed according to the joint probability density function

160 = ) = s e { S = E x|,
where x = [z] and u = [Z;]

Then, [i/(] is a bivariate normal.  Notation: [ﬂ ~N(p,X).
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Multivariate normal distribution.

Multivanate Normal Distribution
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Multivariate normal distribution.

Z1

The random vector : | ~ N (u,X) is multivariate normal if
Zn

the joint density function

fx) = exp{g(x—ule (x—m}, x € R,

1
(27)"/2\/det =

H1
where = | : | € R"is the vector of mean values (E[Z;] = ui),

Hn
and X is a positive definite real matrix:

(i.) X is symmetric: T =3; (ii.) x'x >0 for all x # 0.

As a positive definite matrix, > can be represented as follows:
> = AAT for some n x n matrix A satisfying det(A) # O.

Next, we check that

/---/f(x)d:cl...da:nZI.
Rn
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Multivariate normal distribution.

— 1 _l X — Ts -1 X — x n
FO) = G mary O3 (TR ) xe R

M1
where u=| : | €R? and X = AAT for some n xn matrix A

Hn
satisfying det(A) #= 0. Observe that if we let y = A~ (x — p)

then
1 1 . B 1 1
amyavaers P {‘5 R “)} = @0 det(a)] P {‘5 y' y}

and
X)dx Ty = ! —l x— )Tt (x— x x
/R.n../f( )dxy . ..dxz, /R;L../(Qﬁ)npmexp{ 2( ) 7 ( u)}d 1...dxy

(©.9)

1 1 - 1 1
:/R/W exp{—EyTy}dyl...dynzl_[/@exp{—iyf}dyz-:1
" i=1

as dyi ...dy, = |J|dxy ... dx, = |det(A~Y)|dx1 ... dx, = mcle . dxy.
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Multivariate normal distribution.

FO) = G mary O3 TR ) xe R
M1
where u=| : | €R? and X = AAT for some n xn matrix A
Hn
Z1
satisfying det(A) %= 0. Suppose o~ N (p,X).
Z’I’L
1
e Claim: Vector u = : is the vector of mean values, i.e.,
Hn
E[Zi] = p.

Proof. Observe that z; — p; =e/(x—p) fori=1,...,n, and

E[Zz] = M3 -I— E[Zz — /LZ'] = —|— / . ﬁxz - /M) f(X)d:El . dmn
Rn

_ e;r(x—,u) _1 x— )T 1 (x —
_/VLZ—|—/R_H../(27T)n/2\/mexp{ S G- u)}d:cl...da:n
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Multivariate normal distribution.
e Claim: E[ZZ] = ;.

Proof (cont.): Let y = A"!'(x—pu) then (x —p) = Ay and

e] (x — p) 1
E[Z] = exp ——(x—p) 1 (x— }d ...dz,
2] = u / /(%W N p{ S =) = =) b de
TAy 1
= i = dy1 . .. dyn

— T Yy _1 T —
= L; —|—eiA< R;L”/(QW)"/Q exp{ 2y y}dyl...dyn> i

| vizs exp {-1y2} dy; =0 for all j, and therefore,

y 1 7 —
/R... (2n )2 exp{—iy y}dyl...dyn—O.
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Multivariate normal distribution.

1 1
fx) = op{ -3 x-w = -0}, xer,
(2m)n/2y/det > 2
1
where = | : | € R" is the vector of mean values (E[Z;] = ui),
e

and >~ = AAT for some n x n matrix A satisfying det(A) # 0.
e Claim: Matrix X = ( Cov(Zi, Z;) ) is the covariance matrix.

Proof. Observe that (z; — w)(x; — pj) = e] (x — p)(x — p)Te;

Cov(Zi, Z;) = E[(Zi — wi)(Zj — ,uj)] = / : /(3% — pi)(xj — p) f(x)dz1 ... dzx
Rn

el (x — ) (x — p)Te;
/ / ((QW)S/)Q( de’;u; : exp{—% (x—p)' =" (X—M)}dm...da:n




MTH 464/564 23

Multivariate normal distribution.

e Claim: Matrix *X = ( Cov(Z;, Z;) ) is the covariance matrix.

Proof (cont.): Lety = A!'(x—pu) then (x —p) = Ay and
T _ _ Ta. 1
CO’U(ZZ',Z]') :/--'/ez (X M)(X M) € exp{_E (X—ILL)TZ_l (X—M)}dxldxn
Rn

(2m)"/2y/det
TA
yy'A 1
/ / (27‘(‘)”/2 exp {_5 yTy} dy]_ - dyn
= ¢, TA —lyTy dyi...dyn | ATe;
(27r)”/2 5 ... dyp j

— Ta — = 5.

T 1 1 ifj=i
_f yzyg@exp{ QyZ}dyz—{O if o and therefore,

-
yy 1
/ (2n )72 exp{_EyTy}dyl...dyn = 1.
Rn
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Multivariate normal distribution.

e Claim: Matrix > = ( Cov(Zi, Z;) > is the covariance matrix.

e Example. Suppose [ﬂ iSs a bivariate normal with mean

= | ™| and with
[ [My] nd wi

s — [ o p 0%y ]
- Y
poxay Oy

i.e., [ﬂ ~N (u,2). Then,

Var(X) =02, Var(Y) = 03, and  Cov(X,Y) = poyoy.

Therefore, the correlation
Cov(X,Y)
_— = p

Ox Oy

corr(X,Y) =
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Multivariate normal distribution.
e Claim: Matrix X*X = < Cov(Z;, Z;) > is the covariance matrix.

e Example. Suppose [iﬂ is a bivariate normal with mean
H= [Z;]v Var(X) = o2, Var(Y) = 0’3, and with Cov(X,Y) = 0.

Then,

_ .t 1 x— T 1 (x —
Faw) = s oo {Z G- x|
T — )2 — )2

We proved the following:
For normal random variables, X and Y uncorrelated = X and Y independent.
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Multivariate normal distribution.

e Example. Suppose [i;} iSs a bivariate normal with mean

2
x| |1 : . o poxoy | __ 1 -1
o= ] = (3] anawen == [ 2 00 =[0G
Then,
Var(X) =07 =1, Var(Y)=o0 =4, and Cov(X,Y) = poxoy = —1.

NI

Thus, the correlation corr(X,Y) =p = —

Next, X1 = % [‘11 H and the joint probability density function
is
fap = oo {2 a-wT x-w

2mvdet X 2

1 1
= on {5 (4 -1 +26 - DE-D+E-1?) |



MTH 464/564 27

Multivariate normal distribution.

e Example (continued).

https://demonstrations.wolfram.com/TheBivariateNormalDistribution/

[z y) =

1 1
e {—5(4 -1+ 2w - D -+ -1}


https://demonstrations.wolfram.com/TheBivariateNormalDistribution/

MTH 464/564 28

Indicator variables.

e Example. A Binomial random variable S,, with parameters
(n,p) represents the number of success in n independent Bernoulli
trials, each having probability p of success and 1 — p of failure.

Consider Bernoulli random variables

v, — J1 ifthe it" trial is a success,
"7 10 if the " trial is a failure.

For each : = 1,...,n, X, is the indicator variable for the event
that the 4" trial is a success.
Then, S, =X1+Xo+ ...+ X,,
where FE[X;]=p and Var(X;) =p(1—p) foralli=1,...,n.
Hence,
E[S))=FE[X1+ ...+ X, | =E[X1]+ ...+ E[X,)] =np
and

Var(S,) = Var(X1+...+X,) = Var(X1)+...4+Var(X,) = np(1l — p).
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Indicator variables.

e Definition. Consider an event A. The random variable

¥ = 1 if the event A occurs
10 if the event A does not occur

is said to be the indicator variable for the event A.
e Frequently used notation: 1y4.

e X is a Bernoulli random variable:
E[X] = P(A) and Var(X) = P(A)(1- P(A))

e The indicator variable of the complement A of A is Iz=1-—14.
e Forallk #20and X = I4, we have X* = X and E[X*] = P(A).

e For given events A and B the indicator variables X = I4 and
Y = Ip satisfy XY = Isqp (i.e., Ialp = I4qp) and

E[XY] = P(AN B).

Also, by de Morgan's law, 1 — (1 - X)(1—-Y) = I4u5 and
1-FE[(1-X)(1-Y)]=P(AUB).
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Indicator variables.

e General case of Inclusion-Exclusion Theorem.

n
P(EAUE>U...UE,) =Y (-1)tt Y P(E,;NE,N...NE;)

r=1 11 <12<...<1p

= > P(E;) =) P(EyNEy,)+> P(E,NE,NEy)+...+(-1)"T'P(E1NE2N
=1

11 <12 11 <12<13

e Example. P(E: U E») = P(E1) + P(E») — P(E1N E»).

e Example.

3
P(E1UE>2UE3) =Y P(E;)— Y P(E;NE;,)+ P(E1NE2NE3)

i=1 11 <12

..NEy)

= P(E1)+P(E2)+P(E3)—P(E1N E2)—P(E1NE3)—P(E2N E3)+P(E1N E2N E3)
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Indicator variables.

e General case of Inclusion-Exclusion Theorem.

n
P(EAUE>U...UE,) =Y (-1)tt Y P(E,;NE,N...NE;)

r=1 11 <10<...<lp

= > P(E;) =Y P(E,NEy,)+> P(E,NE,NEy)+..+(-1)"T'P(E1NE2N...
=1

11 <12 11<12<13

e Proof. Let

X, — 1 if the event E; occurs
710 if the event E; does not occur

Then,

1 if the event E; N E; occurs

i Xy = {O if the event E;N E; does not occur
and, by de Morgan’s law,

, y_ J1 ifthe event E;UE; occurs
1-A-=X) (1-X;) = {O if the event E; U E; does not occur

N Ey)
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Indicator variables.

. _J1 if the event E; occurs
e Proof (cont.): Let X; = {O if the event E; does not occur

Then,
__ 1 ifthe event E1UE>U...UE, oOCCUIS
1I-(1=X) (1-X2)... (1=Xn) = {O if the event E; UF,U...UE, does not occur

and

P(EAUE>U...UE,) =E[1—(1-X1)(1-X2)...(1-X,)]

_Z( 1)r+1 Z E[X: X, ... Xi]

11<12<...<1p

= Z( 1)r+1 Z P(E,NE,N...N0E;)

11<12<... <ty
as

1-(1-X1)(1—X5)...(1— Xn)—Z( 1)r+1 Z Xi X, ... X,

11<12<...<1p
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Indicator variables.

e Example. Consider performing independent Bernoulli trials,
each with probability p of success and probability 1 —p of failure.
Recall that a geometric random variable with parameter p counts
the number of trials until the first success.

Let X be a geometric random variable. We want to find E[X]
using indicator variables.

Let F;, denote the event of failure on the ¢th trial, and let X;
denote its indicator variable, i.e.,

Xi = I,

Then, X = 1—|—X1—|—X1X2—|—X1X2X3—|—... and, by indepen-
dence of X;, we have

E[X] =14+ E[Xi] 4+ E[X1Xo] + E[X1X>X3] + ...

= 1+ E[X1] + E[X1]E[X2] + E[X1] E[X2]E[X3] + ...

=1+ P(F1) + P(F1)P(F2) + P(F1)P(F2)P(F3) + ...

1+<1—p>+<1—p>2+(1—p>3+...=%.



