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e Joint probability mass function.

e Joint probability density function.

e Independent random variables.

e Covariance and correlation.

e Sums of random variables.

e Gamma and beta random variables.

e POisson process.
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e Marginal distributions from joint distribution.

e Functions of random variables.

e Indicator variables.

e Multivariate normal distribution.
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Joint probability distribution.

Definition. Function p(z,y) is said to be a joint probability
mass function of discrete random variables X and Y if

p(z,y) = P({X =2} n{Y =y}
for all value x and y.

Joint probability mass function is similarly defined for n discrete
random variables.

Properties: (i) p(z,y) >0 (i) > p(z,y) = 1.
Z,y

Example. Consider a joint probability mass function
1

1 1
172 == > 2,0 pr— —, 3’3 P —
p(1,2) 5 p(2,0) c p(3,3) 3
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Joint probability distribution.

Definition. Function f(z,y) is said to be a joint probability
density function of continuous random variables X and Y if

P((X,Y)EA) Z//f(x,y)dxdy
A

for each domain A C R2.

Joint probability density function is similarly defined for n con-
tinuous random variables.

Properties: (i) f(z,y) >0 (i) [[ f(z,y) dody = 1.
RQ

Example. Consider the joint probability density function

%\/1—:1:2—?;2 if 22492 <1,
flz,y) =
0 if x2 442 > 1.
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Independent random variables.

Definition. Random variables X and Y are said to be indepen-
dent if the events

{a <X <b} and {c<Y <d}
are independent, for any a, b, ¢, and d. Namely,

P({agxgb}m{cgygd})=P(a§X§b)P(c§Y§d)

Similarly for n independent random variables.

e If X and Y are discrete random variables with probability mass
functions p, and p, respectively. They are independent if and
only if

P{X=a2}n{y =y}) =P(X =2) P(Y =y)
for all x and y.

Thus, X and Y are independent if and only if p(z,y) = p«(z)p,(y)
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Independent random variables.

Definition. Random variables X and Y are said to be indepen-
dent if the events

{a < X <b} and {c<Y <d}
are independent, for any a, b, ¢, and d. Namely,

P{fa<X<b}n{c<Y <d})=Pa<X<b)P<Y <d)

Similarly for n independent random variables.

e If X and Y are continuous random variables with probability
density functions f, and f, respectively. They are independent
if and only if

d b b d
//f(w,y) dwdy:/fx(w)dfv/fy(y)dy

Thus, X and Y are independent if and only if f(z,y) = f(x)f,(y).
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Sums of random variables.

e If X and Y are discrete random variables with joint probability
mass function p(z,y), then their sum, Z = X 4+ Y is also a
discrete random variable with probability mass function

p(a) = > ply) =) p@a-az)

z,y: r+y=a

e If X and Y are continuous random variables with joint probabil-
ity density function f(z,y), then Z = X 4 Y is also a continuous
random variable with its density fz given as

(0.0}

fz(a):/f(a:,ax)da:

Indeed, Fy(a) = P(X4+Y <a) = // f(x,y) dyde = / / f(z,y) dydx
(z,y): z+y<a —00 —00

oo a—x (e.@)

ﬁ@=%ﬂ@=/% /mwm m=/mm—mm

—0o0 —o0 —0o0
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Sums of independent random variables.

e If X and Y are independent discrete random variables with
probability mass functions p«(z) = P(X = z) and py(y) = P(Y =y),
then their sum, Z = X 4+ Y is also a discrete random variable
with probability mass function

p(a) = ) p@pW)

Y. r+y=a

which can be rewritten as a convolution sum:

p(a) = Y p@)py(a—a)

e If X and Y are independent continuous random variables with
density functions fy and f,, then Z = X 4+ Y is also a continu-
ous random variable with its density fz given as a convolution
integral,

0.¢}

fz(a)Z/fx(x)fy(a—x)da:

—0o0
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Sums of independent random variables.
pery(@) = Y pl@)py(a—2)

e Example. Let X be binomial with parameters (ni,p) and Y
be binomial with parameters (n2,p). Then their probability mass
functions are

pe(k) = (Zl)pk(l —p)mF for k=0,1,...,n1
and
n2y g na—k
py(l~€)=(k)p(1—p)2 for k=0,1,...,n2

If X and Y are independent, then their sum will have the follow-
ing distribution: for 7 =0,1,...,n1 4+ no,

. . ni1 + nay ot .
Pery() = pelkIpy (=) = ( o)P-pnTE s for j=0,1, . mtn
k

Thus X 4+ Y is binomial with parameters (n1 + na, p).
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Sums of independent random variables.
pery(@) = Y pl@)py(a—2)

e Example. Let X be Poisson with parameter A1 and Y be Pois-
son with parameter \». Then their probability mass functions
are
)\k
px(k) =e_)‘1k—} for k=0,1,...
and
k

A
py(k) = e‘AQk—f for k=0,1,...

If X and Y are independent, then their sum will have the follow-
ing distribution: for n =20,1,...,

n

00 )\]{; )\n—k:
ps(n) = 3 pIn(n—k) = ) MGty

k!
k=0 k=0

& 1
_ —(utn) k \n—k
© Zk!(n—k)!A1A2
k=0
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Sums of independent random variables.

pery(@) = Y pl@)py(a—2)

e Example (continued). Let X be Poisson with parameter \;
and Y be Poisson with parameter \». If X and Y are indepen-
dent, then their sum will have the following distribution: for

n=20,1,...,
- 1 o~ (M1FX2)
— —(/\1+)\2) k n—k — k n—k
Pety(n) = e Zk!(n—k)!)\1>\2 z:kl(n—k)lA A2
k=0
—(A14+22) i bY by )n
__ ¢ N\ \kE\n—k __ —(A1—|—>\2)( 1+ A2
IR Z (k> AlAz T = e oy
k=0

by the Binomial Theorem.

Hence, X 4 Y is Poisson with parameter A1 + \o.
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Sums of independent random variables.

©.9)

fey(a) = /fx(w) fla—z) do

—0o0

e Example. Let X and Y each be uniform over [0,1]. Then
each will be distributed according to the following probability
density function:
1 ifo<zxz<1
f(z) =

0 otherwise

If X and Y are independent, then their sum will have the follow-
ing continuous distribution:

00 1
fxty(a) = /f(:v)f(a—w) dfr/=/f(a—:v)dac
—0 0

1
Observe that [ f(a — z)dz = 0 whenever a < 0 or a > 2.

0
There are two more cases: 0<a<1land 1<a<?2,
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Sums of independent random variables.

1 ifo<x<1

e Example (continued). f(z) =
0 otherwise

IfFo<a<1,
1 a

fx+y(a)=/f(a—x)dx=/dx=a

0 0

Now, if 1 <a <2,
1 1

fx+y(a)=/f(a—w)dﬂc=/dw=2—a

0 a—1

Therefore,
(a if0<a<1

fiqy(a) =< 2—a ifl1<a<?2

L0 otherwise
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Properties of convolutions.

Convolution of functions f and g is defined

[0.@)

fog(a)=/f(w)g(a—fv) da

— 00
Another notation: f xg.

e Convolution is commutative: fog(a) =go f(a)

e Convolution is associative: (fog)oh= fo(goh)

e Convolution is distributive: (f4+g)oh= foh+4+goh
e fo(cg)=c(fog) for all ceR

e If you are familiar with Fourier transforms: f/o\g(g) = f(g)’g\(g)
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Sums of random variables.

e Theorem. Expectation of a sum of random variables is equal
to the sum of expectations.

E[X +Y] = E[X] + E[Y]

Notice: we don’t require X and Y to be independent here. The
above is true even if they are dependent random variables.

e Theorem. If X and Y are independent random variables then,
Var(X +Y) =Var(X) + Var(Y)
Here we need independence.

e Example. Let X be Poisson with parameter A\; and Y be
Poisson with parameter \». For the case when X and Y are
independent, we proved that X + Y is Poisson with parameter
A1 -I— A>. Then

EX]+ E[Y] =X+ X2 = E[X + Y]

Var(X)+Var(Y) =M1+ X2 =Var(X +Y)
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Sums of random variables.

e Example. Let X and Y each be uniform over [0,1]. For the
case when X and Y are independent, we proved that X +Y is
distributed according to

(a ifo<a<1

faqy(@) =¢2—-a ifl<a<?2

0 otherwise

Check that

E[X +Y] = E[X] + E[Y]
and

Var(X) 4+ Var(Y) =Var(X +Y)
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Sums of random variables.

e Example (continued). Let X and Y each be uniform over
[0,1]. For the case when X and Y are independent, we proved
that X 4+ Y is distributed according to

(a ifo<a<l1

fiqy(a) =< 2—a ifl1<a<?2

0 otherwise

1
Here E[X]=E[Y]= [adz=1 while
0

00 1 2
EF[X+Y]= /:cfx+y(ac)d:c = /:Uzdx + /x(2 — x)dx
—00 0 1

2
_1 o x| _1, , 8 . 1 _._
+[x ]—3+4 — 142 =1=FEX]+B]
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Sums of random variables.

e Example (continued). Let X and Y each be uniform over
[0,1]. For the case when X and Y are independent, we proved

that X + Y is distributed according to
(a if0<a<1

fiqy(@) =¢2—-a ifl<a<?2

L0 otherwise

1
Here Var(X) = E[X?] — (E[X])2 = [22dz -1 =L =Var(Y)
0

while E[X 4+ Y] =1, and therefore

0.8}

1 2
Var(X+Y) = E[(X+4Y)?]-1 = /chfX+y(a:)d:1:1 = /x3d9:-|—/m2(2x)da:1
0 1

— 00

1 [2z3 2472 1 16 2 1 1
+[ 3 4}1 4+3 3+4 & ar(X)+Var(Y)
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Gamma function.

The gamma function I'(«) is defined as
M) :/ e Tz tdr for all real a > 0.
0

Integration by parts yields N'(a+ 1) = al («). Indeed,

T /(—ey> (™)' dy
0
0

Ma+1)= / eIy dy = / (—e™) yody = (—e"y?)

0 0

=0+ /e_yayo‘_ldy = al (o).
0

Consequently, (k) = (k—1)! for all integer k > 0 as

o
(1) = [evdy=1=0! and recursively,
0

(k) = (k=1)-T(k—1) = (k=1)(k=2)-T(k — 2) = ... = (k—=1)(k—2)-...-1-T°(1)
— (k—1)1-T(1) = (k- 1)!
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Gamma function and gamma distribution.

The gamma function IN'(«) is defined as

MNa) = / e T ldx
0
for all real o« > 0. Integration by parts vields
MNMa4+1) = al ().

In particular, (k) = (k—1)! for all integer k£ > 0.

For given o, A > 0, a gamma distributed random vari-
able (aka gamma random variable) with parameters
(a, \) is defined by its probability density function

ﬁ Ae (M)l for x>0

flz) =
0 for z < 0.
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Gamma distribution.

0.5 TTTTTITITTIaTTTIr [oIT I||III|III|III|III||III||II||III|||II||III|I|II|III||I|I||III||I|||III||II
——— k=1.0,0=2.0 .

: k=2.0,0=2.0 ]

0.4 F k=3.0,0=2.0 E
- ——— k=5.0,0=1.0 1

g ——— k=9.0,0=05 |

0.3 = —— k=75,0=1.0 ]
- k=0.5,06=1.0 ]

02 | -
0.1
0 T et T b ) Tt L T | ':

Source: Wikipedia.org

ﬁ Ae M (\g)o—1 forz >0

f(z) =
0 for x < O.
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Beta function and beta random variable.

The beta function B(a,b) is defined as

1

_F@)r@®) _ [ - -
B(a,b) = (a0 —/:c 11— 2)b tdx

0

for all a > 0 and b > 0.

For given a,b > 0, a beta distributed random variable
(aka beta random variable) with parameters (a,bd)
is defined by its probability density function

B(clz,b) (1 —-z)1 foro<z<1

flz) =

0] otherwise.
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Beta distribution. 2°

15 F

0.5

Source: Wikipedia.org

B(clt,b) (1 —2)1 for0<z<1

fz) =

0] otherwise.
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Sums of independent random variables.

e Example. Let X and Y be independent gamma random vari-
ables with the respective parameters (a,\) and (8,\). Their
sum will have the following continuous distribution:

(0@} a

= —x)dx = 1 e “T(Ax) L e Ma—x) a—x - x
fx.w(@—/m:c)fy(aM—/r(a)/\A(A)lr(mAA (Ma—))" "d

—00 0

a

S (ONC O

0

1

1 [ 1
AeM(Aa)O‘Jrﬁl.—(a +58) y* 1 (1—y)’tdy = e M (\a) TP

T T(a+B) r () (8) M(a+B)

0

Hence, X 4+ Y is a gamma random variable with parameters (a+ 3, ).

1
Note: The above computations yield rr(éifi%b)) = [2%1(1 — 2)t"lda.
0
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Sums of independent random variables.

e Example. Let X, Xo,... be independent exponential random
variables with parameter X > 0. Then

n
Tn:ZXk for n=1,2,...
k=1

is @ gamma random variable with parameters (n, \).
Indeed, each X; is a gamma random variable with parameters (1,)).
Thus, X1 + X5 is a gamma random variable with parameters (2, )).
Hence, X1 4+ X> + X3 is a gamma random variable with parameters (3, ).
Next, X; + Xo + X3+ X4 is a gamma random variable with parameters (4, )).
And so on.

Recursively (via induction), T,, = X1 4+ Xo+ ...+ X,, is a gamma
random variable with parameters (n,\) with density function
1
f(x) = ———xe ™)t for z>0.
(n—1)!
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Poisson process.

Let X1, Xo,... be independent exponential random variables with
parameter X\ > 0.

n
e Arrival times: Let To=0and T, = > X; for n=1,2,....
k=1

e Interarrival times: X, =T, —T,_1

e Poisson process with intensity )\ is defined as
N(t)=max{n>0:T,<t} (t>0).

Here, N(t) counts the number of arrivals between 0 and ¢.

e The increment N(to+ L) — N(to) counts the number of arrivals
between to and tg + L.

e Because of memorylessness property of exponential random
variables X, the increment N (to+L)—N(to) is distributed as N(L).

e N(to+L)—N(tp) is a Poisson random variable with parameter AL:

BVACYAL

= (k=0,1,..).

P(N(to L) — N(to) = k:) —c
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Poisson process.

o (AL)F
k!

Proof: Recall N(tog + L) — N(to) is distributed as N(L).

Now, since
{T, <L} ={T), <L < Tpq1} U{Tpy1 < L},

P(N(to—}—L)—N(to):k) —c (k=0.1,..).

P(N(L) = k) = P(Ty < L < Ty1) = P(Tk < L) — P(Ty41 < L)

Since T, = X1 4+ ...+ X, is a gamma random variable with
parameters (k, \),

L L
Ak gh—1 k1 gk
P(N(L) =k) = (kx—l)le_’\xd:ﬁ — / k|:c e dx
0 0
Integration by parts:

L I L
ﬁe_)‘xdx = e_”\"’:x—k + CU—k)\e_)‘:‘”dﬂc
(k—1)! k! k!

=0
0 0
BVACYAL

Plugging in: P(N(L)=k)=c¢ o
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Marginal distributions from joint distribution.

e Suppose X and Y are discrete random variables with joint
probability mass function p(z,y) and marginal probability mass
functions px and p, respectively. Then

@)= >  p@y) and p= >  py)
y:p(z,y)>0 z: p(z,y)>0
Indeed, for all x,

(@) =P(X=2)=> P{H{X=a}n{y=y})=> pl=y.

Y

Similarly, for all y,

p(W) =P =y =) P{X=2}n{y=y})=> py.

€T
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Marginal distributions from joint distribution.

e Suppose X and Y are continuous random variables with joint
probability density function f(x,y) and marginal probability den-
sity functions fx and f, respectively. Then

0.9} o0

fx(x)=/f(x,y)dy and fy(y)=/f(:v,y)dx

—0o0 —0o0

Indeed, for all a, the cumulative distribution function

F(a)=P(X <a)=P({X <a}n{-o0<Y <oo}) = / / f(z,y) dy d.

— 00 =0

Thus, by the Fundamental Theorem of Calculus, we have

fx(a) = —F (a) = //f(w y) dy dx = /f(a y) dy.

—0o0 —OO

Similarly, for all a,

fy(a) = F(a) //f(x y)dxdy—/f(:c a)dz.

—00 —O&0©
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Marginal distributions from joint distribution.

e Suppose X and Y are discrete random variables with joint
probability mass function p(z,y) and marginal probability mass
functions px and p, respectively. Then

(@)= Y @y and pw= Y py)

y:p(z,y)>0 x: p(z,y)>0

e Example. Consider a joint probability mass function
1 1 1 1
1?2 - 270 = -, 273 = — 373 = =
p(1,2) 1 p(2,0) c p(2,3) 1 p(3,3) 3
Then,
1 5 1

and
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Marginal distributions from joint distribution.

e Suppose X and Y are continuous random variables with joint
probability density function f(x,y) and marginal probability den-
sity functions fx and f, respectively. Then

oo (0.0}

fx(x)=/f(x,y)dy and fy(y)=/f(w,y)dw

—o0 —0o0

e Example. Consider the joint probability density function

%\/1—x2—y2 if z?2 4+ y2 <1,
flz,y) =
0 if z2 442 > 1.

1|_I‘;A

0.2%
0.1%

Then, for a given z € (—1,1),

. ViE
fx(:r:)=/f(ﬂc,y)dy=i /\/1—x2—y2dy

27

—0o0 1—1‘2
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e Example (Cont.).

%\/1—x2—y2 if :1:2—|—y2§1, y
Fla,y) =
0 if 224+ y? > 1. (;‘;;_:

Then, for a given z € (—1,1),
o0 \/

2 1
3
\/1—x2—y2dy=2—(1—x2)/\/1—z2d2
i
2 -1

1-z
) = / Fo) dy = /
l-z

—0o0

1
after substituting z = y/+/1 — z2. Thus, since f\/ 1—22dz=12
-1

is the area of the unit semicircle, we have

fa) = 2(1-a?) for we(-1,1)

Similarly, fy(y) = %(1 —y?)for y € (—=1,1). Are X and Y independent?
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Functions of random variables.

Recall:

e Theorem. Let X be a discrete random variable characterized
by its probability mass function ps(x). Then, for any real valued
function g, ¢(X) will also be a random variable, and

Elg()]= ) g()px)

z:px(x)>0

e Theorem. Let X be a continuous random variable character-
ized by its probability density function f(x). Then, for any real
valued function g, g¢g(X) will also be a random variable, and

E[Q(X)]=/ g9(z) f(x) dx

o0
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Functions of random variables.

Similarly to 1D random variables, we have the following results
for random vectors.

e Theorem. Let X and Y be discrete random variables with
joint probability mass function p(x,y). Then, for any real valued
function ¢ : R?2 = R, ¢(X,Y) will also be a random variable,

and

ElgX, = > g(z,y)p(zy)

(z,y):p(x,y)>0

e Theorem. Let X and Y be continuous random variables with
joint probability density function f(x,y). Then, for any real
valued function g : R? — R, ¢(X,Y) will also be a random
variable, and

Elg(X,Y)] = //g(:c,y)f(:c,y) dx dy
]RQ

Similar results hold for n discrete or continuous random variables.



MTH 464/564 35

Functions of random variables.

e Theorem. Let X and Y be discrete random variables with
joint probability mass function p(x,y). Then, for any real valued
function ¢ : R?2 = R, ¢(X,Y) will also be a random variable,

and
ElgX, = > g(z,y)p(zy)

(z,y):p(z,y)>0
Proof: Let Z = ¢g(X,Y). We find the probability mass function

p.(z) of Z:
p(2)=P(g(X,)=2)= ) P{X=ain{y=y})= )  pzy
(z,y): g(z,y)==2 (z,y):g(zy)=2
as {g(X, Y)= z} = U ({X =z}N{Y = y}) is a union of disjoint events.

(z,y): 9(z,y)==

Thus, E[Z]zZzpz(z)IZ z Z p(z,y) =Z Z zp(z,y)

z z \(zy)iglzy)=z z \(zy) g(zy)==

:Z Z g(z,y)plx,y)| = Z g(z,y) p(x,y)

z (z,9): 9(z,y)== (z,y): p(x,y)>0
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Sums of random variables.

e Theorem. Expectation of a sum of random variables is equal
to the sum of expectations.

E[X +Y] = E[X] + E[Y]

Notice: we don't require X and Y to be independent here. The
above is true even if they are dependent random variables.

Proof: Suppose X and Y are discrete random variables. Let
g(x,y) = x+y. Then,

ElgX, V= >  g@np@y) = Y (@+y)ply)

(z,y): p(x,y)>0 (z,y): p(z,y)>0
= Z rp(x,y)+ Z yp(r,y) = Z T Z p(z,y) |+ Z (] Z p(z,y)
(z,y):p(x,y)>0 (z,y): p(z,y)>0 x: px(x2)>0 y:p(z,y)>0 y:py(y)>0 z: p(x,y)>0

= > wp@+ Y yp(y) = EIX]+ElY].

z:px(z)>0 y:py(y)>0
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Sums of random variables.

e Theorem. Expectation of a sum of random variables is equal
to the sum of expectations.

E[X +Y] = E[X] + E[Y]
Notice: we don’t require X and Y to be independent here. The
above is true even if they are dependent random variables.

Proof: Suppose X and Y are continuous random variables. Let
g(z,y) =z +y. Then,

E[g(X,Y)]=//g(af,y)f(w,y)dwdy =/ (z+y) f(z,y) dz dy

//xf(w y)dydw+//yf(rv y) dx dy / /f(a; y)dy dw+/ /f(fv,y)dfv dy

oo oo

=/ﬂcfx(:c)dw+/yfy(y)dy = E[X] + E[Y].

—0o0 —0o0



MTH 464/564 38

Sums of random variables.

e Theorem. Expectation of a sum of random variables is equal
to the sum of expectations.

E[X +Y] = E[X] + E[Y]

Consequently, for n random variables, we have
EXi+ ...+ X, =FE[X1]+ ...+ E[X,]
e Given 0 < p < 1. We say that X is a Bernoulli random variable
with parameter p if
P(X=1)=p and PX=0)=1-p
There FE[X]=p and Var(X) =p(1 —p).

Let X1, Xo,..., X,, beindependent Bernoulli random variables
with the same parameter p. Then

Sn=X1+Xo+ ...+ X,
is @ Binomial random variable with parameters (n,p). Then
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Covariance and correlation.

Consider random variables X and Y with finite means u, and p,
and finite variances o7 > 0 and o7 > O respectively.

e Definition. The covariance of X and Y is
Cov(X,Y) = E[(X = p)(Y — ).

The correlation of X and Y is
Cov(X,Y)

Ox Oy

corr(X,Y) =

Properties:

o Cov(X,X)= E[(X — ,U,X)Q] = Var(X).

e Lemma. The covariance can be expressed as follows:
Cov(X,Y) = E[XY] — E[X]|E[Y] = E[XY] — pix ty.

Proof:

Cou(X,Y) = E[(X — p)(Y — )] = B[XY — 1Y — iy X + pupay |

= BIXY] — wEY] — pyE[X] + sy = E[XY] — i 1y
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Covariance and correlation.

e Example. Consider a joint probability mass function

1 1 1
1,2 = T 2,0 — > 273 = -, 3’3 —_— —
p(1,2) 1 p(2,0) c p(2,3) 1 p(3,3)

Then,
1 5 1
and
1 1
5 1 25 9
Hence, FE[X]=1- —|—2 E—|—3-§ =1 E[Y] = 0. —|— —|—3 E =7 and
E[XY] =1-2-p(1,2)+2-0-p(2,0)+2-3-p(2,3)+3-3-p(3,3) = %+0+§+3 = 5.
Thus, Cou(X,Y) = E[XY] — BIX] E[Y] =5-22.2 =5_"2 _ 2 _ (3105
12 4 16 16
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Covariance and correlation.
e If X and Y are independent then
E[h(X)g(Y)] = E[R(X)] E[g(Y)]

for any pair of functions, h and g for which the above expecta-
tions exist and are finite.

Proof: Suppose X and Y are independent continuous random
variables with density functions fx and f,. Then, the joint prob-
ability density function equals f(z,y) = f«(z)fy(y), and

E[R(X)g(Y)] = // h(z)g(y) f(z,y) dedy = // h(x)g(y) fx(x) fy(y) dx dy
R2 R2

= /g(y) /h(w)fx(a:) dz | f,(y)dy = /h(w)fx(x) dw-/g(y)fy(y) dy

= E[r(X)] E[g(Y)]

The case of independent discrete random variables is proved similarly.
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Covariance and correlation.
e Definition. The covariance of X and Y is
Cov(X,Y) = E[(X — p)(Y — ).

The correlation of X and Y is
Cov(X,Y)

Ox Oy

corr(X,Y) =

Properties:

e Cov(X,X)=Var(X).

o Cov(X,Y)=E[XY]—E[X]E[Y] = E[XY] — ptx jty.

e If X and Y are independent, then Cov(X,Y) = 0.

Proof: Cov(X,Y) = E[XY] — E[X]E[Y] = E[X]E[Y] — E[X]E[Y] = O.

So, X and Y independent = X and Y uncorrelated.
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Covariance and correlation.

e Example.

2\1-22—y? if 2?42<1,
flzy) =
0 if 224 y% > 1.

We obtained

fx(z) = fy(x) = —(1 —2?) for ze€(-1,1) implying E[X] —ZF;[Y] = 0.

1
//a:y\/l—m —y da:dy——/ /a:y\/l—x —y dxdy

a:2—|—y2<1

3 3
= /y/x\/l—xQ_dexdyz—/yOdyzo
T 27
-1 /12 ~1

Thus, Cov(X,Y) = FE[XY] — E[X]E[Y]=0. So, X and Y are
dependent and uncorrelated at the same time.
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Covariance and correlation.
Other simple properties: e Cov(X,Y)=Cou(Y,X).

e Cov(aX,Y)=aCouv(X,Y) forall aeR.

o Cov (ZXi, ZYJ) =
i=1 j=1

Z Cov(X;,Y)).
i=1j=1

Proof:

i=1 j=1 j=1

:Elzi ] ZE[X ZE[Y =S By 3OS mxaE

i=1 j=1 =1 j=1

= Z (E[XiY] E[X;|E Y] ZZCOU(XZ,Y})

3



MTH 464/564 45

Covariance and correlation.

The covariance is bilinear:

e Cov(X,Y)=Cov(Y,X).

e Cov(aX,Y)=aCov(X,Y) forall a €R.

o Cov (Z Xi, ) Yj> = > > Cov(X;Y)).
i=1 j=1

i=1j=1
In linear algebra, the inner (dot) product (x,y) is also bilinear:

o (x,y)=(y,X).

o (ax,y)=ua(x,y) for all a €R.

Compare (x,x) = |x|? to Cov(X,X) = Var(X) = o2.
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Covariance and correlation.
Other simple properties: e Cov(X,Y)=Couv(Y,X).
e Cov(aX,Y)=aCov(X,Y) forall aeR.

e Cov ( " X, il@) = z": iCov(Xi,Y}).

1 j=1 i=1j=1

~

o Var < ” XZ-) i i Cov(X;, X;) = z”: Var(X;)+2 Z Cov(Xi, X;).
=1

i i=1j=1 i=1 i,:i<j

Proof:

Var ZXi = Cov ZXi,
i=1 i=1 j

n

X; | = i i Cov(Xi, X;).
1

i=1 j=1

In particular, Var(X +Y) =Var(X) + Var(Y) +2Cov(X,Y).
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Covariance and correlation.
Other simple properties: o Cov(X,Y)=Cov(Y,X).
e Cov(aX,Y)=aCov(X,Y) forall a €R.

n

o Cov (i Xi, i Y}) = Z i Cov(Xi,Y)).
i=1 j=1

i=1j=1
e Var (
1

In particular, Var(X +Y) =Var(X) + Var(Y) +2Cov(X,Y).

i

XZ-) Z Z Cov(X;, X;) = Z Var(Xi:)+2 > Cov(Xi, X;).

1=1j5=1 1,11<J

o If X1, Xo,..., X, are independent, then

zn: X, | = zn: Var(X;)
i=1 i=1

as Cov(X;, X;) = 0 for all i # j.
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Covariance and correlation.

Observe that
0< Var(X—aY) = Var(X)+ao? Var(Y)—2aCov(X,Y) for all a > 0.
Thus,

1 1
Cov(X,Y) < 504_1 Var(X) + 5 Var(Y).

X

Recall that Var(X) =02 and Var(Y) = O'}?.

Next, we substitute a = g— obtaining

y

1 1 oy
Cov(X,Y) < — %y Var(X) + = Ix Var(Y) = oxoy.
2 ox 2 oy
Therefore, —Cov(X,Y) = Cov(—X,Y) < oxoy as Var(—X) = Var(X) = o2.

Thus, we proved the following inequality

{CO’U(X, Y)‘ < oyoy = \/Var(X) Var(Y)

which is a probabilistic version of the Cauchy-Bunyakovsky-
Schwarz inequality.
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Covariance and correlation.
We proved the following inequality
|Cov(X,Y)| < ovoy = \/Var(X) Var(Y)

which is a probabilistic version of the Cauchy-Bunyakovsky-
Schwarz inequality.

Recall |(x, y)‘ < |x||y| in linear algebra.

e T he correlation of X and Y is measuring statistical association
of X and Y on the scale from —1 to 1:

Cov(X,Y
L1 < corr(x,y) = 5D
Ox Oy
Proof:
’CO’U(X, Y)}
’corr(X, Y)} = < 1.
Ox Oy
Compare to linear algebra:
—1 < cosfh = x,y) <1,
%] [y

where 6 is the angle between x and y.
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Multivariate normal distribution.

Multivanate Normal Distribution

0.0012

0.001

NN(M Z) 0.0006

0.0002 -

1
exp
(27)/2y/det = {

and X = AAT for some n x n matrix A satisfying det(A) # 0.

0.0012
0.001

0.0008
0.0006
0.0004
0.0002
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Multivariate normal distribution.

e Example. Consider independent standard normal random vari-
ables X and Y. Their marginal probability density functions are

the same:
! exp{ ! 2}
—=T
\ 271 2

By independence, the joint probability density function
1 1

Fa ) = £@5W = 5-exp { -6+ }
271 2

f(x) = fy(z) =

olot ¥ = [é ﬂ — I, then =~ =T, and

Par=leyl|§ ] |]=xTzx

where x = &z )
y “.:“'.:

Hence, f(x) = f(z,y) = % exp {—%XT Z‘lx}.
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Multivariate normal distribution.

e Example. Consider independent normal random variables X
and Y with respective parameters (u.,07) and (uy,02). Their
marginal probability density functions are

1 1 1 1
fu(z) = ——=——==exp {——(x - ux)Q} and fy(z) = ————=exp —=——(z — py)?
\/2m o2 203 ’ \/2m 03 203 ’
By independence, the joint probability density function
1 1 (z—p)? | (y—py)?
f,y) = f(@)fy(y) = 3 exp {—— ( —— + —
T OxOy 2 o; oy
2 -2
elets =% 9| then =-1= % 0.1, and
0 oy 0 oy
(. —p)? | (Y — py)? o2 0 . B
=t ay2y = [z — p,y — 1y [ 5 ay—z] [i_ﬁy} =x-w' =7 (x - p),

where x = [i] and p = [ZX} Hence, the joint probability
y

density function is

FO) = foy) = 0 {5 c-m) = - |

1
— €
2mvdet X
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Multivariate normal distribution.

The independence assumption is not necessary. For parameters
—o0o < px <00, —o0< <o, 0<og, 0<oy, and —1<p<1,

consider a symmetric matrix

S — 0-3 P OxOy
| poxoy o?

e Definition. Let [if] be a vector of random variables dis-

tributed according to the joint probability density function

160 = ) = s e { S = E x|,
where x = [z] and u = [Z;]

Then, [i/(] is a bivariate normal.  Notation: [ﬂ ~N(p,X).
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Multivariate normal distribution.

Multivanate Normal Distribution

0.0012

0.001

NN(M Z) 0.0006

0.0002 -

1
exp
(27)/2y/det = {

and X = AAT for some n x n matrix A satisfying det(A) # 0.

0.0012
0.001

0.0008
0.0006
0.0004
0.0002
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Multivariate normal distribution.

Z1

The random vector : | ~ N (u,X) is multivariate normal if
Zn

the joint density function

fx) = exp{g(x—ule (x—m}, x € R,

1
(27)"/2\/det =

H1
where = | : | € R"is the vector of mean values (E[Z;] = ui),

Hn
and X is a positive definite real matrix:

(i.) X is symmetric: T =3; (ii.) x'x >0 for all x # 0.

As a positive definite matrix, > can be represented as follows:
> = AAT for some n x n matrix A satisfying det(A) # O.

Next, we check that

/---/f(x)d:cl...da:nZI.
Rn
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Multivariate normal distribution.

— 1 _l X — Ts -1 X — x n
FO) = G mary O3 (TR ) xe R

M1
where u=| : | €R? and X = AAT for some n xn matrix A

Hn
satisfying det(A) #= 0. Observe that if we let y = A~ (x — p)

then
1 1 . B 1 1
amyavaers P {‘5 R “)} = @0 det(a)] P {‘5 y' y}

and
X)dx Ty = ! —l x— )Tt (x— x x
/R.n../f( )dxy . ..dxz, /R;L../(Qﬁ)npmexp{ 2( ) 7 ( u)}d 1...dxy

(©.9)

1 1 - 1 1
:/R/W exp{—EyTy}dyl...dynzl_[/@exp{—iyf}dyz-:1
" i=1

as dyi ...dy, = |J|dxy ... dx, = |det(A~Y)|dx1 ... dx, = mcle . dxy.
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Multivariate normal distribution.

FO) = G mary O3 TR ) xe R
M1
where u=| : | €R? and X = AAT for some n xn matrix A
Hn
Z1
satisfying det(A) %= 0. Suppose o~ N (p,X).
Z’I’L
1
e Claim: Vector u = : is the vector of mean values, i.e.,
Hn
E[Zi] = p.

Proof. Observe that z; — p; =e/(x—p) fori=1,...,n, and

E[Zz] = M3 -I— E[Zz — /LZ'] = —|— / . ﬁxz - /M) f(X)d:El . dmn
Rn

_ e;r(x—,u) _1 x— )T 1 (x —
_/VLZ—|—/R_H../(27T)n/2\/mexp{ S G- u)}d:cl...da:n
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Multivariate normal distribution.
e Claim: E[ZZ] = ;.

Proof (cont.): Let y = A"!'(x—pu) then (x —p) = Ay and

e] (x — p) 1
E[Z] = exp ——(x—p) 1 (x— }d ...dz,
2] = u / /(%W N p{ S =) = =) b de
TAy 1
= i = dy1 . .. dyn

— T Yy _1 T —
= L; —|—eiA< R;L”/(QW)"/Q exp{ 2y y}dyl...dyn> i

| vizs exp {-1y2} dy; =0 for all j, and therefore,

y 1 7 —
/R... (2n )2 exp{—iy y}dyl...dyn—O.
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Multivariate normal distribution.

1 1
fx) = op{ -3 x-w = -0}, xer,
(2m)n/2y/det > 2
1
where = | : | € R" is the vector of mean values (E[Z;] = ui),
e

and >~ = AAT for some n x n matrix A satisfying det(A) # 0.
e Claim: Matrix X = ( Cov(Zi, Z;) ) is the covariance matrix.

Proof. Observe that (z; — w)(x; — pj) = e] (x — p)(x — p)Te;

Cov(Zi, Z;) = E[(Zi — wi)(Zj — ,uj)] = / : /(3% — pi)(xj — p) f(x)dz1 ... dzx
Rn

el (x — ) (x — p)Te;
/ / ((QW)S/)Q( de’;u; : exp{—% (x—p)' =" (X—M)}dm...da:n
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Multivariate normal distribution.

e Claim: Matrix *X = ( Cov(Z;, Z;) ) is the covariance matrix.

Proof (cont.): Lety = A!'(x—pu) then (x —p) = Ay and
T _ _ Ta. 1
CO’U(ZZ',Z]') :/--'/ez (X M)(X M) € exp{_E (X—ILL)TZ_l (X—M)}dxldxn
Rn

(2m)"/2y/det
TA
yy'A 1
/ / (27‘(‘)”/2 exp {_5 yTy} dy]_ - dyn
= ¢, TA —lyTy dyi...dyn | ATe;
(27r)”/2 5 ... dyp j

— Ta — = 5.

T 1 1 ifj=i
_f yzyg@exp{ QyZ}dyz—{O if o and therefore,

-
yy 1
/ (2n )72 exp{_EyTy}dyl...dyn = 1.
Rn
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Multivariate normal distribution.

e Claim: Matrix > = ( Cov(Zi, Z;) > is the covariance matrix.

e Example. Suppose [ﬂ iSs a bivariate normal with mean

= | ™| and with
[ [My] nd wi

s — [ o p 0%y ]
- Y
poxay Oy

i.e., [ﬂ ~N (u,2). Then,

Var(X) =02, Var(Y) = 03, and  Cov(X,Y) = poyoy.

Therefore, the correlation
Cov(X,Y)
_— = p

Ox Oy

corr(X,Y) =
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Multivariate normal distribution.
e Claim: Matrix X*X = < Cov(Z;, Z;) > is the covariance matrix.

e Example. Suppose [iﬂ is a bivariate normal with mean
H= [Z;]v Var(X) = o2, Var(Y) = 0’3, and with Cov(X,Y) = 0.

Then,

_ .t 1 x— T 1 (x —
Faw) = s oo {Z G- x|
T — )2 — )2

We proved the following:
For normal random variables, X and Y uncorrelated = X and Y independent.
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Multivariate normal distribution.

e Example. Suppose [i;} iSs a bivariate normal with mean

2
x| |1 : . o poxoy | __ 1 -1
o= ] = (3] anawen == [ 2 00 =[0G
Then,
Var(X) =07 =1, Var(Y)=o0 =4, and Cov(X,Y) = poxoy = —1.

NI

Thus, the correlation corr(X,Y) =p = —

Next, X1 = % [‘11 H and the joint probability density function
is
fap = oo {2 a-wT x-w

2mvdet X 2

1 1
= on {5 (4 -1 +26 - DE-D+E-1?) |
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Multivariate normal distribution.

e Example (continued).

https://demonstrations.wolfram.com/TheBivariateNormalDistribution/

[z y) =

1 1
e {—5(4 -1+ 2w - D -+ -1}


https://demonstrations.wolfram.com/TheBivariateNormalDistribution/

