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Topics:

e Continuous random variables.
e Exponential random variables.
e Uniform random variable.

e Normal random variable.

e Expectation of continuous variables.
e Variance of continuous variables.

e Functions of a random variable.
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Continuous random variables.

Definition. We say that X is a continuous random variable
if there exists a nonnegative function f(x) defined for all real x
such that for any a <b,

b
P(a<X<b)=/ f(x)dx

Z
7

L4
a

=
\J

Such function f(x) is the probability density function of X.
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Continuous random variables.

Definition. We say that X is a continuous random variable
if there exists a nonnegative function f(x) defined for all real x
such that for any a <b,

b
P(aSXSb)I/ f(x)dz

Properties:

o T f(x)dr = P(—oc0 < X < 00) =1, where j? f(x)dx = lim jf(a:)da:

— 0

o P(X =a)= [ f(z)dz=0 for any real a.

a

e Hence

b
P(a<X§b)=P(a<X<b)=P(a§X<b)=P(a§X§b)=/ f(z)dx
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Continuous random variables.

Definition. Let X be a continuous random variable with density
function f(z). Then its cumulative distribution function (cdf) is

a

Fla)=P(X <a) = / f(x)dz

—0o0

D@ -----
v

e Here, for any a < b,

b b a
P(a<X<b)=/ f(w)dx=/ f(zv)dw/ f(x)dr = F(b) — F(a)

0.@) o0
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Continuous random variables.

Definition. Let X be a continuous random variable with density
function f(z). Then its cummulative distribution function (cdf)
is

Fla)=P(X <a) = / f(x)dx

D@-----
\/

e Here, for any real a, the derivative
d a
F'(a) = — / f(z)dz = f(a)
a — 00

vis the Fundamental Theorem of Calculus.
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Continuous random variables.

e Example. Let X be a continuous random variable with density
function
-z if x>0

f(m):{g if 2 <0

We want to check f(x) is indeed a probability density function,
and find P(1 < X < 2).

1 e” if x>0
f(x)=
0 if x<O
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Continuous random variables.

e Example (continued). We want to check f(x) is indeed a
probability density function, and find P(1 < X < 2).

Solution: Here f(x) is nonnegative and

00 0 s N
/ f(x)da::/ O-dw—l—/ e “dr =0+ |:_6—az] -1
—00 —00 0 0

Thus f(z) is indeed a probability density function.

1 e” if x>0
f(x)=
0 if x<O
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Continuous random variables.

e Example (continued). We want to check f(z) is indeed a
probability density function, and find P(1 < X < 2).

Solution:

2 2 >
1 1
P1<X<2)= / f(z)de = / e Cdr = [—e—l‘] —e l-e?2=2-_=0.232544158...
1 1

1 e e2

1 e™ if x=0
f(x)=
0 if x<O
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Exponential random variables.

e Given A > 0. Let X be a continuous random variable with
density function

_[xe™™  ifz>0
f@)_{o if 2 <0

Then X is said to be an exponential random variable with pa-

rameter \.
1 e” if x>0
f(x)=
0 if x<O
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Exponential random variables.

e Given A > 0. Let X be a continuous random variable with
density function

_[xe™™®  ifxz>0
fw)_{o if 2 <0

Then X is said to be an exponential random variable with pa-
rameter .

e Check:

00 0 o .
/ f(x)da: = / O-dx + / e Mdr = 0+ |: _ 6—Ami| -1
—0o0 —0 0 0

Thus f(z) is indeed a probability density function.

e Note: Exponential random variable is a continuous analogue
to the geometric random variable. In particular it also satisfies
the following memorylessenss property:

P(X>a+b| X >a)=P(X >b)
for any two positive a and b.
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Uniform random variables.

e Consider an interval [«a, 8], where a < 8. Let X be a continuous
random variable with density function

1 .

flx) =

0] otherwise

Then X is said to be an uniform random variable over [a, 8].

e Check:

Oof( Yo = aO-d+ | + " 0.d —o+[ - r+o
— 00 ’ = — 00 v a ﬁ—Oé 3 e B_aa

__p a
_B—oz B8 — «

Thus f(z) is indeed a probability density function.
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Continuous random variables.

Definition. Let X be a continuous random variable with density
function f(x). Then its expectation is

E[X]=/ zf(x) dx

o0

Properties:

e For any real valued function g, g¢(X) will also be a random
variable, and

Elg(X)] =/ g(@) f(z) dx

e Markov inequality. If X is a random variable that takes only
nonnegative values, then for any « > 0,

P(x >a) < 2]

e Chebyshev inequality. If X is a random variable with finite
mean p and variance, then for any x > 0O,
Var(X)

POX —p| > k) < 253
K
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Normal random variables.

0.2 T

7

14

X is a Normal (Gaussian) random variable with parameters

pn and o2 if its density function is

1 (=2
f@) =—=e 202

Do

—oo<r<<oo
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Normal random variables.

04 ‘ ‘ o
/N

/

0.35-
0.3F
0.25-
0.2+
0.15-
0.1k

\
0.05} / \
,/
/

0 L — I I I —
-6 -4 -2 0 2 4 6

A normal random variable X is said to be standard normal if
its parameters = 0 and 02 =1, and therefore

1 z2
flx) = e 2 —oo < x <00

3
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Normal random variables.

0.4

0.35

0.3

0.25

0.2

0.15

0.1+

0.05

10 15

N (u,02) denotes normal distribution with parameters p and o2.
Here I plotted two normal densities, one standard normal N (0, 1)
and one N(5,4).
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Normal random variables.

We need to check that the standard normal density function
1 22

f(x) = e 2 —oo <z <00

N

integrates to 1.
o) 2
Here let I = f e~ 7dx. Then

— 0

©.9) 0.@) (©. 9] 0. @) ©.9)

12=/(e—%.f)dy=/(e— ./e—édx)dyzf(/e—

—o0 —0o0 —0o0 —0o0 —o0

y? 2 224y
= e 2-e 2 dr dy e 2 dx dy

—00 —&0 —0o0 —O&0

n[So

NS0
c'b|
m|“’,\)
o)
)
N———
QU
N
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Normal random variables.

0o 2 co 22442
Welet I = [ e Zdr, and showed that I2= [ [ e 2" dzdy
Use polar coordinates: let £ = rcosé and y = rsinf, where
0<O0<2m and 0 <r < .

0
rsinBt /- (;) =(rr%ior?9
< .
(I
r cos@
Here
Oz Oy
_ _ or  or _ cos sin @ _
dx dy = |J|dr df = |det e o dr df = det( _rsing 7ACOSQ)‘alrd@-rdrol@
o7} tol7)
and
o0 o0 2w 0 27 27
5 22442 2 27
I~ = e 2 drdy= e 2 rdrdf = [—6_3] dd = [ df =2r
0
—00 —00 0 O 0 0
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Normal random variables.

o0
22
So I?=27 and [ = fe_7d:c=\/27r

— 00
0 2
Hence, f \/%ef?dle
— 00

Check: For a general N'(u,0?) random variable

0 (e @]
1 (z=p)? 1 y2
e 22 dx = e 2dy
/ V2mo? / V2

x

where we let y = =F.

1,
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Expectation and variance.
Recall

Definition. Let X be a continuous random variable with density
function f(x). Then its expectation is

E[X]:/ zf(x) dr

(©.9)

Then

e For any real valued function g, g¢(X) will also be a random
variable, and

Elg(X)] =/ g(z)f(z) dx

(0.0}

and

e Given constants a and g,
ElaX + 8] = aE[X] + 8
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Expectation and variance.
Now, let X be a random variable with mean E[X] = p.

e Definition. The variance of X is

Var(X) =E [(X — u)ﬂ

e Definition. The standard deviation of X is

SD(X) = \/Var(X) = \/E[(X — 11)?]

Finally,

e Theorem. The variance of X is

Var(X) = E[X?] — p?
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Exponential random variables.

Example. Given A > 0. Let X be a continuous random variable
with density function

f@ = {3

Then X is said to be an exponential random variable with pa-
rameter .

—Az ifx>0
ifz <O

We want to find its expectation.

E[X]Z/ :c-f(a:)d:z::/ Az - e Mdx
—0o0 0

e Recall the integration by parts formula,

/uv’dac = uv — /u’vdaz

Here we let u(z) = = and v(z) = —e*. Then ¥/(z) = 1 and

v'(z) = Xe ™, and f)xx e Mdy = fu(x)v’(x)d:c
0 0
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Exponential random variables.
Example (continued).

e Recall the integration by parts formula,

/uv'd:c = uv — /u’vdw

Here we let u(z) = « and v(z) = —e . Then «/(z) = 1 and

v/ (z) = Xe ™, and f)\:z: ce Mdy = fu(a:)v’(a:)dx
0 0

E[X] =/ Az-e Mdr = [—a:e_m} —/ (—e ) dax =/ e Mdx
0 0 0 0

1 [T 1
= —. / e Mdgp = =
Ao A

as we have shown that [ f(2)dz = [ Ae™*dx = 1.
0

—0o0
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Normal random variables.

Example. Let X be a Normal (Gaussian) random variable

with parameters i and o2. Its density function is

1 _(z=pw)?
f(x):ﬁe 202 — 00 < x < oo
O

Then

E[X] /Oo F(z)d ! /OO e
= T - xr)ar = - e 20 XL
_ V2no? |

oo

oo oo
1 ( ) _ (wﬂ;)2 d + 1 _@ d
— r—u)-e 20 €T JUE e 2 T
V2mo? | o V2mo?

0

2

1 - poo_ew dr &
= - e 20 €T v’
v2r J_ . O
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Normal random variables.

Example (continued). Let y = *F, then dx =ody and

€T — (x u)2

1
E[X]:\/T_w/ dx+u—\/_/ y-e Qdy-HL_M

Y

since y-e~ 2 is an odd function, implying

0 00
y2 y2
/ ry.e_? dy:—/ y.e_? dy
—00 0

Recall that g(x) is an odd function if g(—z) = —g(x).

N
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Exponential random variables.

Example. Given A > 0. Let X be a continuous random variable
with density function

e AT ifx>0
f@)_{o if <0

Then X is said to be an exponential random variable with pa-
rameter A\. We know its expectation E[X] = %

2
We want to find its variance, Var(X) = E[X?] — (E[X])

e Here
1 1

Var(X)ZE[X2]—§=/ )\:I:Q-e_mda;—ﬁ
0

Once again, recall the integration by parts formula,

/uv' dmzuv—/u'v dx

Here we let u(xz) = 22 and v(z) = —e . Then «/(z) = 2z and

oo

v'(z) = Xe ™, and f)xe e Mdy = fu(x)v’(x)d:c
0 0
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Exponential random variables.

Example (continued). Once again, recall the integration by
parts formula,
/uv’ datzuv—/u’v dx

Here we let u(x) = z? and v(x) = —e™**. Then /() = 2z and

0.}

v'(z) = Xe ™, and f)\xQ e Mdy = fu(x)v’(x)d:c
0 0
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Normal random variables.

Example. Let X be a Normal (Gaussian) random variable

with parameters u and o2. Its density function is
1 _ (z—w)?
f(w):—Qe 202 —oo<r<oo
2o

We have proved that FE[X] = pu.
We want to find its variance, Var(X)

e We let y=*F, then dx=ody and

1 > (-2 o2 * 2
Var(X) = E[(X—p)?] = (z—p)?-e 22 dox = y?-e" 2 dy
Voro? | Vo |



MTH 463/563 28

Normal random variables.

Example (continued). We let y = =F, then dx = ody and

1 = e-p)? o2 [T 2
Var(X) = E[(X—p)?] = (z—p)?-e” 27 do = y>-e 7 dy
V2mo? oo Vo |
y2
Now, let u(y) = y and v(y) = —e 2. Then u/(y) = 1 and
92 « y2 «
V(y) =y-e"7,and [ y2-eT dy= [ u(y)v'(y)dy

Integrating by parts, we obtain

Var =2 [ peta = 2wt -2 [ (L)
ar = e 2 = —ye 2 — —e 2
21 _Ooy Y V2T Y —o NV2m | Y
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Expectation and variance.

e Given A > 0. Let X be a continuous random variable with
density function

_[de™™™  ifxz>0
f@)_{o if 2 <0

Then X is said to be an exponential random variable with pa-
rameter .

e ™ if x30
f(x)=
0 if x<O0

Here E[X]=3 and Var(X) =3



MTH 463/563

30

Expectation and variance.

X is a Normal (Gaussian) random variable with parameters

wu and o2 if its density function is

—oo<r<<oo

1 _(z-pw)?
fl@g) =—=e 202
210
/N

Here E[X]=p and Var(X) = o?
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Distribution of a function of a random variable.

Example. Let X be a continuous random variable uniformly
distributed over (0,1). Take A >0, and let Y = —1InX.

Then 0 <Y < oo, and the cumulative distribution function of Y
is

Fr(y) = P(Y <y) = P (—§ nX < y) — P(INX > —A\y)

=P(X>eN)=1—¢eN
if y> 0.

Differentiating Fy(y) we obtain the density function of Y

e N ify>0
fr(y) =

0] otherwise

Hence Y = —%InX iIS an exponential random variable with
parameter \.
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Distribution of a function of a random variable.

Example. Let X be a continuous random variable uniformly
distributed over (0,1). Let Y = X™.

Then 0 <Y <1, and the cumulative distribution function of Y

is

Fy(y) = P(Y <y) =P(X"<y) =P(X <y'/m) =y'/"
if0<y<1.

Differentiating Fy(y) we obtain the density function of Y

L.oylmmlifo<y<1
fr(y) =

0] otherwise
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Distribution of a function of a random variable.

Example. Let X be a continuous random variable with density
function fx(z). Let Y = X2,

Then for y > 0, the cumulative distribution function of Y is
Fy(y) =P <y) =P(X*<y) =P(—/y< X <o)
= Fx(\y) — Fx(—y)

Differentiating Fy(y) we obtain the density function of Y

255 | (VD + (-] gz o
fr(y) =

0] otherwise
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Distribution of a function of a random variable.

Theorem. Let X be a continuous random variable with density
function fx(z). If g(x) is a strictly monotone (increasing or
decreasing) differentiable function, and if Y = ¢g(X), then the
probability density function of Y

fx (972 @) - |97 ()|  if y = g(x) for some z s.t. fx(z) # O
fr(y) =

0 otherwise
where g~ is the inverse of g: g(x) =y < ¢ '(y) =«.
e Proof: W.l.o.g. let g(x) be an increasing function.
For y in the range of g (i.e. y = g(x) for some z s.t. fx(x) # 0),
Fy(y) = P(Y <y) = P(9(X) <y) = P(g ' (9(X) <97 ()

=P(X <g'() = Fx(97' W),

and differentiate, obtaining, fy(y) = fx <g_1(y)) w9 (W)

If y is not in the range of g, then Fy(y) =0 or 1, and fy(y) = 0.



