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Topics:

e Moment generating functions.

e Review.
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Moment generating functions.

Definition. For a given random variable X, the function
Mx(s) = E|e*¥]
is called the moment generating function (m.g.f.).

Properties: e Mx(0) = 1.

(Y ep(x) if X is discrete,
z:px(z)>0
o Mx(s)=E[eX| =< _
[ e fu(x) da if X is continuous.
K—OO

e The derivatives of Mx(s) are computed as follows

d
My (s) = EE[eSX] = E[Xe*X]  and

(n) _a sX1 d" SX} _ n_sX
M = —F =F|— = F[X .
x () ds™ ] [dS”6 [X7e]

Thus, M)((”)(O) = E[X"] (the nt" moment), and

B[X] = My(0), E[X?] = M%(0), Var(X)=M%(0)—(Mx(0))".
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Moment generating functions.

Definition. For a given random variable X, the function
Mx(s) = E[eSX]

is called the moment generating function (m.g.f.).

An important property of Mx(s): If X and Y are independent
random variables with the respective moment generating func-
tions Mx(s) and My(s), then the moment generating function
of X4+Y s

Mxiy(s) = E[es(X"_Y)] =F [eSXeSY] = E[eSX] E[eSY] = Mx(s) My (s).

Hence, if X1, X5,...,X, are independent random variables, then
the moment generating function of X = X;1 4+ Xo 4+ ... 4+ X,
equals

Mx(s) = Mx,(s) - Mx,(s)-...- Mx,(s).
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Moment generating functions.

Example. Consider a Bernoulli random variable X with param-
eter p € [0,1], i.e., X ~ Bernoulli(p). Then,

Mx(s) = Ele*] = Y e*p (k) =1-(1—p)+¢ p.
k=0,1
Hence,
Mx(s) =1—p+pe®* with the domain s &€ R.

Example. Consider a binomial random variable X with param-
eters (n,p), i.e., X ~ Binomial(n,p). Then,

X=X1+Xo+ ...+ X,,

where X1, X5,...,X, areindependent Bernoulli(p) random vari-
ables. Thus,
My (s) = M, (s)- My, (s)-. . .- My, (s) = (1 —p —|—pes) . seR

Hence, E[X] = M}(0) =np, E[X?] = M{(0) =np+ n(n—1)p?,
and  Var(X) = E[X?] - (E[X])” = np(1 - p).
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Moment generating functions.

Example. Consider a binomial random variable X with param-
eters (n,p), i.e., X ~ Binomial(n,p). Then,

Mx(s) = <1—p+pes) : s € R,

Alternative derivation via Binomial Theorem:

Mx(s) = 2”: et () pF(1—p)nF = Zn: (7) (pes)k(l—p)”"" = (1 —p -I-pes)n

k=0 k=0

Example. Consider a Poisson random variable X with parame-
ter A > 0. i.e., X ~ Poisson(\). Then,

oo 00 00 s k
Mx(s) = E[e**] = Z eFpu (k) = Z eSke_/\z—T = Z —()\Z') = e e,

k=0 k=0 k=0

Hence,
Mx(s) = exp{A(e’—1)}, s € R.
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Poisson vs Binomial.

Picture credit: Wikipedia.org
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Poisson vs Binomial.

Let A > 0 be given. Suppose Y is a Poisson random variable
with parameter X and S, is a Binomial random variable with
parameters n and p = 2

n"

e Theorem. For a given integer k > 0, lim P(S, =k) = P(Y = k).

n—o0

Thus, for n large enough, P(S, =k) ~ P(Y = k).

Alternative proof: Vs € R,

Ms, (s) = <1 —p+pes>n = (1 A 4 i65> = (1 + M)
n n n
Hence,
lim Mg, (s) = lim (1 + M) — A1) = M1y (s).
n—>00 n—>00 n

Theorem. The cumulative distribution function Fx(z) is unique
for a m.g.f. Mx(s). Moreover, if Iim My, (s) = Mx(s), then the

n— o0

cumulative distribution functions also converge, i.e.,
lim Fx (a) = Fx(a) Va € R

n—oo
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Moment generating functions.

Example. Consider a standard normal random variable Z, i.e.,
Z ~N(0,1). Then, its moment generating function equals

Mz(s) = E[e?] = / e f(x) dxr = \/% /Oo T3

—0o0

0.}

(©. 9] ©.9)

1 10,2 12 1 1 2
— —2(x°—2sx) — =8 —=(x—s)
- e 2 dr = e2% ——— e 2 dx
Vo J_ Vo |
Hence,
52
My (s) = exp S5 (0 seR

Theorem. The cumulative distribution function Fx(z) is unique
for a m.g.f. Mx(s). Moreover, if lim My (s) = Mx(s), then the

n—oo

cumulative distribution functions also converge, i.e.,
lim Fx (a) = Fx(a) Va € R

n—o0
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Moment generating functions.

Example. Consider a geometric random variable X with pa-
rameter p € (0,1), i.e., X ~ Geometric(p). Then,

e 9] ©.@)

Mx(s) = BleX] = " etp(k) = Y e (1-p)1p

S

> k—1
pe
= pe’ 1—p)ef = when (1 —p)e® < 1.
ey (A-mer) = (1 pe
k=1

Hence,

pe
My (s) =  se(—o0, —In(1=p)).
x() = Ty #€ (-0 —In(L-p))
Differentiating Mx(s) = %ﬁpw we obtain
pe’ pe’ + p(1 — p)e?
M (s) = (s) = :

(1 —(1 —p)eS)Q,

Therefore, E[X] = M’ (0) =1, FE[X?2]= M"(0)= 22, and
X P X p

— P
P2

Var(X) = E[X?] (E[X])2 1
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Moment generating function for X ~ Exponential()\)

Example. Consider a exponential random variable X with pa-
rameter A > 0, i.e., X ~ Exponential(\). Then, for s < A,

Mx(s) = /e“)\e—’\“j dr = 3 i - /()\ _ s)e—(/\—S)x dx
0 0
Let y = (A — s)z, then
Mx(s) = ﬁ/e_y dy = ﬁ, s € (=00, A).
0
Here,
M (s) = S implies  E[X"] = M{(0) = ”_!’
(A —s)ntt X Am

and therefore, E[X] =1 and Var(X) = 3.
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Central Limit Theorem.

e Central Limit Theorem (CLT). Let X3, X5,... bei.i.d. ran-
dom variables with mean p and variance ¢2. Then,

b
1 1.2
im P(a <Y, <b)= /—e_ix dr < lim Fy, (a) = ®(a),
J— — @ n

n—o0 n—oo

a
where Y, = XlJFX?J%;“X“_”“ and ®(a) = [ \/%7@_%“32 dz is the
— OO

standard normal cumulative distribution function.

The de Moivre-Laplace Theorem is a case of CLT when X;, Xo,...
are independent Bernoulli random variables with the same pa-
rameter p € (0, 1).

e de Moivre-Laplace Theorem. Let S, be a binomial random
variable with parameters (n,p), then

Sn -
lim Fy (a) = ®(a), where Y, = e
e v/ np(1l —p)

Thus, it is sufficient to show that

2
lim My, (s) = exp {%} - m.g.f. for N(0,1).

n—oo
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de Moiver-Laplace Theorem via m.gd.f.

Proof. Consider S, ~ Binomial(n,p) and let Y, = %.
np{l—p

Then, FE[Y,]=0 and Var(Y, =1.

The moment generating function

My, (s) =exp{ —s op - Mg, i
’ { \/np(l—p)} ’ (x/np(l—p)>

~os i) (o el i) ])

and

In My, (s) = —s np +nin| 1-— 1 —exp i
"’ v/ np(1 —p) ( p[ {\/np(l—p)}]>
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de Moiver-Laplace Theorem via m.d.f.

Consider S,, ~ Binomial(n, and let Y, = —2x=mp
(n,p) v/np(l—p)

In My, (s) = —s 2 +nin| 1—-p|l—exp ° ,
i v/ np(1 —p) ( p[ {\/np(l—p)}]>

where

4 s _ s B s2 L
e exp{\/np(l—p)} \/np(1 —p) 2np(1—p)+0 (n3/2)

and therefore,

242

INn(1—pa) = —pa—

1 . ps s2 ps? 1
o (n3/2> T o) 2n—p) 2i—p) (W)

ol

Vmp(l—p) 2 AnE
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de Moiver-Laplace Theorem via m.gd.f.

Consider S,, ~ Binomial(n,p) and let Y, = \/%.

In My, (s) = —s np + nin(l — pa),

\/np(l —p)
where
s s s2 1
a = l—exp = — — +0 (_)
{\/np(l—p) V(L —p) 2mp(L—p)  And2
and
1
n(1 —po) = —— 4 = +o( )
Vrp(l—p) 20 n/2
Thus,
1
In MYH(S) = + O m

and

5
2
lim My, (s) = exp {%} - m.g.f. for N(0,1).

n— o0

Hence, Iim Fy (a) = ®(a).

n— 00
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Review.

Problem 5 on p.71. Suppose you are watching a radioactive
source that emits particles at a rate described by the exponential
density

f(z) = e (z > 0),

where A = 1, so that the probability P(0 < X < T') that a particle
T

will appear in the next T seconds is P(O< X <T) = fAe—Af"da;

0
Find the probability that a particle will appear

(a) within the next second.
(b) within the next 3 seconds.
(c) between 3 and 4 seconds from now.

(d) after 4 seconds from now.
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Review.

Problem 1 on p.278. Let X be a random variable with range
[—1,1] and let fy(x) be the density function of X. Find E[X]
and Var(X) if, for |z| < 1,

(@) fx(z) =3
(b) fu(z) = |=|
(©) felz) =1—|z]

(d) fx(z) = 3a°
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Review.

Problem 3 on p.278. The lifetime, measured in hours, of
the ACME super light bulb is a random variable T' with density
function f(z) = X\2ze™*, where A = 0.05. What is the expected
lifetime of this light bulb? What is its variance?
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Review.

Problem 4 on p.278. Let X be a random variable with range
[—1,1] and density function fx(xz) = ax + b if |z| < 1,

1
(a) Show that if [ fu(z)dz =1, thenb=31
-1

(b) Show that if fy(x) >0, then —z <a <

N[~

1
2

(c) Show that E[X] = 24, and hence that —

2 < B[X] <

Wl
Wl

a®.

(d) Show that Var(X) =2b— 242 =

(N[
(o]
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Review.

Problem. Let X and Y be two independent random variables,
each exponential with the same parameter A > 0. Show that
their sum, X 4+ Y is distributed via the following density function

Fepy(@) = Nxe™™ (2> 0)
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Review.

Problem 2 on p.219. Choose a number U from the interval
[0, 1] with uniform distribution. Find the cumulative distribution
and density for the random variables

— 1
(@) Y=gg

(b) Y =log(U+1)
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Review.

Problem 10 on p.220. Let U, V be random numbers cho-
sen independently from the interval [0,1]. Find the cumulative
distribution and density for the random variables

(a) Y =max(U,V)

(b) Y =min(U,V)
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Review.

Problem 16 on p.221. Let X be a random variable with density
function

[ ex(l—2) ifOo<x<l,
fx(@) = { 0 otherwise.

(a) What is the value of ¢?
(b) What is the cumulative distribution function Fy for X7

(c) What is the probability that X < 1 ?



