MTH 312

MTH 312
Lectures 10-14

Yevgeniy Kovchegov
Oregon State University



MTH 312 1

e T he Riemann integral.

e Riemann integrability.

e Integrating functions with discontinuities.

e Properties of the Riemann integral.

e [ he Fundamental Theorem of Calculus.

e Mean Value Theorem for Definite Integrals.



MTH 312 2

The Riemann Integral.

Consider a bounded function f(x) on a closed interval [a,b], i.e.,
dM > 0 such that |f(z)| < M for all x € [a,b].

Definition. A finite set of points P = {xo,z1,...,x,} IS said to
be a partition of [a,b] if

a=x0< 1< ...<ZTp-1<xTp =>.
In other words, [a,b] is partitioned into subintervals [x_1, z].

Let mp = mf{f(x) S [xk_l,xk]} and M, = Sup{f(x) . T E [xk_l,xk]}.

Definition. The lower sum of f(xz) with respect to partition P
is given by

n
L(f,P)= ka(l‘k — Tp_1).
k=1
The upper sum of f(x) with respect to partition P is given by

U, P) =)  My(ar = z1),

k=1

Notice that L(f,P) <U(f, P).
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The Riemann Integral.

Consider a bounded function f(x) on a closed interval [a,b], i.e.,
dM > 0 such that |f(x)| < M for all = € [a,b].

Definition. Consider partitions P and P’ of [a,b]. Partition P’
is said to be a refinement of partition P if P C P'.

Lemma. If partition P’ is a refinement of partition P, then
L(f,P) < L(f,P") <U(f,P)<U(f,P).

Proof: First, the above inequality is established for the case
when P’ is obtained from P by adding a single point, i.e., P = P U {z'}.
The general statement follows by iteratively adding single points

to P, obtaining P'.

Definition. Let P be the set of all possible partitions of [a,b].
Then, the lower integral of f(z) is defined by

L(f) =sup{L(f,P) : P € P}.

The upper integral of f(x) is defined by
U(f) =inf{U(f,P) : P € P}.

Notice that L(f,P) < L(f) and U(f) <U(f,P) for all P e P.
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The Riemann Integral.
Consider a bounded function f(z) on a closed interval [a,b].

Definition. Let P be the set of all possible partitions of [a,b].
Then, the lower integral of f(x) is defined by

L(f) =sup{L(f,P) : P € P}.

The upper integral of f(x) is defined by
U(f) = inf{U(f,P) : P € P}.

Proposition. L(f) <U(f).

Proof: Suppose d = L(f)—U(f) > 0. Then, there are partitions
P’ and P” such that

L(f)—d/3 < L(f,P)<L(f) and U(f) SU(f,P") <U(f)+d/3.
Partition P = P’ U P” is a refinement to both P’ and P”, and
d= L(f)-U(f) <2d/3+L(f,P)-U(f,P") <2d/3+L(f,P)-U(f,P) <2d/3

arriving at contradiction.
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The Riemann Integral.
Consider a bounded function f(z) on a closed interval [a,b].

Definition. Let P be the set of all possible partitions of [a,b].
Then, the lower integral of f(x) is defined by

L(f) =sup{L(f,P) : P € P}.

The upper integral of f(x) is defined by
U(f) = inf{U(f,P) : P € P}.

Proposition. L(f) < U(f).

Definition. A bounded function f(x) on [a,b] is Riemann in-
tegrable (or just integrable) if L(f) = U(f), in which case this

b
quantity is called the Riemann integral, and denoted by f f(x)dx,

i.e.,
b

/f(x) de = L(f) = U(f).

a
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Riemann integrality.
Consider a bounded function f(z) on a closed interval [a,b].

Theorem. Bounded function f(z) is Riemann integrable if and
only if for any € > 0 there exists a partition P of [a,b] such that

Proof: Suppose for any € > 0 there exists a partition P of [a,b]
such that 0 < U(f, P) — L(f, P) <e. Since L(f,P) < L(f) <U(f) <U(f, P),

0<U(f)—L(f) SU(f,P) - L(f,P) <e
Hence, U(f) — L(f) < e for all e > 0. Therefore, U(f) = L(f).

Conversely, suppose U(f) = L(f). Then, there exist partitions
P’ and P” such that

L(f)—¢/2 < L(f,P) < L(f) =U(f) SU(f,P") SU(f) +¢/2.
Hence, for P = P'U P”, a refinement to both P’ and P”,
0<U(f,P)—L(f,P) SU(f, P") = L(f, P") SU(f) = L(f) +e=¢.

Theorem. A continuous function f(x) on [a,b] is Riemann in-
tegrable.
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Riemann integrality.
Consider a bounded function f(z) on a closed interval [a,b].

Theorem. Bounded function f(z) is Riemann integrable if and
only if for any € > 0 there exists a partition P of [a,b] such that

Theorem. A continuous function f(xz) on [a,b] is Riemann in-
tegrable.

Proof: A continuous function on [a,b] is uniformly continuous.
€

b—a

Thus, for a partition P with 0 < Az = xp — a1 < 6 for all k,
My —my, < 3=, and therefore

Thus, Ve>03d6>0 s.t. |z—y|<d = |f(z)—fly)| <

U, P) = L(f, P) = ) (My=my) (p—1) < —— Y (wp—z4-1) = e
k=1

b—a
k=1
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Properties of the Riemann integral.
Consider a bounded function f(z) on a closed interval [a,b].

Theorem. Fix c € (a,b). A bounded function f(x) is Riemann
integrable on [a,b] if and only if f(x) is Riemann integrable on
[a,c] and [c,b]. In the later case,

b c b

a a C

Proof: For any partition P of [a,b], partition P. = PU{c} is a
refinement, and

L(f,P) < L(f,F) <U(f,F) <U(f, P).

Therefore, letting P, 5 denote the set of all possible partitions
of [a, 8], we have the left and the right integrals over [a,b] rep-
resented as

L(f) =sup{L(f,F:) : PE€ Py}t and U(f) =inf{U(f, F:) : P € Ploy}-
The statement of the theorem follows from
{Pc : P e P[a,b]} — {P/ UP" P ¢ 7D[a,c]a P" e 73[c,b]}'
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Properties of the Riemann integral.

Proof (cont.): For any partition P of [a,b], partition P. = PU{c}
is a refinement, and

L(f,P) < L(f,F) <U(f,F) <U(f, P).

Therefore, letting P, 5 denote the set of all possible partitions
of [a, 8], we have the Ieft and the right integrals over [a,b] rep-
resented as

L(f) =sup{L(f,P.) : P € Py} and  U(f) =inf{U(f,Pe) : P € Ppuy}-
The statement of the theorem follows from
{Pe : PE€Ppyt= {PPUP" : P e Pla,cs P’ e Ples] -

In particular,

VP € Puy 3P € Pl P'€Pry suchthat P.=P UP”
and vice versa

VP'€ Pg, P" € Py wehave P UP"€{P.:P &Pyl
Finally, for P. = P' U P",
L(f, P.) = L(f,P") + L(f, P"), U(f, P.) =U(f, P) +U(f, P"),

and  U(f, P.) — L(f, P.) = (U(f, P") — L(£, P)) + (U(f, P") = L(f, P")).
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Properties of the Riemann integral.
Consider a bounded function f(z) on a closed interval [a,b].

Theorem. Fix c € (a,b). A bounded function f(x) is Riemann
integrable on [a,b] if and only if f(x) is Riemann integrable on
[a,c] and [c,b]. In the later case,

b c b

/f(w)dw=/f(w)dx+/f(x)da;.

a a (&

By convention, for a Riemann integrable f(x) on [a,b], we set
a b

/f(a:)da:z—/f(x)daz.

b a

Then, for any a,b,c € R,
b c b

/f(w)dw=/f(w)dw+/f(fv)dw

a a C

whenever the above integrals exist.
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Properties of the Riemann integral.
Proposition. If f(z) is Riemann integrable on [a,b] and c € R,

b b
then c f(z) is Riemann integrable, and [ ¢ f(z)dz = ¢ [ f(z) da.

Theorem. If f(z)and g(x) are both Riemann integrable on [a, b],
then f(z) 4 g(x) is Riemann integrable on [a,b], and

b b

b
/(f(w)-lrg(w)) dm=/f(x)da;+/g(x)dx_

a a

Proof: For any € > 0, there are partitions P’ and P” of [a,b]
satisfying

O<U(f,P)—L(f,P)<e/2 and 0<U(g,P")— L(g, P") <e¢/2.
Hence, for P = P'U P”, a refinement to both P’ and P”,
U(f+g,P)—L(f+g,P) SU(f,P)—L(f, P)+U(g, P)—L(g, P) <¢/2+¢/2 = «.
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Properties of the Riemann integral.
Consider a bounded function f(z) on a closed interval [a,b].

Proposition. If f(z) is Riemann integrable on [a,b] (a < b) and
m < f(x) < M for all z € [a,b], then

b

m(b— a) S/f(a:)da:SM(b—a).

Proof: For any partition P of [a,b], m < m; < M, < M and
b

mY Ay <L P)=)  mplay < / f(@)de SU(f,P)=) Mbap <MY Ay
k=1 k=1 k=1 k=1

a

Corollary. If f(x) is Riemann integrable on [a,b] and |f(x)| < M,
then
b

/f(x)dw < M(b—a).

a
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Properties of the Riemann integral.

Proposition. If f(x) and g(z) are Riemann integrable on [a,b]
and f(z) <g(x), then b

/f(w) dr < /g(w) dx.

Proof: For any partition P of [a,b], U(f,P) < U(g, P).

Proposition. If f(x) is Riemann integrable on [a,b] and then so
is |f(x)|, and )

b
/f(iﬁ)dzc S/|f($)\d:v.

a

Proof:
Let m, =inf{|f(x)| iz € [xp—1,2k]} and M, =sup{|f(z)| : z € [zk_1,x]}.
The integrability follows from
M}, —m), < My, —my, yielding U(|f|,P)~L(|f],P) < U(f,P)~L(/,P).
Finally, f(xz) <|f(x)| and —f(x) < |f(x)| yield the inequality.
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The Fundamental Theorem of Calculus.
Consider a bounded function f(z) on a closed interval [a,b].

Fundamental Theorem of Calculus. (i). Suppose function
f(x) is Riemann integrable on [a,b] and let F(z) be its antideriva-
tive, i.e., F'(x) = f(x) for all x € [a,b]. Then,

b

b
b
/f(:n)da:IF(b)—F(a) & /f(x)da;IF(a:) :

a

(ii). Suppose function f(z) is Riemann integrable on [a,b] and
let

T

F(x) = /f(t) dt Vz € [a,b].

a

Then F(z) is continuous on [a,b] and F'(y) = f(y) whenever
f(z) is continuous at y € [a, b].
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T he Fundamental Theorem of Calculus.

Proof (cont.): (i). For any partition P of [a,b], the Mean
Value Theorem yields

n

L(f,P) < FO) = F(a) =Y (Fla)—-F(a-1)) = > f@)day U, P)
k=1 k=1
where z; € (z-1,2%). Thus, L(f) < F(b) — F(a) <U(f), where

b
L(f) = U(F) = [ f(a) da.

[ () at

T

(ii). Since |f(z)] < M, |F(y) - F(z)| = < Mly—<f

yielding the continuity of F'(x) on [a,b].
Now, if f(x) is continuous at y € [a, b], then
Ve >0 36 > 0 such that |f(t) — f(y)| <e whenever |t—y| <.
Hence, for z # y in [a,b] satisfying |z — y| < 4,
Y

/(f(t) — f(v)) dt

x

1
|z — y|

F(z) — F(y)

r—Y

< e

—f(y)‘ =
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Mean Value Theorem for Definite Integrals.
Recall the following generalized Mean Value Theorem.

Cauchy Mean Value Theorem. If f(x) and g(x) are both
continuous on [a,b] (a < b) and differentiable on (a,b), then
there exists some ¢ € (a,b) such that

(F) = f(a))g'(e) = (9(b) — g(a)) f'(c).

Next, we prove the Mean Value Theorem for Definite Integrals.

Mean Value Theorem for Definite Integrals. If f(x) is con-
tinuous on [a,b] (a < b) and if g(x) is an integrable nonnegative
function on [a,b], then there exists ¢ € (a,b) such that

b

b
/f(fli)g(x) dw:f(c)/ g(z) dz.

a
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Mean Value Theorem for Definite Integrals.

Mean Value Theorem for Definite Integrals. If f(x) is con-
tinuous on [a,b] (a < b) and if g(x) is an integrable nonnegative
function on [a,b], then there exists ¢ € (a,b) such that

b

b
/f($)g(96) de = f(C)/ g(z) dz.

a

Proof for g > 0: Suppose g(x) > 0 for all x € [a,b]. Consider
functions

€T

d(x) = /f(t)g(t) dt and G(z) :/ g(t) dt Vz € [a,b].

Then, by Cauchy Mean Value Theorem and the Fundamental
Theorem of Calculus, there exists ¢ € (a,b) such that

b

b
9() [F(@)g(2)de = (D) —D(a))G'(c) = (G(B)—G(a)) P (c) = f(c)g(c)/ 9(x)da.

a
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Mean Value Theorem for Definite Integrals.

Mean Value Theorem for Definite Integrals. If f(x) is con-
tinuous on [a,b] (a < b) and if g(x) is an integrable nonnegative
function on [a,b], then there exists ¢ € (a,b) such that

b

b
/f(x)g(cb’) dw:f(C)/ g(x) dz.

a

Proof: W.l.0.g. assume fabg(x) dr > 0. Let w(z) = 24—

b b
Then, /w(w) de=1 and m[irz]f(:c) < /f(az)w(a:) dr < max] f(x).
rela, rela,

a a

Hence, by the Intermediate Value Theorem there exists ¢ € (a,b)
such that
b

/f(w)w(w) dz = f(c).

a
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Integrable Limit Theorem.

Integrable Limit Theorem. Suppose sequence of Riemann
integrable functions f,(x) converges uniformly to f(xz) on [a,?b]
(a < b). Then, f(x) is Riemann integrable and

b

b
T!Lngo/fn(x)dx:/ f(x) dux.

a

Proof: For a given ¢ > 0 there exists N € N such that
Vn>N Vax € [a,b] |[f(x)— fu(z)| <e/(b—a)

and
b b b

/f(:v)dx—/fn(w)dw </f(sc)—fn<x>|dx<ﬁ(b—a> =

a a
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Integrating functions with discontinuities.

if xt =¢c

1
For c € [a,b], let f.(z) = {o i
and a partition Ps of [a,b] with Az, = z;, — x,_1 < § for all k,
0 S L(fc) S U(fc) S U(fc, P(S) S 20.

Hence, f.(z) is Riemann integrable on [a,b], and
b

/fc(x) dx = 0.

a

Then, for a given § > 0

Next, consider a bounded function f(x) on a closed interval [a,b].

Theorem. If f(x) is Riemann integrable on [d/,b] for all ' € (a,b),
then f(x) is Riemann integrable on [a, b].

Analogously, if f(x) is Riemann integrable on [a,b’] for all ¥’ € (a,b),
then f(x) is Riemann integrable on [a, b].

The above theorem implies that a bounded function on |[a,b]
with a single discontinuity is Riemann integrable
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Integrating functions with discontinuities.
Consider a bounded function f(z) on a closed interval [a,b].

Theorem. If f(x) is Riemann integrable on [da/,b] for all ' € (a,b),
then f(z) is Riemann integrable on [a, b].

Proof: There is M > 0 such that |f(z)| < M for all = € [a,b].
For ¢ > 0, pick a' € (a,b) such that o' —a < ;5. Since f(zx) is
Riemann integrable on [d/,b], there is a partition P’ of [d/, b] such
that

0 <U(f,P) - L(J,P) < 5.
Next, consider partition P = {a} U P’ of [a,b]. Then,

0<U(f,P)—L(f,P) <2M(d' —a) + U(f,P') — L(f, P") < %-l-%:e.

Hence, f(x) is Riemann integrable on [a,b].
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Improper integral.

Definition. Suppose f(x) is defined on [a,b) and integrable on
every interval [a,c] with ¢ € (a,b). Then, the improper integral

b c
on [a,b) is defined as [ f(z)dz = Iirp [ f(=) da.

b b
Similarly, for f(z) is defined on (a,b], [ f(z)dz = lim [ f(z)dz.
. c—a+ .

If Fis an antiderivative of f, i.e., F/(x) = f(x), then the Fun-
damental Theorem of Calculus implies

b c
/f(x)d:cz Iirp_/f(x)dxz Iirp_F(c)—F(a).
Example.

1
1
—dr=2— |lim 2yc = 2.
/\/5 c—0+ \/_

0
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Improper integral.

Definition. Suppose f(x) is defined on [a,o0) and integrable
on every interval [a,b] (b > a). Then, the improper integral on
[a,00) is defined as

00 b

/f(x)dngLn;/f(m)dx.

b b
Similarly, [ f(z)dz= lim [ f(z)dx.

If I is an antiderivative of f, i.e., F'(z) = f(x), then the Fun-
damental Theorem of Calculus implies

00 b

/f(:n)da:ZJLHQO/f(x)dmzblLTOF(b)—F(a).

a a

Example.

o0

/e_xde— lime ?4+e0 =% =1.

b—o0
0



