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Taylor polynomial approximation.

We approximate functions by Taylor polyno-
mials around xq.

T1(z)=f(xg)+f'(x0)(z—20)
To(2)=f(z0)+f"(z0) (z—20)+a1 [ (z0) (x—10)?

T3(z)=f(z0)+f'(z0) (z—20)+a1f"(x0) (z—20)°+ 3 /" (z0) (x—10)>

To(z)= 3 £ )<f’30>(az —20)*, () is kth derivative),
k=0

is the nth Taylor polynomial of f(x) around zg.
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Linear approximation.

y y=f(x) y=F(xo)+'(X,) (X-X,)

v

Linear approximation of function y = f(x)
around xq is given by the first Taylor poly-
nomial

T1(z) = f(z0) + f'(z0)(z — z0)
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Quadratic approximation.

y y=f(x) y=f(x,)+f'(X) (X-X )

1 yo=f(xo)

- e X X
/ y=F(xg )+ (X ) (XX ) +(172)" (X ) (XX, o)

Quadratic approximation of function y = f(x)
around zg is given by the second Taylor

polynomial
To(z) = f(20) + f'(z0)(x — 20) + 31" (z0) (z — 20)?
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3rd Taylor polynomial approximation.

3 y=f(x) y=f(X )+ (X ) (X-X,)

\

Y= (X )+ (X ) XX )+ (1/2)F (X ) (X-X . +(1/B) "' (X o) (XX )

Third order approximation around xp is given
by the 3rd Taylor polynomial

T3(z)=f(z0)+f"(z0) (z—z0)+31 /" (z0) (x—20) %+ 31/ (20) (z—20)3
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Derivatives.

Assume f(x) has derivatives up to order n at
xg. Then Th(x) is the only polynomial of
degree < n such that

Tn(xo) = f(x0)
T, (z0) = f'(z0)

T, (z0) = f"(z0)

T\ (20) = £ (20)
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Check it is true for T3(x):
T3(z)=f(20)+f'(x0) (z—z0)+31f" (20) (z—20) 2+ 31 /" (z0) (z—20)3

T4(2)=04f"(20) 14+ f"(z0) (x—20)+5 /" (20) (z—20)?

and therefore

T () =f"(x0)+ " (z0) (—20)+51f" (w0) (z—20)?

Now, T4 (2)=0+/"(z0)-1+5;f" (w0) (z—x0)=f"(20)+ " (x0) (z—x0)
and 7Y (z)=f"(z0).

Thus T3(zg)=f(x0), T3(z0)=f"(x0), T5(zo)=r"(z0)

and 73" (zg)=f"(z0).
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Example. Let f(z) = ¢e® and zg = 0.

Now f/(z) = e*, f'(x) =€7,..., f((x) = €7,

1k
T1(z)=eO+elr=142 = 3 T
k=0

2k
TQ($)=60+€O$+%60$2:1+$+%$2 => TIr
=

3.k
T5(z)=e%4€° 33+21|605132+§|60$3 1—|—x—|—21,ac2—|-3,:v = T
k=0

n (k) (g
Tn(z)= ) / (O)(CC zo) k= 1—|—:r;—|—21,a:2—|—?},x3—|— _|'n|9’3 kT
k=0
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Taylor series.

The nth Taylor polynomial

n r(k)(Q
=0 k!
of f(x) around xg = 0 is the nth partial sum

of the infinite power series
> &) ,
Y ——u
k=0 W
called the Taylor series of f(x) around
xg = 0.
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Example. Consider f(z)=:%. We find its

Taylor series 5° {2© )(O) zF around zg = 0. Here
k=0

fx)=(1-z)~! and f(0)=1=0!
f(z)=1-(1—z)=2 and f/(0)=1=1!
(z)=1-2-(1—2)~3 and f"(0)=1-2=2!
f"(x)=1.2.3-(1—z)~* and #"(0)=1.2.3=3!

B (2)=1.2.3k-(1—2)~ k1 and f*)(0)=1.2.3.....k=k!
Therefore 3 {H©@ )m) ch= Z k,xk— Z =1 =f(z)

k=0

whenever |z| < 1.
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When Taylor series converges to f(z).

Taylor polynomial Tn(a:):fj %xk IS the
k=0

nth partial sum of 3 %xk, and
k=0

f(z) = Th(z) + Rn(z)
Thus, the limit nli_)mooTn(a:)zf(:c) if and only if
nli_)moo Rn(x) =0

Lagrange: Rn(a:)zf(&ill))ﬂc)xnﬂ for some ¢

between g = 0 and =.
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So Z % )(O) F=f(2) if and only if lim Ra(z)=0.

Lagrange: Rn(a:)—f((n_:_l))(lc) n+1 for some c
between O and =z.

Example. Show that e*= § i—k for all x.

k=0

First, Rn(2)=1 n+1 for some ¢ between 0
and x.

Here 0<et<elrl and

e

cl..,m+1 n+1
|Rn(f’3)|=e(q‘f-||—1)! gelw\‘(ﬂ+1)!—>o

. m .
as n — oo, since lim 2l2—o for any given z.
m—oo m!
<
Thus Iim Ry(z)=0 and e*= 3} % for all x.



So,
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Lagrange’s Remainder Theorem.

Lagrange’s Remainder Theorem. Suppose f(x) is n+1 times
differentiable in (—R, R), where R is the radius of convergence
of its Taylor series. Then,

(n+1)
R, (z) = f—(c)a:”“ for some ¢ between 0 and z.

(n+ 1)!

Proof: W.l.o.g. suppose z > 0, by the Cauchy Mean Value
Theorem also known as Generalized Mean Value Theorem,

Ro(z) — _ R, (t) _ R\(21) o
et/ (n+ 1) @ (n+ D)) =y, 2/l for 0 <z <
Ry (x) _ Ri(x1) _ RI(x2)

for O<ao<z1 <2z

2t/ (n+ 1) ai/n 2l (n—1)!

Rn(x) B R (1)

= for O<zp<...<axo<z1 <X
a2t /(n+ 1)1 2P (n — k4 1)! *
R, (x)

— Rv(zn—‘_l)(xn) = f(n+l)(3?n) for O<a, <...<x2 <21 < .

xnt1l/(n 4+ 1)!
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Lagrange’s Remainder Theorem.

Cauchy Mean Value Theorem. If f(x) and g(x) are both
continuous on [a,b] (a < b) and differentiable on (a,b), then
there exists some ¢ € (a,b) such that

(F®) = f(a))g'(c) = (9(b) — g(a)) f'(c).
Thus, if g(a) # g(b) and ¢'(c) # 0, then

f'(e) _ f() — f(a)
g(c)  g(b)—gla)

Proof: Let
h(z) = (f£(b) = f(a))g(x) — (9(b) — g(a)) f (=),
then, by the Mean Value Theorem, Jc € (a,b) such that

h(b) —h(a) _
b—a -

0.

h'(c) =

Hence,

(F) = f(a))g'(e) = (9(b) — g(a)) f'(c) = 0.
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Taylor series around xg = 0.

=14z+z’+z3+z%+... =k§ zk for |z|<1
=0
ex=1—|—:c—|—§ %—? ‘/Z—L,L—I— ij % for all x
cosr=1—Lr 42104 —Z CH for all @
sinx:az—%—?—l—%—?—%—k... :ki:%o (_(12):_?21];?_1 for all x

The Taylor series of f(xz) around zg = 0 is
called the Maclaurine series of f(x).
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Integral form of the remainder.

Integral Remainder Theorem.

x

R,(z) = / f(”“)(t)(x;—,t)ndt

0
Proof: We use integration by parts recursively.

f . (x —t)" . (x —t)"|* [ . (z —t)n 1
/ F W de = | / RO e MR
0 . 0

" T — n—1
= —f"(0)—+ / f(”)(t)—((n —t)1>! dt
0 x
— —f(”)(O) f(n 1)( 0) z" /f(nl)(t)w dt
(n—1)! (n—2)!

0

x

n a’;k
— Zf(k)(o)ﬁ + /f’(t) dt = =Tn(z) + f(z) = Ru(z).
k=1

0
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Integral form of the remainder.
Integral Remainder Theorem.

x

R,(z) = / f<”+”(t)(x;—,t)n dt

0

Mean Value Theorem for Definite Integrals. If f(x) is con-
tinuous on [a,b] (a < b) and if g(x) is an integrable nonnegative
function on [a,b], then there exists ¢ € (a,b) such that

b

b
/f(w)g(a:) dx:f(c)/ g(x) dx.

a

Together, the Integral Remainder Theorem and the Mean Value
Theorem for Definite Integrals yield

Lagrange’s Remainder Theorem. Suppose f(x) is n+1 times
differentiable in (=R, R), where R is the radius of convergence
of its Taylor series. Then,

f(n-i-l)(c) 3;”+1
(n+ 1)!

R,(z) = for some ¢ between 0 and z.
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Other base points.
In general, the series

(k) (1
Z J ( 0) o xo)k

are called the Taylor series of f(x) around zg.
Example. Consider f(z) = ¢e® and zo = 1.

Here f®(z) =e* and fF)(zp) =e® =e .

Therefore, e* = Z ﬁ(x — 1)*, where convergence of the Taylor

series to e* can be shown for all real values x using Lagrange’s
formula.
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Error in approximation.

Error (remainder) is defined as

Ry (z) = f(z) — Tn(x)

Integral Remainder Theorem.
X

Ru(a) = / sty

Zo

Lagrange’s Remainder Theorem:
1
(n+ 1)!

for some ¢ between x and zg.

Ry(z) = FOHD () (@ — wo)"
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R,(z) =

1
(n+1)!

Example. For -1 <z <1, f(z) =¢% and zg = 0,

1
Ra(z) = aecxs

for some ¢ between z and O.
1 1 __
Thus |Ra(z)| = gelz]® < § = 55

Hence e””=1-|—ac—|— -I— —|— T 4+ R4(x),

where

120

~ 0.02265 when —1 <z <1.

fOFTD () (z — x0)" T for some c between z and xzo.



