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Series of functions.

Consider a sequence of functions {f,}, n € N, defined on a set
D CR.

oo
Definition. The series of functions Z fr converges pointwise
k=1

to a function s on D if the sequence of its partial sums s,, = Z fr
k=1
converges pointwise to s on D.

oo oo
If Z fr converges pointwise to a function s, we write s = Z fr.

o0
Definition. The series of functions Z fr converges uniformly
k=1

n
to a function s on D if the sequence of its partial sums s,, = Z fr
k=1
converges uniformly to s on D.
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Series of functions.
Consider a sequence of functions {f,}, n € N, defined on a set

n
D C R. Let s, = Z fr denote the corresponding sequence of
k=1

o0
partial sums for the series of functions Z fr. Recall
k=1

Continuous Limit Theorem. Suppose sequence {f,} con-
verges uniformly to f on D. Then, the following holds for any
given xg € D:

if f, are continuous at zg, then f is continuous at xo.

Applying the above Continuous Limit Theorem to the sequence
of functions s, yields the following result.

0

Theorem. Suppose series of functions Z fr converges uni-
k=1

formly to s on D. Then, the following holds for any given xq € D:

(0.}

if f, are continuous at zg, then s = E fr is continuous at xo.
k=1
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Series of functions.
Consider a sequence of functions {fn} n € N, defined on a closed

interval D = [a,b] C R. Let s, = Z fr denote the correspondmg

sequence of partial sums for the serlles of functions Z fr. Recall
k=1

Differentiable Limit Theorem. Suppose sequence of func-
tions {f.} converges pointwise to f and sequence {f/} converges
uniformly to g. Then, function f is differentiable on [a,b] and
ff=g.

Applying the above Differentiable Limit Theorem to the se-
quence of functions s, vields the following result.

Theorem. Suppose series of functions Z fr converges point-
k=1

wise to s and series Z fi. converges uniformly to h on D = [a,b].
k=1
Then, s = Z fr is dlfferentlable on [a,b] and s’ = h,

k=1
me) =Zf,;<x> Va € [a,b].
k=1 k=1
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Weierstrass M-test.
Consider a sequence of functions {f,}, n € N, defined on a set

D CR. Let s, = Z fr denote the corresponding sequence of
k‘:l o0
partial sums for the series of functions Z fr-
k=1

Weierstrass M-test. Suppose there exists a sequence {M,,} sat-

isfying Vn e NVz € D |fu(2)| < M,. Then, if the series > M
00 k=1

converges, then the series Z fr converges uniformly on D.
k=1

n
Proof: The sequence of partial sums u, = Z M, is Cauchy:
k=1
Ve >0 AN € N such that Vn,m > N |un — um| < €,

Thus, by Cauchy Criterion for Uniform Convergence, the se-
quence {s,} converges uniformly on D as

Vn,m > N Ve € D |sp(x) — sm(x)| < |pn — pum|< €,

o0
and therefore, the series Z fr converges uniformly on D.
k=1
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Geometric series.

Geometric series: Y s*=1+4az+22+ 234 ...
k=0

Lemma. For x # 1,

1 — gntl

snIZ:Bk:1—|—$—|—:L'2—|—x3—|—~~~—|—x”=?

k=0

Proof: (1—2)(14z+4+224234+--4z")=[14+z+ 2>+ 23+ 42" - [z+ 2>+ 23+ 2"+ 2" T ]| =1—2" !

Summing the geometric series:

0 1 . .

Zxk _ )13 pointwise on (—1,1),
diverges on (—oo,—1]U[1,00).

k=0
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Geometric series.

ixk _ = pointwise on (—1,1),
] diverges  on (—oo,—1]U[1, o).

k=0

oo
Lemma. ) kzf ! = ﬁ pointwise on (—1,1).
k=1

Proof: Fix r € (0,1), then for all z € [-r,7] and all k € N,
|kxF—1| < M;, = krF—1, where

o oo
ZM’“ = Zkzr’“_l converges by Ratio Test.
k=1 k=1
o0
Hence, by Weierstrass M-test, series Z kx*—1 converges uni-

k=1
formly on [—r,r]. Therefore,

o0

;kxk_l = ;(azk}/ = Zxk = (1 i x) = (1_—126)2 Vo € [—r,7].

k=0
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liminf and limsup
Consider a sequence of real numbers {a,}, n € N.

Definition. The limits defined as

liminfa, = lim ( inf ak> and limsupa, = lim (sup ak)

n—00 n—oo \ k:k>n n—o0o n—oo \ k:k>n

are called the limit infimum and limit supremum of the sequence {a,}.

Lemma. If the sequence {a,} is bounded from above and from
below, then the limits limsupa, and Iliminfa, exist and are

n—00 n—00

finite.
Lemma. The limit lim a, exists (or equals o) if and only if

n—oo

liminfa, = limsup a,.

n—o0 n—00
In which cased
liminfa, = lim a, = limsup a,.

n—o0 n—0o0 n—o0
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liminf and limsup

Consider a sequence of real numbers {a,}, n € N. Denote

pn = inf ayg and on = SuUp ay.
kik>n k:k>n
Then,
liminfa, = Iim u, and limsupa, = lim o,
n—ro0 n—ro0 n—00 n—00

Lemma. If the sequence {a,} is bounded from above and from
below, then the limits limsupa, and liminfa, exist and are

n—00 n—0o0

finite.

Proof: Observe that {u,} is @ nondecreasing sequence bounded
from above and {o,} is a nonincreasing sequence bounded from
below.

Lemma. The limit lim a, exists (or equals o) if and only if

n—oo
liminfa, = limsup a,.
n—00 n—00
In which cased
liminfa, = lim a, = limsup a,.
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liminf and limsup
Consider a sequence of real numbers {a,}, n € N. Denote

wn = inf ay and on = SUp ag.
kik>n k:k>n
Then,
liminfa, = lim u, and limsupa, = lim o,
n—00 n—00 n—00 n—00

Lemma. The limit lim a, exists (or equals £o0) if and only if

n—oo
liminfa, = limsup a,.
n—0o0 n—00
In which cased
liminfa, = lim a, = limsup a,.
n—o0 n—oo n—o0
Proof: Suppose |im a, = L < oo, then

n— 00

Ve >0dNeN st. Yn>N L—-—e<a,<L+4e€

and therefore Vn >N L—e<pup,<ap<o0o,<L+4c¢€
vielding L—e< Im pu, <L < I|Iimo, <L +4c¢€

n—oo n—oo
Hence, liminfa, = L = limsup a,.
n—0o0 n—00

The converse follows from u, < a, < o, and the Squeeze Theorem.
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liminf and limsup

-n if n is even
Example. Let a, = {1 _'_% i is odd - Then,
liminfa, = —o0 and limsupa, = 1.

n—00 n—00

Example. Let ¢, be an enumeration of all rational numbers in
(0,1) (recall they countable!). Then,

liminfg, =0 and limsupg, = 1.

n—00 n—00
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liminf and limsup

Consider a sequence of real numbers {a,}, n € N. Denote
wn = inf ag and on = SUp ay.
kik>n k:k>n
Theorem. There exists a subsequence {a,,} satisfying

lim a,, = limsup a,.
k—o0 n—00

The analogous statement holds for liminf a,.

n—oo

Proof: First, there exists n1 € N satisfying

o1 ——<a1 < o1
5= =

Iteratively, for each k£ > 2, one can find n;, > nj;_; satisfying

1
Inp_1+1 7 5k S Gny, S Oy g 41

Next, apply the Squeeze Theorem.
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liminf and limsup

Consider a sequence of real numbers {a,}, n € N. Denote

pn = inf ay and on = SuUp ay.
kik>n k:k>n

Lemma. Denote L =Ilimsupa,. For any € > 0 there exists

n—oo

N € N such that
Vn>N a,<L+e.

The analogous statement holds for L = liminf a,.

n— o0

Proof: Since L = lim o, for any € > 0 there exists N € N such
n—oo
that

Vn > N angan<f—|—e.
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Power series.

Definition. A series of functions of the kind

o
E ap ¥, where a; € R,
k=0

are called power series.

Definition. A real number R > 0 is said to be the radius of con-

0

vergence of a power series Z ap ¥ if the series converges abso-
k=0

lutely for x € (—R, R) and diverges for x € (—oo, —R) U (R, o0).

Theorem. The radius of convergence R of a power series

o0
> apa® can be expressed as
k=0
1 1
R = - , where — = oo.
lim sup |a,|1/" 0

n—0o0
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Power series.

Theorem.
1 1
R = — , where — = oo.
lim sup |a, |1/ 0
n—oo
Proof: Let R = L

limsup |a, |/ "

n—oo

(i) Suppose =z € (—R, R). Then

1 1
limsup |a,|Y/" = = < —.
1 1
and for ee(o,m—§>,
e 1 1
AN eN st. Vn>N |a, <E+€ <ﬁ
s

1
implying  |a,z"| < ", where o= |z| (E -+ e) € (0,1).

Hence, > anz™ converges absolutely for z € (—R, R)

n=0
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Power series.

Theorem.

1 1
R = - , where — = oo.
lim sup |a, |1/ 0

n—oo

Proof(cont.): (ii) Suppose
1

lim sup |a,|1/"
n— 00

Then there exists a subsequence {a,,} s.t.

x| > R =

1 : 1/n : 1/m
4 subsequence {an,} s.t. — =Ilimsupla,|”" = Iim ‘ank
R n—00 k—o00
a L/m
Thus, 1< % = lim |ayp, ™ and
k—o0
dJKeN st VE>K J|ap 2™ >1

Hence, Iim a, 2™ # 0O, and Z an, ™ diverges by the Basic Divergence Test.

n—o0 n=0
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Power series.
Definition. A real number R > 0 is said to be the radius of con-

o

vergence of a power series Z ap ¥ if the series converges abso-
k=0

lutely for x € (=R, R) and diverges for x € (—oo, —R) U (R, o0).

Theorem.

1 1
R = - , where — = oo.
lim sup |a,|1/" 0
n—oo

Example. For the power series Z z¥, the radius of convergence
k=0
R =1 and the interval of convergence is (—1,1).

(0.]

Example. For the power series Z %xk the radius of conver-
k=0

gence R =1 and the interval of convergence is [—1,1).

(0.0}

Example. For the power series Z %m’“ the radius of conver-
k=0

gence R =1 and the interval of convergence is [—1,1].
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Power series.
Theorem. Let R denote the radius of convergence of a power

series Z apz¥. Then for any r € (0, R), the power series con-
k=0
verges uniformly on [—r,r].

Proof: Select a € (%, 1). Then, Vz € [—r,r],

]

limsup |a, 2"} =2 < —<a< 1.

r
Take e =a— 5 > 0. Then
Ve € [-r,r] INeN st. VYn>N |anx"\1/"<%|—|—6§oz

Thus,

o
lan 2" < &,  where E a" < oo
n=0

oo
as 0 < a« < 1. Hence, by the Weierstrass M-Test, Zaka}k
k=0
converges uniformly on [—r,7].
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Power series.

Lemma. Let R denote the radius of convergence of a power

oo
series ) apz®. Then

k=0
O o0 O /
E (m 4+ Dap+r12™ = E (ak :ck>/ = E ag "
m=0 k=0 k=0

Proof: Notice that the radius of convergence R’ of Z (m 4+ 1)ap,g1 2™

m=0
equals R. That is
1 . 1/n . 1/n . 1/n 1
—:||msup‘(n—|—l)an_|_1‘ =I|msup|an+1‘ =I|msup|an‘ = —.
R/ n—00 n—o00 n— o0 R

o

Thus, for any r € (0, R), the power series Z (ak :1;’“)’ converges
k=0

uniformly on [—r,r].
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Power series.

oo
Limit Root Test. Consider series series z ar. Let
k=0

L = Ilimsup ’an‘l/n

n—o0

Then, (a) if L < 1 the series Z ap converges absolutely, and (b)
k=0

(e @]
if L > 1 the series ) a;, diverges.
k=0

0
Proof: Let R denote the radius of convergence of Zakmk.

k=0
Then, R = 1/L. If L < 1, then R > 1 and the power series

(oo
> apa® converges absolutely at z = 1.
k=0

o0

If L > 1, then R < 1 and the power series Z ar ¥ diverges at
k=0

r=1.
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Exponential series.

Let

oo

1

e(r) = —:ck=1—|—x—|—%x2—|—%x3—|—...

k!
k=0

Notice that e(0) =1 ande(l) =e. We show that
o e(z)e(y) =e(z+y)
o ¢'(x) = e(x)

Here, e(x) = 7.
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22

Review oOf series.
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Geometric series.

o If || < 1, the series § z* converges and
k=0

00 i 1
k:Z—:O YT

o If |x| > 1, the series %Oj z* diverges.
k=0

Basic divergence test.

oo
If lim ap7#=0 then ) a; diverges.
k— o0 k=1
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The integral test.

Let f(x) be a positive, decreasing, and con-
tinuous for £ > 1. Let a,, = f(k). Then

00 oo
Y ap converges <& /f(a:)da: converges
k=1 1

©.@)
1
[ he p-seri E —
e p-series 2 1 converges < p>1
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Basic comparison test.
If 0 <ar <b, for all k, then

O O
Zbk converges — Za’k converges

Zak diverges = Zbk diverges

Limit comparison test.
If a, > 0 and b, > 0 for all large k and the limit

0 < Iim i < 00 iS positive an finite, then
k— o0 bk

O O
Zak converges < Zbk converges
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Alternating series test.

If byg>by1>by>... and b — 0O, then the alter-

[©.@)
nating series Y (-1)Fp, converges.
k=0

Absolute convergence.

Fact: If an infinite series § aj 1S absolutely
k=1
convergent, then it must be convergent (in

the ordinary sense).
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The root test.

Let ap > 0. Then

O
(ak)l/k < r for all large £k and some r<1 = )  aj converges
k=1

O
(ap)/k > 1 for all large k = > a; diverges
k=1

If  lim lap|Y* = L, finite or infinite, then
—00

e > a; converges absolutely if L <1
k=1

e > a; diverges if L >1
k=1
e unable to determine using thistestif L =1
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T he ratio test.

Let ar > 0. Then

a1 o
“ay < r for all large k& and some r<1 = )  aj converges
k=1

ak 1 20 .
% > 1 for all large k = l;—:lak diverges

If  lim lap|Y* = L, finite or infinite, then
—00

e > a; converges absolutely if L <1
k=1

e > ay diverges if L >1
k=1
e unable to determine using thistestif L =1
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Example. Determine whether the following
series converges or diverges:

00 (k!)Q
2 (2k)!

k=1

The test(s) used:

basic divergence
integral test basic comparison
limit comparison
alternating series root test
ratio test
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Example. Determine whether the following
series converges or diverges:

X cos(rwk)
k

k=1

The test(s) used:

basic divergence
integral test basic comparison
limit comparison
alternating series root test
ratio test
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Example. Determine whether the following
series converges or diverges:

S (—1)F B
k=1

The test(s) used:

basic divergence
integral test basic comparison
limit comparison
alternating series root test
ratio test
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Example. Determine whether the following
series converges or diverges:

X (—200)*
2"

k=0

The test(s) used:

basic divergence
integral test basic comparison
limit comparison
alternating series root test
ratio test
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Example. Find all £ such that the following
series converges:

k

o0
Zm—
h=1 F

The test(s) used:

basic divergence
integral test basic comparison
limit comparison
alternating series root test
ratio test
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Example. Find all x such that the following
series converges:

0. @)
Z kak
k=1

The test(s) used:

basic divergence
integral test basic comparison
limit comparison
alternating series root test
ratio test
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Analytic properties of power series.

©. @)
Example. Let |z| < 1. Then Y kzF con-
k=1
verges. Find its sum.

Solution:

@) @) @) O
Z kot = Z ko = 2 Z kb1 = . Z (zF)’
k=1 k=0 k=0 k=0

- (io:ajk) :x.(liaz)/:(l—aja:)Q

k=0
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— k — T
So, kgl kx® = =

Here is an alternative approach:
r+2x° + 323+ 42* + 525+ .- =
4+ 4+ 2+ 2t 4 4=
+ + + )
24+ 34+ 4+ x5—|—--.:195_m
+ + + .
34+ %+ 335—|—---:15’9_$
—I_ 4
et =
_|_
x4 ...
e e e =5 Atetat+.) =g
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Analytic properties of power series.

00k
Example. Let |z < 1. Then 3 % con-

k=1
verges. Find its sum.

Solution:

S AN L o R
Z ? > /o t dtz/o ot dt

_/ 1—_tdt ~In(1 — )
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Example. Find all x such that the following
series converges:

i k(k — 1)z"

k=2

The test(s) used:

basic divergence
integral test basic comparison
limit comparison
alternating series root test
ratio test
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Example. Determine for what values of p > 0O
the alternating p-series

00 (_1)k—l—1

2.

k=1
IS absolutely convergent, conditionally con-
vergent, or divergent.

The test(s) used:

basic divergence
integral test basic comparison
limit comparison
alternating series root test
ratio test




