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∗

Immersion energies for an impurity in a homogeneous electron gas with a uniform positive background charge density have been calculated numerically using density functional theory. The numerical aspects of this problem are very demanding and have not been properly discussed in previous
work. Immersion energies are obtained for non-spin-polarized systems, and are compared with
published data. Other results, such as phase shifts, dielectric constants, and compressibilities, are
compared with analytical theories. Immersion energies for excited systems are obtained by varying
the number of electrons in the bound states of an impurity.
PACS numbers: 71.10.Ca, 71.55.-i

I.

INTRODUCTION

The study of impurities in a homogeneous electron gas
has a long history. One of the most well known names in
the field is Friedel, whose work on this system was ground
breaking1 . His name is associated with such important
phenomena as Friedel oscillations1 and the Friedel sum
rule2 . In some sense, all work done now is a mere illustration of his original ideas. Note that in the context of magnetic interactions the oscillations are associated with the
names Ruderman and Kittel.3 Friedel gives the appropriate credit1 and also includes Fröhlich and Nabarro.4
Why would one study an impurity in a homogeneous
electron gas? One of the foremost reasons is to try to understand basic principles of electronic bonding in solids.
It is no problem nowadays to perform accurate electronic
structure calculations of complex solids.5 The difficult
question to answer, however, remains to interpret these
complex results in terms of simple models that can be
used to make predictions in a wide range of circumstances. One way to shed light on the question is to
study an impurity in a homogeneous electron gas. In
this system an atom still interacts with an environment
that perturbs the electronic structure of the atom, but
this environment is greatly simplified. It is characterized
by one parameter only, the density n0 of the unperturbed
homogeneous gas. Although such a simplified model will
not give accurate numerical values for bonding properties, it is capable of illuminating the physical mechanisms
behind the bonding.
Our goal of studying an impurity in a homogeneous
electron gas is slightly different. We would like to use
results of this model to find improved models for the
exchange and correlation energy in density functional
theory6,7 (DFT). This idea is, of course, not new and has
been studied before.8,9 The Local Spin Density Approximation (LSDA)10 is quite successful, even when used for
a description of the electronic structure of atoms. But
when one tries to calculate small energy differences like
in calculations of the crystalline magnetic anisotropy, the

local density approximation is not sufficient11 .
Spin dependent effects in LSDA are obtained by introducing an effective magnetic field into the Schrödinger
equation. This field couples to the spin only, and has the
form
~ ef f · ~σ .
−µB B

(1)

Using the homogeneous electron gas as a reference, LSDA
has created a remarkably successful form for this effective
field. If we calculate the electronic structure of itinerant
magnets like iron and nickel using the LSDA functional
we obtain remarkably good results. One might even say
that a definition of an itinerant magnet is a material in
which the magnetic properties can be explained well using LSDA.
Where LSDA fails is in giving a good description of orbital related effects, as expressed in Hund’s second rule.12
This is clearly seen in rare earth materials, where LSDA
does not give satisfactory results. But even in nickel
and iron quantities like the magnetic anisotropy are not
well described because of the importance of orbital magnetism. There should be an energy term related to the
orbital angular momentum, having the form13
0
~ ef
~
−µB B
f ·L .

(2)

~ 0 we
In order to find approximations to the form of B
need to study atomic systems. A homogeneous electron
gas will never give us any insight, since such a gas has
zero angular momentum. A non-zero value of the angular
momentum for an infinite system would yield an infinite
energy.
One approach to the problem is to tabulate accurate
energies of exited states of an atom, and try to derive an
~ 0 from these data. Orbital
approximate form of the field B
polarization is probably the simplest form of doing this.
Calculations using an addition to the exchange and correlation potential based on this idea do give interesting
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results, but are not easy to improve upon14,15 . This is
where a study of an impurity in a homogeneous electron
gas can help. The gas introduces an auxiliary parameter
(the density) which can be adjusted to change the coupling in Hund’s second rule. This leads to the possibility
~ 0 , which are
of finding reasonable approximations for B
element specific.
In this model, one might expect large changes in properties when bound states move into the valence band.
This is not correct, however, as was shown already by
Kohn and Majumdar16 . In our computational methods
there can be effects, though. We divide the electronic
states into bound states and conduction band states, and
treat those differently from a numerical perspective. As
we will see later, for states close to zero energy the bound
state becomes very extended, and the conduction band
has to respond in order to guarantee a smooth behavior in
the total charge density. This gives numerical problems,
especially when the bound states have a non-negligible
value at the cut-off radius Rb ! If that is the case, the
assumption that the conduction band can be replaced by
phase shifts at Rb is not valid anymore.
Another very interesting application is a study of this
impurity system in the low density limit. It is important
to realize that the zero density limit for the homogeneous
gas is NOT a free atom. The reason for this is simple.
The homogeneous electron gas will screen the charge of
an impurity within a distance on the order of kπF where
kF is the Fermi wave vector. No matter how low the density, and how small the Fermi wave vector, such screening
will always take place. This is really a result of taking the
thermodynamic limit too soon. If we put our system in a
finite spherical box of radius R, screening will stop taking place when kπF ≈ R, which is equal to saying that the
background gas has about one electron in the spherical
box. When we assume a homogeneous electron gas with
continuous values of the density for the embedding, we
have taken the limit R → ∞, and now the non screening
condition will never take place.
This allows us to do the following, which we illustrate
for the case of hydrogen. In LSDA the H − ion is not
stable. The maximum number of electrons we can put
in the 1s spin down bound state is about 0.7, at which
point the bound state energy of this state goes to zero.
On the other hand, if we put a proton in a low density
homogeneous electron gas, and if a bound state exists
for the 1s spin down state, it will always be occupied by
one whole electron. This negative charge on the impurity
is anti-screened by a hole which roughly is located on a
shell of radius 2kπF . When the density of the homogeneous
gas becomes very low, this distance becomes very large,
and locally around the proton the electronic structure
is unstable. The road to this instability clearly involves
long-range, non-local Coulomb effects, and a study of
such a system might lead to a better understanding of
the failure of LSDA to produce a stable H − ion.
The approach outlined above will eventually have to
include some type of many body calculations. The aim

of this paper is much less ambitious. We have developed
a method to study an impurity in a homogeneous electron
gas within the LSDA framework. In fact, in this paper we
ignore spin polarization. We will address that in a later
paper, since it introduces many new physical phenomena.
Pioneering work along these lines was performed by
Puska, Nieminen, and Maninen17 . We use their computational approach. But when we tried to take their
methods directly to large systems, we found some serious
numerical problems, related to the physics of the problem. In this paper we therefore explain our improved numerical methods, and validate our methods using some
simple systems. Our results include additional data for
dielectric constants and compressibilities.
Our first work to reproduce the results was described
in the MS thesis by Alexander Albus, available on the
web18 . He compared two different boundary conditions
used in solving the problem. In one case we embedded
the whole system in an infinite well of radius R, in the
other case we used a phase shift approach like in this paper. Albus showed that these approaches are equivalent,
but that the first approach is much more tedious. In the
first approach we have to perform two calculations. One
with an impurity, and one reference calculation without
an impurity. Especially at low particle numbers the reference system is far from homogeneous. In order to find
the effects of the impurity we need to subtract the two
results. Such a subtraction leads to the usual loss of precision, and we abandoned this approach once we were
convinced that results were comparable when there are
many electrons in the background system.
The plan of this paper is as follows. In Sec. II we discuss the general theory followed in our approach. In Sec.
III we discuss the numerical problems we found and our
solutions. In Sec. IV we present our results and a discussion of the results. We end with concluding remarks in
Sec. V.

II.
A.

THEORY

An impurity in a homogeneous electron gas

Our model system consists of an impurity atom immersed in a homogeneous electron gas with a uniform
positive background charge density. This impurity system is neutral, spherically symmetric, and also infinite. Calculations of the immersion energy for an impurity in a homogeneous electron gas are performed
within the Kohn-Sham scheme7 in Density Functional
Theory6 . In our current work these calculations are simplified by assuming spherical symmetry. The local density approximation10 is used for the exchange-correlation
energies and potentials in this work.
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B.

Kohn-Sham scheme

The Kohn-Sham equations, a set of self-consistent
equations, for this system is:
Z
~2 2
∇ + vext (~r) +
dr~0 vC (~r, ~r0 )n(~r0 )
2m
+vxc ([n]; ~r)]φi (~r) = ²i φi (~r) ,

[−

(3)

where vext (~r) is the external potential, vC (~r, ~r0 ) represents the Coulomb interaction, and vxc ([n]; ~r) is the
exchange-correlation potential. Using only the lowest occupied orbitals i = 1, · · · , N , we have

n(~r) =

N
X

|φi (~r)|2

(4)

i

At this point we use the assumption that the system is
spherically symmetric, and that consequently the charge
density and the potentials only depend on the distance
to the origin. The radial equations for spherically symmetric potential are
·

¸
d2
l(l + 1)
+
²
−
ui,l (r) = Vef f (r)ui,l (r) ,
i,l
dr2
r2

where the factor 2 is for spin degeneracy and (2l + 1) is
for orbital degeneracy m.
For scattered states,
·

¸
d2
l(l + 1)
2
+k −
uk,l (r) = Vef f (r)uk,l (r) .
dr2
r2

(9)

If we assume that the potential vanishes in an exterior region r > Rb , the radial solution for a free particle
for the scattered waves can be rewritten using the phase
shift19 δl (k), as
uk,l (r)
for r > Rb
r
= [cos δl (k)jl (kr) − sin δl (k)nl (kr)] , (10)

Rk,l (r) =

where the normalization constant is chosen so that
Rk,l (r) is jl (kr) for V = 0.
Note that the wave function for r > Rb is
ψ~k (~r) = 4π

X

∗
ıl eıδl (k) Rk,l (r)Ylm
(k̂)Ylm (r̂) ,

(11)

l,m
~

(5)

where Vef f (r) is the effective potential,

which for V = 0 reduces to a pure plane wave eık·~r . The
electronic density is
Z kF
2
d~k (|ψ~k (~r)|2
(2π)3 0
Z kF
1 X
= 2
(2l + 1)
dk k 2 (Rk,l (r))2 , (12)
π
0

n(r) =
Vef f (r)

=
4πe
−

2

· Z r
¸
Z ∞
1
0 02
0
0 0
0
∆n(r )r dr +
∆n(r )r dr
r 0
r
e2 Z
+ vxc (n(r)) − vxc (n0 ) .
(6)
r

Note that we introduced Rydberg atomic units at this
point, with ~ = 1, 2m = 1, and a0 = 1. We also subtracted the exchange-correlation energy of the uniform
gas, in order for the effective potential to approach zero
at infinity.
For bound states, the boundary conditions are
as r → 0
un,l (r) → rl+1 and u0n,l (r) → (l + 1)rl ,
as r → ∞
√
un,l (r) → exp(− −Er)
and
√
√
0
un,l (r) → − −E exp(− −Er) .

X
n,l

2(2l + 1)

u2n,l (r)
,
r2

where the factor (2π)−3 ensures the correct normalization. The interior radial wave function (r < Rb ) can be
normalized by Eq. (10).
C.

Immersion energy calculation

The immersion energy is calculated by subtracting the
energies of the two reference systems, the impurity atom
and the uniform background, from the energy of the combined impurity system.
Eimm = Eimp − Epure − Eatom .

(7)

The density difference for spherically symmetric potentials due to the bound states of an impurity is given by

∆nbound (r) =

l

(8)

(13)

The term Eatom in the immersion equation Eq. (13) is obtained from a calculation for an atom, and the only term
which one needs to obtain is Eimp − Epure . This term is
composed of the induced kinetic energy, the electrostatic
energy, and the exchange-correlation energy.
Eimp − Epure = ∆T + ∆C + ∆Exc .
Therefore, the immersion energy is

(14)
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Another straight mixing scheme is
Eimm =

N
X

Z
²i −

in,i+1
in,i
out,i
in,i
Vef
(r) = Vef
f
f (r) + a(Vef f (r) − Vef f (r)) , (16)

d~r n(~r)vef f (~r)

i

where i is the number of the iteration. The mixing ratio
a ensures the stability of the convergence during the selfconsistent calculations. One can keep reducing a until
stability is acquired. Thus, the mixing ratio a is allowed
to have only values between 0 and 1. One way to speed
up the convergence is Broyden’s21 method which is

1X
+
EF 2(2l + 1)δl (EF )
π
l
Z EF
1X
−
2(2l + 1)
δl (E) dE
π
0
l
· Z r
Z ∞
+ 4πe2
r∆n(r) 2π
∆n(~r0 )r02 dr0
0
0
¸
Z ∞
0 0
0
+ 2πr
∆n(~r )r dr − Z dr

in,i+1
in,i
i
Vef
(r) = Vef
f
f (r) + a(r) F (r)

a(r) =

r

+ Exc [n] − Exc [n0 ] − Eatom ,

(15)

where EF is the Fermi energy and ∆n(~r) = n(~r) − n0 .
III.

NUMERICAL PROBLEMS AND
SOLUTIONS

The general numerical scheme follows the work of
Puska et al.17 Many details can be found in the PhD
thesis by J.H. Song.20

A.

Mixing scheme

The norm in self-consistent density functional calculations is to use density mixing to start the next iteration. In our case, however, that is not an efficient scheme.
Because we need to replace the effective potential by a
potential which is zero outside the radius Rb mixing of
the densities would introduce the need for overall shifts
in the potential at each step. Such shifts correspond to
moving charge from the impurity to the radius Rb . This
is clearly not physical. Potential mixing is much more
natural in this case. We mix potentials which already
have the correct behavior and movements of charge over
large distances can be avoided.
Since the Kohn-Sham equations are solved selfconsistently in this work and since the time to find the
self-consistent solutions is directly proportional to the
number of iterations of the self-consistent loop, it is important to find an efficient method to construct the next
input potential from the previous output potential. The
main purpose of an efficient mixing scheme is to accelerate the convergence, that is, to reduce the running time
of a program needed to reach self-consistency. The simin,i+1
out,i
plest mixing scheme is Vef
(r) = Vef
f
f (r). This simple scheme, however, does not work since the response
in the output potential is usually enormous compared to
the change in the input potential, even for high densities
of an electron gas. Therefore, the problems with mixing
schemes that too large a change in the input potential
leads to a diverging solution, or to an instability.

in,i
in,i−1
Vef
(r)
f (r) − Vef f

F i (r) − F i−1 (r)

,

(17)

out,i
in,i
where F i (r) = Vef
f (r)−Vef f (r). Since the mixing ratio
in Broyden’s method depends on the input and output
potentials of last two iterations, and since values of a(r)
outside of the range between 0 and 1 must be replaced by
a suitable constant between 0 and 1, discontinuities in the
potential of r-space may show up during the calculations.
Therefore, the integration for wave functions based on
the potential may go wrong as well.
Two typical problem cases are the transition from a
bound state to a virtual bound state during the calculation and the existence of a very shallow bound states just
below the bottom of the conduction band. In the former
case, the transition usually causes large fluctuations in
potentials. In the latter case, if a bound states move
even closer to the bottom of the conduction band during
calculations, the extreme spatial extension of such shallow bound states makes the calculations slower since the
cut-off maximum radius must be very large and scattered
states must be orthogonal to these bound states.
The main problem in these cases is the long range tail
of the Friedel oscillations, which is usually strongly coupled to the electronic density in the vicinity of an impurity due to the Coulomb potential. These oscillations are
driven by the potential at the impurity. The wave length
of these oscillations depends on the Fermi wave vector,
but the phase and amplitude depend on the nature of the
impurity. Using a Broyden scheme to mix potentials far
away from the impurity often leads to unrealistic values
of the potential in these tails, causing instabilities in the
calculations.
It is possible to avoid this problem and speed up the
convergence at the same time is by using a straight mixing scheme but with a mixing ratio that depends on the
distance from the origin in an exponential manner.

a(r) = a exp(−α r2 ) .

(18)

The mixing scheme is now
in,i+1
in,i
2
Vef
(r) = Vef
f
f (r) + a exp(−α r )
out,i
in,i
×(Vef
f (r) − Vef f (r)) .

(19)
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There are two parameters, a and α, in this mixing
scheme. a can be determined by considering the response
in a region in the vicinity of the impurity and α is a parameter to suppress the strong response of the tail of the
Friedel oscillations. Now one can allow as large a change
as possible in the vicinity of the impurity by increasing
the value of a while one suppresses the response of the
tail by using large value of α. In most cases, 0.02 for a
and 0.002 for α have been found appropriate.
In practice we find that this works well, but it still takes
many iterations because the response after one Friedel oscillation is strong enough that one needs to mix in a sufficient amount of the output potential to bring the system
to self consistency. The response further away is mainly
a direct consequence of the impurity acting on the gas
and the nearby response. As a result the output density
is quite accurate in this region, even though mixing has
been very small here.
B.

Phase shifts

The values of the phase shifts can be used as criteria
for the cut-off maximum number of angular momentum
values for each k. Theoretically, the product kRb is a
good approximation of the maximum value of l where Rb
is the radius of the potential. Using a fixed number, only
ten l values were used in the work of Puska, Nieminen,
and Maninen.(1981) None of these are, however, good
criteria for choosing the maximum value of l. The kRb
criterion tends to neglect the low-energy scattering due
to very small k values. A value of ten for the maximum
l value is more than enough for small k values and is too
small for large k values. It is found that using too small
a number for the maximum l value gives an error in the
energy and an instability in terms of convergence.
One can, however, use the values of the phase shifts to
see how close the scattered state at the current l value
is to the free particle state. That is, if the phase shift is
sufficiently small and thus calculations for l values larger
than the current l value are negligible, calculations for
the current k value can be terminated and one begins
the calculations for the next k value in the k-mesh. A
good value for the smallest phase shift is 10−8 , which
turns out to give a good convergence. Also, one needs
to require this condition to be true for two l-values in a
row, in order to avoid accidental values of the phase shift
close to zero.
C.

Correction of the potentials

There are important defects in the effective potentials,
especially at the beginning of calculations.
The first problem occurs in the iterations leading to
self-consistency, especially at the beginning, when there
may be a surplus or deficiency of charge to screen the
impurity and the system does not satisfy the Friedel sum

FIG. 1: Typical example showing erroneous behavior in the
output potential in the beginning of the self-consistent cycle.

rule. The effective potentials in this case are oscillating
around some constant value due to the extra charge. This
extra charge appears as a constant (intersecting point
with r = 0) in the rV plot of Fig. 1. The second problem is that, since the system is extended to infinity, the
integral from the cut-off maximum radius to infinity in
the numerical calculations of the Coulomb potential is
always missing, which appears as a slope in the rV plot
in Fig. 1.
These errors may not only slow down the convergence
to self-consistency, but also lead the calculations to incorrect self-consistent solutions. Note also that the phase
shift calculations in Sec. II and the normalization for
scattered wave functions are based on the fact that the
potentials are zero or almost zero at a large value of the
radius. At the cut-off maximum radius, it is assumed
that an impurity is completely screened and the system
satisfies the Friedel sum rule. Otherwise, special phase
shifts have to be used for Coulomb potentials. This would
be a severe complication and might also lead to wrong
solutions of the self-consistent equations.
One can simply make the potential zero at the cut-off
maximum radius and run the program for many iterations until the extra charge (the constant in Fig. 1) disappears. This is, however, a very slow procedure, since the
long range charge density oscillations have a very small
energy and are difficult to cancel in the self-consistent
cycle. In addition, the potential is not likely to go to
the zero at the maximum radius due to the Friedel oscillations. One can try to remove the extra slope in the
rV plot using an analytic or a numerical model for the
missing integral. But that procedure was not successful.
Our method is simply to determine the extra constant
and slope numerically in the rV plot and subtract them
from rV . One cannot, however, simply subtract the constant from rV because the potential in the vicinity of
an impurity is affected by the interaction between the
impurity and an electron gas as well as by the Friedel os-
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cillations and thus one has to allow for a variation of the
electronic charge around an impurity. Since the potential
must be also oscillating around zero at large distances,
the formula used in this work to correct the potential is

r × V = r × V − r × (Slope + Constant/Rb ) , (20)
where Rb is the cut-off maximum radius r in the r-mesh
for the numerical calculations. One can try other functions instead of a linear function in r × Constant/Rb .
However other functions may suppress the variation
around an impurity too much or too little, either of which
makes the convergence slower. In our procedure we do
not correct the potential near the origin for the extra
constant, since in that region such a correction would be
wrong, and correct completely for this constant at the
maximal radius (and implicitly beyond).
The values of the slope and the constant can be found
easily, since the potential is oscillating. Using the last
two oscillations it is straightforward to set up equations
for the slope and constant using points of zero curvature
in the data. Hence our procedure works only if we have
many Friedel oscillations in the potential, or when Rb is
large enough that near Rb the behavior of the system
is determined only by the response of the homogeneous
electron gas to a completely screened impurity.
Fig. 2 shows typical examples of the effective potentials before and after correction and the bottom figure in
Fig. 2 shows that the potential after correction is oscillating around zero at large values of r, which means an
impurity is completely screened and the Friedel sum rule
is satisfied as it should be. Note that we do not show the
potential close to the origin.

FIG. 2: Typical examples showing how the effective potentials behave before and after correction. These potentials are
calculated for a hydrogen impurity and n0 = 0.0025.

E.

D.

Calculations for induced charge and energies

One advantage of the infinite system is that after including all of the screening charge around an impurity the
electronic density is simply oscillating due to the Friedel
oscillations and hence the values of the electronic density
integrated from zero to r are also oscillating. The values of these integrated densities at infinity are needed to
find the number of electrons induced due to an impurity.
This is illustrated in Fig. 3. In order to find the charge
induced in the system, the integrated values of the charge
density as a function of r are examined as in Fig. 3 and
the average charge from the oscillation is calculated in
order to find the total number of electrons induced due
to an impurity. For example, calculations for a hydrogen impurity and a background density of 0.0025 using
this method satisfy the Friedel sum rule within the error
10−5 . It is important to note that the r dependence of energies such as the exchange-correlation and the Coulomb
energy should be removed in the same way.

Integration mesh in r-space and k-space

Values of the charge densities and potentials are stored
on a logarithmic mesh for values of r less then 8 au and
on a linear mesh beyond that. These stored values are
used for the integration of relevant quantities. Because
of the rapid variation of these quantities near the origin a
logarithmic mesh is indicated, but in the regime of Friedel
oscillations a linear mesh is natural. The actual value of
the radius where we switch from one mesh to another is
less important. It should be past all atomic states, and
before the Friedel oscillations are dominant. Our choice
is reasonable, and results are not very sensitive to this
choice (unless it becomes much too small or too large).
It should be noted that this mesh does not affect the
solution of the differential equations. In each interval we
solve the differential equations by an adaptive step size
RK4 method, which uses many internal points.
We also use a linear mesh in k-space for the necessary
integrations. A single linear mesh is not sufficient. If
there is a shallow bound state, the bound state density is
very extended, and the conduction band density has an
equally extended correction. Such a correction can only
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r-mesh
525
550
600
650

∆E
-73.43094
-73.51473
-73.64172
-73.75003

Eatom
-73.29770
-73.38030
-73.50606
-73.61365

Eimm = ∆E − Eatom
-0.13324
-0.13443
-0.13566
-0.13638

TABLE I: Energy ∆E of a carbon impurity system (background density of 0.002) and energy of a free carbon atom
Eatom (in Rydbergs). The number of points in the logarithmic r-mesh in the range from 0 to 8 a.u. is varied.

r-mesh
450
550
650
750
850
1050

FIG. 3: Integrated charge densities calculated for a hydrogen
impurity and n0 = 0.0025 as a function of r.

∆E
-1.06535
-1.07140
-1.07576
-1.07884
-1.08129
-1.08471

Eatom
-0.87278
-0.87725
-0.88037
-0.88285
-0.88458
-0.88707

Eimm = ∆E − Eatom
-0.19257
-0.19415
-0.19539
-0.19599
-0.19671
-0.19764

TABLE II: Example for a hydrogen impurity with background
density of 0.0025

is,
Eimpuritysystem − Ef reeatom ' 0 ,

FIG. 4: The density of a free carbon atom and the density
induced by a carbon impurity in a homogeneous electron gas.
The 1s and 2s core states remain almost the same.

be obtained by using a dense mesh for small values of the
k-vector. Therefore, we use two linear meshes, a regular
one for larger values of the k-vector, and a more dense
mesh for small values. Because all functions are rather
smooth sufficient numerical precision is easy to attain.

F.

Systematic cancellation of numerical errors in
the core states

The rapid variation of the density of the core states in
the vicinity of an impurity may cause significant numerical errors as well as theoretical errors due to the approximations in LDA. Since the core states hardly interact
with the environment, however, the errors in the immersion energy calculations due the core states of an impurity system can be reduced by subtracting the results of
a free atom using the same numerical parameters. That

(21)

where E denotes errors in the core states. We demonstrate this with a simple example.
Fig. 4 shows that the core states of an impurity actually hardly interact with a homogeneous electron gas
and hence do not contribute to the immersion energy significantly. Table I and Fig. 5 illustrate how the r-mesh
in the vicinity of an impurity affects the energies and
how numerical errors in the immersion energies can be
reduced within a few milli-Rydbergs by calculating the
free atom energy with the same r-mesh as for the impurity system. Details in these results depend on the range
of the logarithmic r-mesh which covers the core states.
The hydrogen impurity in Table II shows the same numerical behavior. Therefore it is important to use the
same r-mesh in calculating the free atom energy and the
energy of an impurity system in order to avoid large numerical errors due to the core states.
In order to minimize the remainder of the numerical
errors due to the interval in the r-mesh and to find the
correct immersion energy, we use the linear relationship
between the immersion energies and inverse of the number of r-points as in Fig. 6. Using this method, the immersion energy can be determined up to 1 milli-rydberg.
The surprising result, of course, is that these plots are
linear. Any true variational scheme should give a dependence of the total energy on numerical parameters in a
higher order. Linear terms cannot exist, by definition.
Hence we do have an incomplete variational scheme. It
is not hard to see where the problem is. The potential
outside the radius Rb is replaced by zero. Suppose the
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FIG. 5: Comparison between immersion energies calculated
with a constant free atom energy and a free atom energy
calculated with the same r-mesh as the impurity system.

real self consistent density and potential are ρsc and Vsc .
Then the total energy we calculate differs from the true
self-consistent total energy by a term
Z

∞

ρsc (r)Vsc (r)4πr2 dr .

(22)

Rb

Since we are missing this term, errors in the total energy
are now linear in errors in the charge density, and not
quadratic. Since we are close to convergence, we only see
this linear term.
When we analyze the charge density as a function of
the inverse of the number of integration points, we also
find a linear relationship. For example, the height of the
first peak in the charge density is a linear function, and
the phase shift in the Friedel oscillations is too. This is
again due to the artificial discontinuity we introduce at
Rb . We adjust our potentials to have the correct average
for large values of r, but even though our integration
routines are higher order, the discontinuity at the end
gives rise to a linear correction. Again, we are close to
convergence and we only see the linear term.
Our results show that the numerical errors in Eq. (22)
are on the order of 10 mRy. Since we are close to selfconsistency, the relative errors in the charge density are
small, and the absolute value of the correction term in
Eq. (22) could be very large. This is not the case, for the
following very simple reason. The charge density beyond
the radius Rb oscillates around the background value.
The net charge inside a sphere of radius r therefore oscillates, too, but is close to zero when the oscillation in
the charge density is maximal or minimal. If only the
Coulomb potential would be present, the Coulomb potential would oscillate following the enclosed charge, and
this oscillation is ninety degrees out of phase with the
oscillation in the charge density, and therefore integrates
to almost zero. The numerical error in the charge density

FIG. 6: Use of the inverse power law to find the correct immersion energy. Data from Table I and Table II .

gives a small shift in the Friedel oscillation, which can be
obtained by taking the derivative of the oscillation and
multiplying it by the amount of shift. This derivative is
completely out of phase with the original charge density
oscillation, and the corresponding integral is large. It
is, however, multiplied by the small shift, and yields errors of about 10 mRy. If the effective Coulomb potential
were purely Coulomb, the correction term would be very
small. There are also much smaller exchange and correlation contributions, which change this picture slightly.
Nevertheless, the absolute value of the correction term
remains small. If that were not the case, results as a
function of density of the background gas would show
large oscillations, which we do not observe.

IV.

RESULTS AND DISCUSSION

A.

Charge densities and potentials

The induced electronic densities at large distances
show Friedel oscillations and they all have the same frequency 2kF , as illustrated in Fig. 7. Note that the oscillations have the same wavelength, determined by the
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FIG. 7: The electronic density induced by a hydrogen impurity as a function of 2kF r. Friedel oscillations are independent
of the background density. The range of the background density is from 0.0005 to 0.06.

FIG. 9: The electronic bound state density induced by a hydrogen impurity.

FIG. 10: The electronic conduction band density induced by
a hydrogen impurity.
FIG. 8: The electronic density induced by a hydrogen impurity as a function of r.

Fermi wave vector, but also have the same phase. This
shows that we are always dealing with essentially the
same impurity, no matter how the screening is changing.
The induced electronic densities as a function of r are
shown in Fig. 8. The response in charge density is decomposed in bound state and conduction band contributions in Fig. 9 and Fig. 10. Note that even when the
bound state density has a large extent, the total density
is smooth because of a corresponding opposite effect in
the conduction band charge density.
Although there is always one extra electron in the system of a hydrogen impurity, regardless of the background
density, the amount of the electronic charge in the vicinity of the impurity (r : 0 ∼ 4) is dependent upon the
background density. There is relatively a large amount of
electrons near the impurity for low background densities
as a result of the effect of bound states and the Friedel

oscillations in the conduction band. The corresponding
loss of electrons (anti-screening) half a Friedel oscillation
away from the impurity is correspondingly larger. These
phenomena are related to the behavior of the dielectric
functions, which are different from the Thomas-Fermi dielectric functions, as will be discussed in Sec. IV C.
The electronic density in the bound states becomes
more extended and the maximum value of the density
decreases as the background density increases (Fig. 9).
The bound states disappear for the background density
higher than about 0.03. The numerical calculations for
the background density between 0.02 and 0.03 are very
difficult due to the greatly extended bound states. These
results are not included in Fig. 9 and Fig. 10 since the required convergence could not be obtained. The transition
from bound states to resonance states should, however,
not result in any non-analytic behavior of the properties of the system such as the immersion energy.16 The
maximum value of the induced electronic density in the
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FIG. 11: Phase shifts (l = 0) for a hydrogen impurity. Plotted
for low background densities only.

FIG. 12: Inverse of scattering length versus background density for a hydrogen impurity.

conduction band increases in the vicinity of the impurity as the background density increases, see Fig. 10. As
a result, the impurity is always screened sufficiently regardless of the existence of bound states.
B.

Phase shift and Scattering length

Phase shifts of s-waves at zero energy have the value
of π for low background densities, due to the presence
of a bound state of a hydrogen impurity. The result is
shown in Fig. 11. Note that there are two electrons in the
bound state due to the spin degeneracy. The variations
of the phase shifts of p-waves in the case of a hydrogen
impurity are relatively very small compared to those of
s-waves and thus the leading contribution to the change
in the density of states arises from the phase shifts of
s-waves. This is, however, only true if there are two electrons in the bound states. If the number of electrons is

FIG. 13: Phase shifts (l = 0) for a hydrogen impurity.

artificially made smaller than two, phase shifts of p-waves
also become important and contribute significantly to the
change in the number of electrons in the conduction band,
see Sec. IV E. The slope of the l = 0 phase shift (or the
scattering length) for low background densities is negative, from which one sees that the potential is attractive
enough to have a first bound state and, considering the
density of states, the conduction band loses one electron
to keep the number of total extra electrons one.
The magnitude of the slope of the phase shifts in general becomes smaller in Fig. 11 as the background density
decreases, which one can expect considering the relationship between the strength of the potential and the scattering length. However, as the background density decreases more, the phase shifts near the conduction band
maximum tend to have a larger negative slope than those
of the higher background densities. At extremely low
background densities such as 0.0005, even the slope near
the conduction band minimum becomes larger. (See Fig.
12.) The reason for this is that a smaller negative slope
in the phase shifts can not yield a correct negative excess
charge at such a low background density to satisfy the
Friedel sum rule as the conduction band becomes narrower. Moreover, as the background density decreases,
the contribution of s-waves to the number of induced
electrons becomes larger, and thus the phase shifts of swaves at the Fermi energy should respond accordingly.
As a result, the system behaves such that the potentials
are less attractive at the extremely low background densities. There is a relation between these results and the
fact that the H − ion is not stable in LDA calculations.
We will analyze this in more detail in a later paper.
For high background densities (≥ 0.03) for a hydrogen impurity, since there are no electrons in the bound
states, there should be one extra electron in the conduction band, for which the contribution of s-waves to a
virtual bound state resonance is significantly larger than
the higher angular momentum states.
The scattering lengths corresponding to the phase
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FIG. 15: Dielectric constants calculated for a hydrogen impurity.

FIG. 14: Phase shifts of l = 0 and l = 1 for a lithium impurity.

shifts in Fig. 13 are shown in Fig. 12. The transition
from a bound state to a resonance state occurs at about
0.03 of the background density, close to when the sign of
the scattering length changes. The inverse of the scattering length increases as the background density increases
from 0.0015. The magnitude of the scattering length,
however, rapidly increases as the background density decreases from 0.0015 and becomes large at extremely low
background densities (≤ 0.001), which creates a minimum point at about 0.0015 in Fig. 12. This behavior is
already discussed with the phase shifts above.
The phase shifts for a lithium impurity are shown in
Fig. 14. At the background density of 0.0005, the electron configuration of a lithium impurity is 1s2 2s2 and
the phase shift of the zero energy must be 2π according
to Levinson’s theorem19,22 . The phase shift at 0.0005
shows a large negative slope, which gives rise to the negative density of states in the conduction band to remove
the excess charge due to the bound states. As the background density increases, the effective potential becomes
less attractive and the system loses a bound state and
the scattering length becomes positive. (phase shifts at
0.0025 in Fig. 14) If the background density further in-

FIG. 16: Compressibility calculated numerically for a hydrogen impurity. A dotted line which is taken from? is for the
result predicted by theories such as Hubbard, VS, and SS.
Both lines are going through zero around rs = 5.0. The electronic density which corresponds to rs of the bottom x-axis
is given in the top x-axis.

creases, the scattering length decreases (phase shifts at
0.03 in Fig. 14) and becomes negative. At the higher
background density the same cycle of the phase shifts repeats, after loosing one more bound state. The contribution of p-waves for a lithium impurity is significantly large
compared to a hydrogen impurity as already pointed out
by Puska et al.23

C.

Dielectric constant and compressibility

The dielectric constants can be easily calculated by the
Fourier transform.
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These results can be verified by discussing the compressibility. The compressibility can be obtained in terms
of the dielectric function by24

lim ²(q, 0) =

q→0

FIG. 17: Comparison of the compressibility with scattering
length.

²(0, ~q) =
=

Vq~ext
Vq~ef f
q

R

−e2 Z
.
dr V (r)r sin(qr)

(23)

The Thomas-Fermi dielectric constant is given by

²T F (0, ~q) =
2

q 2 + qT2 F
,
q2

(24)

F
where qT2 F = 4e~mk
. The Thomas-Fermi dielectric con2π
stants have a simple behavior which gives a screening
length proportional to n−1/3 . One can expect from the
Thomas-Fermi dielectric constants that a higher background density has a shorter screening length.
The numerical results of the dielectric constants for a
hydrogen impurity and the Thomas-Fermi dielectric constants both approach the value of one as q → ∞. The
density functional calculations, however, show quite different results for the dielectric constants, especially at
small q values. Note that the presence of electrons in the
bound states and the long wave length of the Friedel oscillations result in a larger amount of screening charge near
the impurity for low background densities than for high
background densities, as already mentioned in Sec. IV A.
One sees that dielectric constants may have very large
negative or positive values for a certain q while the integral term in Eq. (23) increases from negative to positive
values near zero. Actually, it turns out that the integral
term in Eq. (23) changes its sign from negative to positive
as the low background density (n ' 0.00191 or rs ' 5.0)
decreases further. At extremely low background densities
(≤ 0.0015), therefore, the dielectric constants for q → 0
are negative, as illustrated by Fig. 15.

q 2 + qT2 F K
,
q2
Kf

(25)

where qT F = 6πne2 /²F is the Thomas-Fermi wave number and the quantity Kf = 3(3π 2 )−2/3 n−5/3 [1/e2 a0 ]
is the isothermal compressibility of the non-interacting
electron gas at zero temperature. The compressibility
is obtained by several theories. The RPA gives the
constant value 1.0 for Kf /K while many other theories such as Hubbard, Singwi-Sjölander, and VashishtaSingwi give results for Kf /K, which all go through 0
around rs = 5.0.25 The density functional calculations
for the compressibility give rise to nearly the same result
for Kf /K as those theories for low background densities
but to much larger values for high background densities,
which results in the curved line of a hyperbolic type in
Fig. 16. One sees from Eq. (25) and Fig. 16 that the
dielectric constant for the high background density as
q → 0 has a smaller value than expected by theories
for the homogeneous gas, while the dielectric constant
for the low background density has a larger value. In
other words, if the screening length can be defined for
any potential ( l = 1/qT F = ((²(q) − 1)q 2 )−1/2 as q → 0),
it can be stated that the screening length for the high
background density has a larger value than expected by
analytical theories while the screening length for a low
background density has a smaller value.
As shown in Fig. 17, the negative minimum (at rs '
5.0) of a value of the scattering length corresponds to
infinity of the compressibility and infinity (at rs ' 2.0)
of a value of the scattering length corresponds to the
compressibility close to Kf . Note that infinity of a scattering length indicates the transition from a bound state
to a resonance state. The most attractive potential corresponds to the maximum of the compressibility, which
may be related to the localization of electrons (Wigner
lattice).
D.

Immersion energy

Immersion energies for H, Li, and C as a function of
the density of the homogeneous electron gas are shown
in Fig. 18. A minimum in the immersion energy exists
for H and C, while calculations for Li do not show the
existence of a minimum in the immersion energy. To
verify the existence of the minimum immersion energy
for Li, it is necessary to perform the calculations for very
low background densities as shown in Fig. 18, which is,
however, very difficult due to the long range wave length
of the Friedel oscillations. The background densities (in
atomic units) at which the minimum immersion energies
exist are 0.0024 for H and 0.0033 for C. The immersion
energy after the minimum value increases almost linearly
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FIG. 18: Immersion energies for several different impurities.
1.0 in the legend indicates that the number of electrons in the
bound states is limited to one.

FIG. 20: Immersion energies for the different number of electrons in the bound states.

density. The immersion energy in this case approaches
zero as the background density goes to zero, which one
can easily expect from the fact that a free hydrogen atom
has only one electron. A helium impurity which has
two bound state electrons in a homogeneous electron gas
shows the same linear behavior in Fig. 18.
E.

FIG. 19: Variation in the kinetic, Coulomb, and exchangecorrelation energies vs the background density for a hydrogen
impurity.

as the background density increases, which is due to the
repulsion related to the increase in the kinetic energy.17
The Coulomb and exchange-correlation energies actually
become smaller as the background density increases. The
rate of the increase in the kinetic energy is, however, large
enough to compensate this decrease, as illustrated in Fig.
19.
Calculations show that a hydrogen impurity has no
electrons in the bound states for high background
densities(& 0.03) and two electrons in the bound states
for low background densities but no electrons again for
extremely low background densities(. 0.0001), which is
consistent with the fact that a free hydrogen atom can
not have two electrons in the bound states in LDA. The
interesting result is that the immersion energy for a hydrogen impurity shows a linear behavior as illustrated
in Fig. 18 when the hydrogen is forced to have only one
electron in the bound states regardless of the background

Excited system

One can easily calculate the immersion energies of
excited systems and obtain the excitation energies by
varying the maximum number of electrons in the bound
states. For example, limiting the number of electrons in
the 1s state for hydrogen would correspond to photoemission of an electron from this state. The difference in
immersion energies gives the excitation energy in LDA.
The bound state energy decreases as the number of electrons in an 1s state decreases while the immersion energy
increases, see Fig. 20. This can be verified by Janak’s
theorem26 :
∂Eimm
= ²i (ni ) ,
∂ni

(26)

where ni denotes the occupation number of the level i.
One needs to consider, however, the change in the number of electrons at the Fermi energy as well as the bound
states in order to compare the bound state energy with
the variation of the immersion energy using Janak’s theorem. Janak’s theorem Eq. (26) should be modified as
∂Eimm
= −²F + ²i (ni ) ,
∂ni

(27)

where ²F is the Fermi energy. Fig. 21 shows the result of
Eq. (27) with the bound state energy plot. Bound state
energies obtained from Eq. (27) are in error with respect
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convergence problems.

V.

FIG. 21: Variation in the bound state energy for the different
number of electrons in the bound state. The second plot
is obtained using Eq. (27) and slopes between two adjacent
immersion energies in Fig. 20.

to actually calculated bound state energies by an energy
difference smaller than 0.005 Rydbergs. These differences
are mainly due to inaccuracies in the numerical derivatives.
One should recall that the zero background density
limit is different from a free atom as discussed in Sec.
IV D. This is clearly demonstrated in Fig. 21. One sees
from the Friedel sum rule that the screening in the model
used in this work will always occur as long as there is a
background density. The extra electrons in the conduction band will respond to the excess core charge, which
makes the zero background density limit different from
a free atom. A hydrogen impurity which has only one
electron in a homogeneous electronic gas is, however, expected to reach a free hydrogen atom as the background
density goes to zero. Since the extra electron in the conduction band in this case must be zero, as the background
density goes to zero, the only response of the conduction band will be that the wave length of the Friedel
oscillation gets longer and it is found that the amplitude
of the Friedel oscillation near an impurity gets smaller.
This statement is, however, not verified numerically for
a background density lower than 0.001 due to numerical

CONCLUDING REMARKS

Immersion energy calculations are performed within
the Kohn-Sham scheme for non-spin-polarized systems,
and excited systems of a hydrogen impurity are also studied. The self-consistent solutions are verified with various
results such as the Friedel sum rule, Friedel oscillations,
phase shifts, the scattering length, bound state energies,
potentials, and compressibilities.
Numerical problems must be solved to obtain the correct self-consistent solutions. The numerical and theoretical errors in LDA due to the rapid density variation
in the vicinity of an impurity can be cancelled by subtracting the reference energy of a free atom. The Friedel
sum rule and Friedel oscillations play a crucial role in
solving numerical problems during the numerical iteration process. The long tail of the Friedel oscillations is
strongly coupled to the induced density near an impurity by the Coulomb interaction. A mixing ratio as a
function of r is used to accelerate the convergence by
suppressing this coupled interaction in the mixing step
in the self-consistent calculation. In the numerical calculation, infinity must be replaced with a cut-off large
number and numerical results must be corrected using
the behavior of the Friedel oscillations.
The behavior of immersion energies as a function of
the background density depends on the number of bound
states as well as on the impurity. For a neutral impurity,
which is forced to have the same number of electrons as
the impurity charge, the immersion energies show a simple linear behavior and approach zero as the background
density becomes zero. The immersion energies for excited systems are checked for consistency with Janak’s
theorem.
The impurity is completely screened, which is consistent with the Friedel sum rule, regardless of the number
of bound states or the background density. In the low energy scattering cases, one can predict the behavior of the
phase shifts from the Friedel sum rule and the number
of bound states. The phase shifts may, however, show
a complicated behavior due to the narrow width of the
conduction band at an extremely low background density. This behavior can be expressed in terms of scattering lengths and compressibilities, which is compared
with analytical theories.
The extension of this work to spin-polarized systems
is essential since the spin-moment may not be zero. It
may be interesting to observe the behavior of transitional
metal impurities from these calculations. In addition, the
work in this manuscript uses spherical symmetry. We will
need to allow for axial symmetric potential in order to
obtain solutions for impurities with partially filled shells.
In such an approach we can still use a phase shift analysis,
but now with phase shifts that depend both on l and m.18
This introduces the need for solving coupled differential
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equations.
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